CHAPTER 10

Conics, Parametric Equations, and Polar Coordinates

Section 10.1 Conics and Calculus

1. y* = 4x Parabola
Vertex: (0, 0)
=1>0

Opens to the right
Matches (h)

2. (x+ 4)2 =2(y +2) Parabola
Vertex: (-4, —2)
Opens upward
Matches (a)

3. (x + 4 = -2(y - 2) Parabola
Vertex: (-4, 2)

Opens downward
Matches (e)

2 2
. b ;62) SOD 1 Epipse

Center: (2, -1)

Matches (b)

2 2
5. 2L = Ellipse
4 9

Center: (0, 0)
Vertices: (0, £3)
Matches (f)

2 2
6. = +2 =1 Circle

16 16
Matches (g)
2 2
7. L - El— =1 Hyperbola

Vertices: (0, £4)
Matches (c)

Vertices: (5, 0), (-1, 0)
Matches (d)
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9.y = —-8x = 4(-2)x
Vertex: (0, 0)
Focus: (-2,0)

Directrix: x = 2

ol
o
0, 0)

10. x> + 6y = 0

3
2 - 6y = 4(_~)
X y 2 Y

Vertex: (0, 0)

Focus: (0, _3)
2

Directrix: y = %

1 (x+5)+(y-3°=0
(v -3 = ~(x+5) = 4-L)x +9)
Vertex: (-5, 3)
Focus: (-2, 3)

Directrix: x = —

~|3

“14-12-10 ~8 -6 —4 ~2
it
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396 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

12. (x -6 +8(y+7)

(x - o)

Vertex: (6, —7)

0

I

Focus: (6,—-9)

Directrix: y = -5

13,y  — 4y ~4x =0
YV —dy+4=4x+4
(v - 2) = 4(1)(x + 1)
Vertex: (-1, 2)
Focus: (0, 2)

Directrix: x = ~2

Il

4. y> + 6y +8x +25=0
P +6y+9=-8r—25+9
(v +3)" = 4(=2)(x + 2)
Vertex: (-2, -3)
Focus: (-4, -3)

Directrix: x = 0

8+
44
L § x 4 X

=20 ~16 12 -8 -4
2-3f 1

—S(y + 7) = 4(—«2)(y + 7)

15.

16.

17.

¥ +4x+4y -4 =0
> +4x+4=-4dy+4+4
(x +2)° = 4(-1)(y - 2)
Vertex: (-2, 2)
Focus: (-2,1)
Directrix: y = 3
y

Fus
-2,2)

t + + \ + x
7N

PV +4y +8x-12=0

V+dy+4=-8x+12+4

(v +2) = 42x - 2)
Vertex: (2, ~2)
Focus: (0, -2)

Directrix: x = 4

S i
T 72-2
_al

PV+x+y=0

VAy+rp=-x+i

b+ 4) =42 -3)
Vertex: (%, —%)

Focus: (0, —%)

Directrix: x = 3

h = ‘% * \/:l{ - X

n-t- i
2

-5 2
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18.

19.

20.

y=-ix*-8x+ 6) = -L{x* -8x +16 - 10)

—6y =(x-4)-10
—6y +10 = (x - 4)’
(e 4 =-or-3)
(c-9F =43~
Vertex: (4,3)
Focus: (4,%)

19

Directrix: y = <

4

S oo
A N

-4

y2—4x-4=0
y? = 4x + 4
= 4()(x +1)
Vertex: (-1, 0)

Focus: (0, 0)
Directrix: x = ~2
n=2x+1
Yy = 2Jx +1

4

L~

-6

\
™

4

2 -2x+8y+9=0
X —2x+1=-8y -9+l
(x -1 =42y +1)
Vertex: (1, -1)
Focus: (1,-3)

Directrix: y = 1

21.

22.

23.

24.

25.

26.

217.

28.

29.

Section 10.1 Conics and Calculus

-4 =42 -9
y* ~ 8y + 16 = -8x + 40
y? -8y +8-24=0

(x +2)° = 4(=2)y - 1)
X +4x+8y—-4=0

(x = 0)° = 4@8)y - 5)
x* = 48)(y - 5)
x? ~32y +160 = 0

Vertex: (0,2)

(v -2 =40 - )

y?—8x -4y +4=0

y=4-x
¥ +y-4=0

y=4—(x—2)2=4x—x2
¥ —4dx+y=0

397

Because the axis of the parabola is vertical, the form of

the equation is y = ax? + bx + c.Now, substituting the

values of the given coordinates into this equation, you

obtain

3=c,4=9a+3b+c,11=16a+4b+c.

Solving this system, you have a = %, b= —%, ¢ =3.

So,

y=§x2—1-3‘1x+3or5x2—14x—3y+9=0.

From Example 2: 4p = 8or p = 2
Vertex: (4,0)

(x - 4 =8y - 0)
¥ -8x-8y+16=0

16x* + y* = 16
2

x2+—y—=1
16

a? =16 =1, =16-1=15
Center: (0, 0) y

Foci: (0, i\/ﬁ)

Vertices: (0, £4)

AS\
w

[0
1l

Qo
1]
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398 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

30. 3x% + 7y = 63

at = 21, 5% = 9,¢2=21-9=12
Center: (0, 0)

Foci: (J_r2\/§ s O)

Vertices: (i\/21, 0

(-3,

31.

16 25
a =25b =16,c> =25-16 =9
Center: (3,1)
Focit (3,1 +3) = (3,4),(3,1-3) = (3,-2)

Vertices: (3, 6), (3, ~4)

2
ORI G
/4
@ =tpr =t L 3
’ 4 4 4

Foci: [—4 + —\{i,— ] RS e

33.

9x> + 4y + 36x — 24y + 36 = 0
9(x2+4x+4)+4(y2—6y+9)=—36+36+36
=36
2 2
G+2f -3,

4 9
@ =90 =4c"=5
Center: (-2, 3)

Foci: (—2, 3+ JE)

Vertices: (-2, 6), (-2, 0)

16x + 25y — 64x + 150y + 279 = 0
16(x* - 4x + 4)+ 25(y* + 6y + 0) = ~279 + 64 + 225

=10
G-2
(5/8) (2/5)
02:§’b2 =2’02 =a2_b2:_9__
8 5 40

Center: (2, -3)

310 3
20 °

Foci: (2 +

s

Vertices: (2 +

io _3J
4

e =

Q|
W

~
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3s.

37.

12x2 +20y? —12x + 40y - 37 =0

12(x2—x+%j+20(y2+2y+l)=37+3+20=60

-] 0+ _,
5 3

at =50 =3,c2=2

Center: (l, —1)
2

Foci: (% + 2, —1)

Vertices: (% + \/g, -1)

Solve for y:
20(% + 2y + 1) = -12x? + 12x + 37 + 20
2 57 +12x — 12x
(1) =222

20

L, [
Y =y 20

(Graph each of these separately.)

1

5

-3

~3

2 4+2y*-3x+4y+025=0

9 1 9
2 _3x+=|+202 +2p+)=—+=>+2=4
(x x 4) O +2r+D) =3+ g

-G @+ _,
4 2

a? = 4,0 =2, =2

Center: (i, —l)
2

Foci: (3 + \/E, —1)

5 £

Vertices: (—l, —l), (—7-, —l)
2 2

Solve for y: Z(y2 + 2y + 1) = —x% +3x — % +2

(}’+1)2 =%(%+3x—xzj
4.2
y=—lt 7+12); 4x

(Graph each of these separately.)

Section 10.1 Conics and Calculus 399

36x% +9y° + 48x - 36y + 43 =0

36(x2+—g-x+%)+9(y2—4y+4)=~43+16+36

=9
2
ERSCEI I
1/4 1
a2=1b2:—1-c2=3
’ 4 4

Center: (_3, j
3

2
Vertices: (_E, 3), (—Z, 1)
3 3
Solve for y:
9(y* — 4y + 4) = 3627 — 48x — 43 + 36
(-2 - ~36x" + 48x + 7)
9
1
y=2+ 5\/—(3638 + 48x + 1)

(Graph each of these separately.)
3

0

-4 2

-1

)

-3
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400

38.

39.

40.

41.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates
20" + ¥ + 48x - 64y +3.12 = 0
50x* + 25y + 120x — 160y + 78 = 0
sof x2 + 12, 4 36 + 25 yz—igy z§§)=-78+72+256=250
5 25 5 25
2 2
e @], - 06T
5 10
a =10,> =52 =5
Center: (_ﬁ’ Ej
5
7
6
Foci (—— — % \/EJ
Vertices: —9, 16 + \/IOJ -7 5
55 ]
Solve fory: (y* - 6.4y + 10.24) = -2x? — 4.8x — 3.12 + 10.24
(¥ -32)7 =712 - 4x - 2
¥ =324 +7.12 - 4x — 2x* (Graph each of these separately.)
Center: (0, 0) 42. Foci: (0, £9)
Focus: (5, 0) Major axis length: 22
Vertex: (6, 0) Vertical major axis
Horizontal major axis Center: (0, 0)
a=6c=5=b=-Ja’-c =11 c=9%a=11=b=+40
2 2 2 2
x— + l— = 1 i_ + y_ - 1
36 11 40 121
Vertices: (0, 3), (8, 3) 43. Center: (0, 0)

Horizontal major axis

Eccentricity: 3
4 Points on ellipse: (3, 1), (4, 0)

Horizontal major axis
Center: (4, 3)

2 2
: 3 (5]
a=4de==c=4=]=3
a 4

Substituting the values of the coordinates of the given

Because the major axis is horizontal,

=b=+16-9 =7 points into this equation, you have
2 2
-4 , -3 _, (%)Jr(iJ:l,andlg:l.
16 7 a b a
. . ., ., 16
Vertices: (3’ 1)’ (3’ 9) The solution to this system is a® = 16,6 = —7—
Minor axis length: 6 So,
Vertical major axis x N 2 1 * N 7y
Center: (3, 5) 16 16/7 716 16
a=4b=3
2 2
G-, 0= _,
9 16
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44. Center: (1,2)
Vertical major axis
Points on ellipse: (1, 6), (3, 2)

From the sketch, you can see that
h=Lk=2a=4b=2

G- 02,
4 16

——t -
4 -2 \ 4
-2

2
45,y - =

9
a=l,b=3,c:\/16

Center: (0, 0)

—

Vertices: (0, 1)
Foci: (0, i\/—lﬁ)

Asymptotes: y = t—x = —x

46.

6
a=50b=4c=25+16=+/41
Center: (0, 0)

Vertices: (5, 0)

Foci: (i\/ﬁ R 0)

o>

4
=X
5

Asymptotes: y = £—x = %

Q

47.

48.

Section 10.1 Conics and Calculus

-0 0+
4 1

a=2b=1Lc=+/5

Center: (1,-2)

Vertices: (-1,-2),(3,-2)

Foci: (l + \/g, —2)

Asymptotes: y = -2 & %(x -1)

v+ G- _,

225 64
a=15b=8c=225+64 =17
Center: (5,-3)

Vertices: (5,12),(5,-18)
Foci: (5,14), (5, —20)

401

Asymptotes: y = k % %(x -h)=-3% lgé(x -5)

- AR N S S

—— At

-20 -10 N100 200 30
104

49. 9x2 - y* —36x -6y +18 =0
9(x2—4x+4)—(y2+6y+9)=—18+36—9

(-2 (+3 |
1 9
a=1b=3c=+10
Center: (2,-3)
Vertices: (1,-3), (3, -3)

Foci: (2 + \/ﬁ, —3)

Asymptotes: y = =3 + 3(x - 2)
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402 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

50. y? — 16x> + 64x — 208 = 0 52. 9(x2+6x+9)—4(y2—2y+1):—78+81—4=~1
» = 16(x* - 4x + 4) = 208 - 64 = 144 9+ 3)° — 4y ~1)° = -1
N G - @+3
144 9 1/4 1/9
a=12b=3c=-144+ 9 = /153 ) 1 B
Center: (2, 0) a= b= 377 7%
Vertices: (2,12), (2, -12) Center: (-3, 1)
Foci: (2’ e 153) Vertices: (—3, %J, (—3, %)
12
Asymptotes: y = +——(x ~ 2) = +4(x — 2
Symplotes: ¥ 3 (x ) (x ) Foci: (—3,1 + l\/1—3—j
y 6
\“ ’\/" Asymptotes: y =1 + g(x +3)
10 4 l’ 2
5_,‘ ’l ¥
o A
s
r \ \/ i
A N7 |

/(\ i
-3 -1
51. X = 9y% 4+ 2x — 54y — 80 = 0 / \ o

(x2+2x+1)—9(y2+6y+9)=80+1—81=0
0 53. 99% ~x? + 2x + 54y + 62 = 0
9(y2+6y+9)—(x2—2x+1):—62-—1+81=18
) (y+3)2_(x—1)2=
3i§(x+1) 2 18

a=~/2,b=3Y2,¢c =25

(x +1)" = 9(y +3)’

y+3 i%(x+l)

1

ft

y

Degenerate hyperbola is two lines intersecting at

(-1,-3) Center: (1, -3)
)L Vertices: (1, -3+ \/E)
e T et Foci: (1,—3 + 2\/5)
—2:_/ Asymptotes: y = -l-x L 3
—4—-\ yiop Y= 3 3
7 1 1
-6+ - —_——
T y 3x + 3 3
Solve for y:

9(y2+6y+9)=x2—2x-62+81

2_
(y+3)2 X 29x+19

TS N NT

(Graph each curve separately.)

11

1

‘5""‘\\:—‘;-_:{7
#_‘_\_""‘-ﬁ.

-7
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54.

58.

9x2 — y* +54x +10y +55=0
9(x2+6x+9)—(y2—10y+25)=—55+81—25=1

x+3 -3 _,

1/9 1
1

a=—-b=11Lc=
3

“la

Center: (-3, 5)
Vertices: (—3 + %, 5)

5

Foci: [—3 + —5
3
Solve for y:
32 — 10y + 25 = 9x* + 54x + 55 + 25
(y - 5)° = 9x* + 54x + 80

y=5i\/9x2+54x+80

(Graph each curve separately.)
10

7

-8 2
0

352 -2yt —6x~12y - 27 =0
3(x2—2x+1)—2(y2+6y+9)=27+3—18=12

-+ _,
4 6

a=2b=-6c=+10
Center: (1, -3)

Vertices: (-1, -3), (3, -3)
Foci: (1 + +/10,-3)

Asymptotes: y = ———\/E{ - {9_ -3
2 2
6x /6
y=- +—-3
2 2
Solve for y:
2(y2+6y+9)=3x2~6x—27+18
2__ [
(y+3)2=3x 6x -9
2
3(x? -2x-3
N CCEEEE)

(Graph each curve separately.)
1

)

7,

~5

56.

57.

58.

Section 10.1 Conics and Calculus 403

3y —x? +6x - 12y = 0
P —ay+4)-( -6x+9)=0+12-9=3

-2 -3 _,
1 3

a=1b= \/E,c =2
Center: (3,2)
Vertices: (3,1),(3,3)
Foci: (3,0),(3,4)

Solve for y.
3y ~4y+4) =2 -6x+12
(y—2)2 _ ¥t - 6x+12

3

91 x% - 6x + 12
‘\] 3

(Graph each curve separately.)

\JM///

4 P 10

y

~4

Vertices: (11, 0)
Asymptotes: y = £5x

Horizontal transverse axis
Center: (0, 0)

a=1,2=5$b=5
a

22

»¥_Y

1 25

Vertices: (0, £4)
Asymptotes: y = +2x

Vertical transverse axis

a=42=2=b=2
b

2 2

Y_r o

16 4
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404  Chapter 10 Conics, Parametric Equations,

59. Vertices: (2, £3)
Point on graph: (0, 5)
Vertical transverse axis
Center: (2, 0)
a=3
So, the equation is of the form

12__(15--2)2

5 5 =1

Substituting the coordinates of the point (0, 5), you have

35———‘—1—=1 or B =2
9 p? 4
2
¥ (x-2

60. Vertices: (2, 13)
Foci: (2, +5)

Vertical transverse axis
Center: (2, 0)

a=3c=5b=c-4=16

2 = 2
so, 2 _ =2

9 16

61. Center: (0, 0)
Vertex: (0, 2)
Focus: (0, 4)
Vertical transverse axis

a=2c=4b=c*-4*=12

2 2
So, - - X -1,
4 12

62. Center: (0, 0)
Vertex: (6, 0)
Focus: (10, 0)

Horizontal transverse axis

a=6c=10,0" =c? - ¢ =100 - 36 = 64

x2 y2

36 64

and Polar Coordinates

63. Vertices: (0, 2), (6,2)

2
Asymptotes: y = ~x,y = 4 — Ex
3 3
Horizontal transverse axis

Center: (3, 2)
a=3

Slopes of asymptotes: ié ==
a

win

So, b = 2. Therefore,

=¥ -y,

9 4

64. Focus: (20, 0)
3
Asymptotes: y = izx

Horizontal transverse axis
Center: (0, 0)

= a® =256 and b = 144

xZ y2 _

256 144

x2 2x x
65.(3) ?—y —1—9——2_)}}) =O,—=y

Atx=6:y=i-\/§,y'=;=

AL(6,\/3): y - \/_—i(x—6)
or2x —-3/3y-3=0
At(6,—\/§):y+\/—=—2;/§(x—6)

0r2x+3\/§y—3=0

(b) From part (a) you know that the slopes of the normal
lines must be $9/ (2\/5)

AL(6,N/3): y - V3 = —%(x - 6)
or9x + 2</3y - 60 = 0
At (6, —\/5): y+3 = 2\9/§(x - 6)

0r9x-—2\/§y—60=0
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2R
66. (a) T-——:l,y2—2x2 =4,2yy —4x =0,

2
S
2y Y
+2(4) 4
Atx =4 y =16,y = = *+—
x y y 6 3
At (4,6) y—-6=——(x—4)ordx +3y-34=0

At(4,-6): y + 6 =—%(x—4)0r4x+3y+2 =0

(b) From part (a) you know that the slopes of the normal
lines must be F3/4.

At(4,6): y — 6 = —%(x—4)or3x+4y—36 =0

At(4,-6): y + 6 = %(x—4)or3x—4y—36 =0

67. x* +4y2 —6x+16y+21=0
(x2—6x+9)+4(y2+4y+4)=—21+9+16

]

(x—3)2 +4(y + 2)2 4

Ellipse

68. 4x* —y? —4x-3=0
4(x2—x+%)—y2=3+1

A
-1 -y =4

Hyperbola

69. y? -8y —-8x =0
y* ~ 8y + 16 = 8x + 16

(v - 4)2 402)(x + 2)

Parabola

70. 25x% — 10x — 200y — 119 = 0

25(x* - Zx + &) = 200y +119 +1

25(x - §)2 = 200(y + 1)
Parabola

71, 4x2 + 4y - 16y +15 =0
4x? + 4(y* — 4y + 4) = -15+16

4x? + 4(y - 2)
Circle (Ellipse)

1

Section 10.1 Conics and Calculus 405

72. Y -4y =x+5
Y -4y+d4=x+5+4
(y—2)2=x+9

Parabola

73. 9x% + 9% —~36x + 6y +34 =10
9(x2—4x+4)+9(y2+%y+%\)=—34+36+1

9(x - 2)2 + 9(y + %)2 =3
Circle (Ellipse)
74. 2x(x - y) = y(3 -y - 2%)
2x% = 2xp =3y - y* - 2xp
222 +y* -3y =0 ’
2
257 + (y - %) =2
Ellipse
75. -1 = 6+20y+1)
Ne-1 -2y +1) =6
(=0 O+
2 3
Hyperbola
76. o(x +3)" =36 - 4(y - 2)

9(x +3)° + 4(y - 2)° = 36

(x +3) +(y—z)2 _
4 9
Ellipse

77. () A parabola is the set of all points (x, y) that are

equidistant from a fixed line (directrix) and a fixed
point (focus) not on the line.

(b) For directrixy = k — p:(x - h)2 = 4p(y — k)
For directrixx = h — p:(y - k)2 = 4p(x — h)
(c) If Pis a point on a parabola, then the tangent line to
the parabola at P makes equal angles with the line
passing through P and the focus, and with the line

passing through P parallel to the axis of the
parabola.

78. (a) An ellipse is the set of all points (x, y), the sum of

whose distance from two distinct fixed points (foci)
is constant.

FEE) I CE) N L N L

+
a2 a
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Chapter 10 Conics, Parametric Equations, and Polar Coordinates

79. (a) A hyperbola is the set of all points (%, ») for which

80.

81.

82.

the absolute value of the difference between the
distances from two distinct fixed points (foci) is
constant.

(b) Transverse axis is horizontal:
=0 (-
a? o -
Transverse axis is vertical:
-8 (-n
T~ 7 =1
a b
(c) Transverse axis is horizontal:
y =k +(b/a)(x — h)andy = k - (b/a)(x - k)

1

Transverse axis is vertical:
y =k +(a/b)(x - h)andy = k - (a/b)(x - h)

se=vat-b, 0<e<l

For e = 0, the ellipse is nearly circular.

e =

Q|0

For e ~ 1, the ellipse is elongated,

Assume that the vertex is at the origin.

x* = 4py A
(3)2 = 4p(1) Focus
4
9 _
a4 3,1 §l 3,1
The pipe is located
%meters from the vertex. 433 (S e

Assume that the vertex is at the origin.

(@ x* =4py
3
82 = 4p
P (100)
1600
==

2 4(1600 _ 6400
3 d 3 7

(b) The deflection is 1 cm when

y = i > x == [1—2-§ ~ 16.53 meters.
100 3

83.

84.

y = ax’

Y = 2ax

The equation of the tangent line is
y —ax® = 2axy(x - x;)

or y = 2axex — axy’.

Let y = 0. Then:

~ax,?

axy? = 2axyx

= 2axyx — 2ax,’

X
x ==

2
So, (529, O) is the x-intercept.

i

- 2
y=ax? (g axy)

CT

(a) Without loss of generality, place the coordinate
system so that the equation of the parabola is
x* = 4py and, so,

(1),
Y )

So, for distinct tangent lines, the slopes are unequal
and the lines intersect.

(b) x> —4x -4y =0

2 - 4- 4% _

x — 1

&l &
N | —

At (0, 0), the slope is ~1: y = —x. At (6, 3), the
slopeis 2: y = 2x - 9, Solving for x,

—x =2x-9
-3x = -9

x =73

y = -3,

Point of intersection: (3, -3)
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85. (a)

(®

Section 10.1 Conics and Calculus 407

Consider the parabola x> = 4py.Let mq be the slope of the one tangent line at (%, y1) and so, —L s the slope of the
My

second at (x,, y,). Differentiating, 2x = 4py'ory = Ex_’ and you have:
P

my, = —X OF X = 2pm
2p

-1 -2

— = sz or x; = ) 4

my 2p iy

Substituting these values of x into the equation x? = 4py, we have the coordinates of the points of tangency
(2 Py, pmoz) and (—2 plmy, p / m02) and the equations of the tangent lines are

(y - pm02) = m()(x - 2pm0) and (y - —p-—2) = i(x + z_p)
™y

my my

my® — 1
The point of intersection of these lines is (io———), — p |and is on the directrix, y = —p.
g

T/\\%:"%{
(p(mlnno— ),_p)
¥} -4x -4y +8=0
(x-2 =4(y -1
Vertex: (2, 1)
2x — 4 - 45'2 =0
dx
L4 = lx -1
dx
At (-2, 5),d—y = 2. At (3, i),d—y -1
dx 4, dx 2
Tangent line at (-2, 5): y - 5 = =2(x + 2)=>2x+y-1=0.
Tangent line at (3, %) y - % = %(x ~-3)=>2x~-4y-1=0.

Because mym, = (—2)(%) = —1, the lines are perpendicular.
. . . 1 1
Point of intersection: —2x + 1 = Ex ~3
5
D=2
1
x ==
2
y=0

Directrix: y = 0and the point of intersection (%, 0) lies on this line.
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86. The focus of x* = 8y = 42)yis (o, 2). The distance from a point on the parabola, (x, x2/8), and the focus, (0, 2),is

x? :
d=[(x-0"+|Z-2].
8
Because d is minimized when d? is minimized, it is sufficient to minimize the function

1) = 2 + (%2 - 2]2.

x) = SN a3
f(x)—2x+2(8 2}(4)—16+x.

3 2
S(x) = 0 implies that f—6 +x = x[lig+ l] =0=>x=0.

This is a minimum by the First Derivative Test. So, the closest point to the focus is the vertex, (0, O).

87. y=x-x
Lid =1-2x
dx
At the point of tangency (x, y,) on the mountain, m = 1 — 2x,. Also, m = 2L :
nol_ o
X + 1

=
I
A
N
g
i
—
il

(1 - le)(x] + 1)
—-x12+x1—1=—2x12——x1+1
W+ -2=0

oo 2240 21005 113

2(1) T2
Choosing the positive value for x;, we have X = ~1+/3.
m=1-2-1+3)=3-243
0-1 1
m = = —
Xy +1 x +1
So, ~—— =3-23 |
Xy +1

1
S —
3-23 7

3+ 23
1=y,
3
23
R

The closest the receiver can be to the hill is (2\/5 /3) -1 = 0.155.
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88. (a) 4 = 0062 + 4.5 + 234 (t = 9 « 1999)
(b) =
;_‘_'_.__.__._,H—"

(c) “ 0.12t + 4.5
dat

¥

/

[ T N )

t
9 10 11 12 13 14 15

The average change per year is linear.

~— is increasing.
dt

89. Parabola
Vertex: (0, 4)

x* = 4p(y — 4)
2 = 4p(0 - 4)
p=-1

X = —4(y - 4)

2

y=4- Y

Circle

Center: (0, k)

Radius: 8

2+ (y-k) =64
424 (0-k) =64

k? = 48
k = —4</3  (Center is on the negative y-axis.)
x+ (y + 4\/5)2 = 64

y = —4/3 £ /64 -

Because the y-value is positive when x = 0, we have y = 43 + 64 - £2.

4

2
4= 2]3{(4 - i) - (—4\/5 + 64 - xz)}dx
3 4
= 2[4x - % + 4\/§x - %(x\/ 64 — x* + 64 arcsin%ﬂ

0

16(4 + 3/3 - 27
= 2(16 _ % 163 - 28 - B2 arcsinlj = _(————)

12 2 3

Conics and Calculus

~ 15.536 square feet

409
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90.

91.

92.

93.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

1,
X =~
4y
x’—l
Zy

%[ NLEE +4lnly+«/4+y2 ]4
0

%(4\/%+ 4ln’4 + \/55,— 41n2) =25+ (2 + /3) = 5916

I

(a) Assume that y = ax?,

20=0a60) > a=-"=-— = y= -y
1 ,
®) f(x) = —%, f(x) = —x
2
s=2f" 1+(—1—x] = 21 fo0 1 2 ax
0 90 0
= o3| PP+ 4 90t x4 Vo072

902

= 9—10[60« /11,700 + 902 1n(6o + 1,700) ~90%In 90]

=1
90

= 2013 + 90 m(ét’—;gﬂ)

60
] (Formula 26)
0

[1800\/E + 907 In(60 + 30/13) - 90 In 90}

(60, 20)

(60, 20)

= 10[2\/5 + 9ln(2—+—3~— VBH ~ 1284m

P
x? = 20y
_x
YT %
o X
T

¥

. 2 ] 2
$ =2z x 1+(ij dx = 2z | i—ﬂo—‘“—xdx{l.z(lomf)ﬂ -7
0 o 10 10 3

0

RN B
——t—1
—45 30 -15

A
15 30 45 60

x

[(100 w2y - 1000}
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9. 4

i

AN
4\/;L:,y1/z dy = [4\/;(%)y3/2]:: _ %\/';ha/z

i

95. (a) At the vertices you notice that the string is horizontal
and has a length of 2a.

(b) The thumbtacks are located at the foci and the length
of string is the constant sum of the distances from
the foci.

The tacks should be placed 1.5 feet from the center. The
string should be 2a = 5 feet long.

98. e =

e

=)

=

=)

Q
i

" 149,598,000
~ 2,498,286.6
Least distance: a — ¢ = 147,099,713.4 km

o)
&

Greatest distance: a + ¢ = 152,096,286.6 km

99, e:£
a
A+ P =2a
A+ P
a =
2
c:a—P:A+P—P:A_P
2 2
6_5_(A~P)/2_A—P

a (A+P)2 4+P

¥

-
N

100. e = 4

101.

102.

Section 10.1 Conics and Calculus 411

- P

A+ P
3 (123,000 + 4000) - (119 + 4000)
B (123,000 + 4000) + (119 + 4000)

= 122,881 = 0.9372
131,119
e = A-P (Exercise 99)
A+ P

1865 + 4000) — (96 + 4000) _ 1769

= ~ 0.1776
(1865 + 4000) + (96 + 4000) 9961

9x? + 4y® — 36x — 24y — 36 =0
(a) 9(x2—4x+4)+4(y2—6y+9):36+36+36
9(x — 2)° + 4(y - 3)" =108
2 2
-2, -3 _,
12 27
Ellipse
(b) 9x* — 4y* —36x — 24y -36 =0
9(x2—4x+4)—4(y2 +6y +9) =36 +36 - 36
-2 @+ _,
4 9
Hyperbola
(c) 4x? +4y* —36x—-24y-36=0

4(x2—9x+-i—1)+4(y2—6y+9)=36+81+36

9y , 153
_Z 3y ===
(x 2) Fo= =g

Circle

(d) Sample answer: Eliminate the y2-term

_A-P 3529 - 0.59

103. e = = = 0.9671
A+ P 3529+ 059
PR
104. =1
at b
32 2
PrIR yz N
a a (b Ja )
2 y2
— + =1
a2 az(az _ Cz)/az
22 3?2
=1
a® a2(1 - ez)

As e > 0,1 — e —» land you have

R
= + =5 = lorthecircle x* + 2 = ah
a

Q
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105.

106.

107.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

2 2
X Y
102 52
2x 2y
102 52
. —52x _ X
YTy T 1y
8 2
At (-8,3 = -
(83 =5 3

The equation of the tangent line is y — 3 = i(x + 8).It will cross the y-axis when x = 0and y = —(8) +3 ==

X

223y -y

V = (Areaof bottom)(Length) + (Area of top)(Length)

05 9

25
3’

vV = {ﬂ—] (16) + 16j 2—- (2 5 ~ »* dy (Recall: Area of ellipse is zab.)

05
= 907 + —1%4 . [y\/(Z.S)z -y + (2.5 arcsin—-2 5
D L' AN 7 AN / .

16x% + 9% + 96x + 36y +36 =0

32x + 18y + 96 + 36y =0
¥(18y + 36) = —(32x + 96)
. ~(32x + %)
Y = 18y + 36

y' = Owhen x = -3.y'is undefined when y = -2,

At x = -3,y = 2or—6.
Endpoints of major axis: (-3, 2), (-3,-6)
Aty = -2,x = Qor—6.

Endpoints of minor axis: (0, -2), (-6, —2)

x+3)2+(y+2)2
9 16

Note: Equation of ellipse is (

108. 9x% + 4y® + 36x — 24y + 36 = 0

18x + 8y +36 ~ 24y = 0
(8y — 24)y' = —(18x + 36)

. —(18x + 36)
)

I

¥ = Owhen x = -2. ' undefined when y = 3.
At x = -2,y = Qor6.

Endpoints of major axis: (-2, 0), (-2, 6)
Aty =3,x = Oor—4.
Endpoints of minor axis: (0, 3), (~4, 3)

2T

9

Note: Equation of ellipse is (
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2
109. (a) 4 = 4_‘-02 —;-\/ —xtdx = [x\/4 -x2 + 4arcsin(§j:| =27 [or, A = mab = 7(2)(1) = 27:]

0

(b) Disk: V=27!_[2—1-(4—x2)dx=ln'4x—lx3 o8
°4 2 37 ], 3
1 2
=—J4-x
4 2
Y= ——
24~ x?

iy
+
—
‘<‘
~
™
1

\f P2 16 — 3x2
= 1 + =
16 — 4x? 4y

S = 2(27r)ry(——————w}dx = [ 1635 dx

0 4y

2
{ 3x/16 — 3x% + 16 arcsm[\fx]] = 27”(9 + 4\/§7r) ~ 21.48
0

7
(c) Shell: v =ax [ w4 -5 dv = [l -2x(4 - )" dx = —333”-[(4 - x2)3/2]2 = 1—651
0
T
r —2y

S 67 - \Fl__' \ﬁ+—3y—

s = 227) [ 21 - yz—————\wdy =gz 132

J1 -2
= %\:ﬁydl +3yr + ln\\/gy +4/1+3y? Hl
0
- i”_;i‘s + /(2 + \/E)l ~ 34.69

4
110. (a) 4 = 4I =16 - x* dx = %[x\/m—xz +16arcsin%] =127

0

4
o _ 49 9z 1 _
(b) Disk: V= 27rj0 1—6(16 - x?)dx = - [(mx -3 l = 487
y = % 16 ~ x*
, —3x
y =
416 - X2
N -
() 16 16 - x*)
16(16—x)+9x ~/255_7x 37 4 >
S = 2(27) j EN/TR 6= ) 47zj 316 - 4\/___ Tjo 256 — 7x* dx
4
= J7x256 — 7x* + 256 arcsin ~—~ ﬁ 37 | 487 + 256 arcsin M) . 13893
&/’ N 4
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414 Chapter 10 Conics, Parametric Equations, and Polar Coordinates
4
(c) Shell: V= 4;zj4x 36— |dx = 37] i) Z)(16 - 2)3/2 = 64r
o7 4 23 A
X = —;1-\/9 -y
.
39 - »?
2
1+ () = 1+ 16y
o0 -
14 9(9 - y*) + 16y
S =227z)| =/9 - »*
( ”03 g 99 - »*)

199(2—%][\/7%/81 + 7% + 81 1n|ﬁy + /81 + 7)? U

87

9J7

111. From Example 5,

3
]

I

3/7(12) + 811n(3v/7 + 12) - 811n 9 ~ 168.53

C = 4aj0"/2 1= & sin? 0 d6

2 2
For =+ 2 1, you have
25 49
a=70b=5c=+/29-25 =2\/'6',e=£:2_‘7[2
a
C = 4(7) jo”/z - %sin2 6 do =~ 28(13558) ~ 37.96
x2 y2
R .
E + M_ = (
a b?
o2
y o
2
AtP,yl=—-{)~2— -x—():m.
a M
(2) Slope of line through (~c, 0) and (xo, y,): m, = _Ho
Xy + ¢
Slope of line through (c, 0) and (x,, yo): m, = Yo
Xo — C
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113.

114.

115,

Section 10.1 Conics and Calculus 415

| %
my — m Xg ~ € aly,)  dy’ + bxg(xy — €)

3) tana = = =
@ Lemm _bxy a*yo(xo — €) = b*xo0
X0 - ¢\ aYo
_ @’y + bixt — blxye _ a’b? ~ bPxgc b2(02 - xoc) _ b
xovol@® — B) - aPye  ¥oyue® = @yec yoelme —a®) e

b? b’
a = arctan(———) = —arctan(——j
o€ Yo€

K [_ bzx())
tan f = m-m _ Xtc ay,) Ay + brxg(x + €)

Lbmm ( Yo )( b2x0)  atyy(x + ¢) = bPxoyo

Xp +c azyo
2{ 2
bl bie __ ababxe b (@ +xc) B

a*xpyo + a’cyy — b*xe¥o xoy0(02 - b2) + d’cy, yoc(xoc + a2) Yo€

2
B = arctan[i—}
o€

Because || = | 3], the tangent line to an ellipse at a point P makes equal angles with the line through P and the foci.

Area circle = zr? = 1007 116. The transverse axis is vertical because (-3, 0) and
Area ellipse = zab = ma(10) (=3, 3) are the foci.
2(1007) = 10ma = a = 20 3
Center: (—3, ——)
So, the length of the major axis is 2a = 40. 2
3 5
Ja? 2 =-—2=2,b2=2—2=—
@ e=S=YO Y o () - g = 1250, cTp cTeTy
a a
2 2
2 2 - {3/2
(x = h) N -k =1 So, the equation is LL—(—/—)]— - M— = 1.
a2 b2 1 5/ 4
AY AT 117. 2a=10=>a =75
N SN A a=10=a
a az(l—ez) c=62b=\/ﬁ
2 2
CET N CEE
4 41 - ¢
7
-3 9

-1
(¢) As e approaches 0, the ellipse approaches a circle.

The transverse axis is horizontal since (2, 2)and (10, 2)
are the foci (see definition of hyperbola).
Center: (6, 2)

=42a=60=cc-a =17

(-6 - _,
9 7

So, the equation is
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118. Center: (0, 0)

Horizontal transverse axis
Foci: (+c, 0)

Vertices: (+a, 0)

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

The difference of the distances from any point on the hyperbola is constant. At a vertex, this constant difference is

(a+c)—(c~—a)=2a.

Now, for any point (x, ) on the hyperbola, the difference of the distances between (x, )

and the two foci must also be 24,

\/(x—c)2+(y—0)2—\/(x+c)2+(y—0)2 = 2a
(=) 49 =2a+\J(xtef +
(x =) + 52 :4a2+4am+(x+c)z+y2
~dxc —4a® = dayf(x + o) + 7
(xer @) =afxrof 10

4

x’c? + 2d%x + a az[x2 +2ex + ¢* + yz:l
xz(cz _ az) _ a2y2 - az(cz _ az)

b4 1

@

@ot = "

&
(—c, 0) f(~a, 0)

2 2
Because a® + b% = ¢2, we have (x_] - (y_J

2 2
=) +
Time for sound of bullet hitting target to reach (x, »): 2 + u

Vs

119.

m

(x + C)z + y2

Time for sound of rifle to reach (x, y):

s

AT 2 2 2
Because the times are the same, you have: _2_c + \/(x C) Ty = \/(x * C) ty

Vin Vs Vs
2 2
4’ 4e 2, o, =+ (x4 4y
Tt e g e
Yin VinVs Vs Vs y
2 2
2 vV, X — v c
/(x - c) +yt =t s C
VsV
2 2 i
Vi 2 2 Y% 2 o7 A
(l— T X+ Y= > —1lic o0 *
Vs Vi rifle
2 2
x B y -1

2,2 2
Y /vm

Cz(vmz - vxz)/vm2
¢ =150,2q = 0.001(186,000), a = 93,

b = /150% — 932 = /13851

x2 y2

=z =1
13,851

120.

932
When y = 75, you have

752
13,851

X = 932(1 +

x ~ 110.3 mi.
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121. The point (x, ) lies on the line between (0,10) and 12 2y |
(10, 0).So, y = 10 — x. The point also lies on the a v
2 2 - - 2x 2y . b
hyperbola (x /36) - (y /64) = 1. Using substitution, = -—=—=00ry =—5—
a y
you have:
— = 0 —_—
e L) Y= = g )
36 64

. a2y — a*yet = bPxgx — bx,?
16x2 - 9(10 — x)° = 576

7x? +180x — 1476 = 0

2.2 2,2 _ K2 2
Bixy® — a’yy” = bixgx — a'yey

a?b* = brxgx — a*yoy

~180 £ /1807 — 4(7)(—1476) XX Yy
x = 5 T3 T
2(7) a2 b2
180 £19242 _ 90 + 96/2
14 7
Choosing the positive value for x we have:
x = =% +796\/— 6.538 and
L —96N2 44
7
2 2 2 2
123. L AP A P g
a b b? a’.
x?, 2 2 2 2 x2
212 _yz_ =1= '_J;- =55 1
a’ —-b b b a -b
x? x* o1 1
1-?:a2_b2—1:>2:x;2—+az_b2
2= 2‘72(“2 - bz) v +\/Ea\/a2 -0, 2ac
24 - b N NP
2 2.2 2 2
P3N & (0 B >
p? a*\ 22> — b? p2 24 - B
b* b2
1. Dy =t
Y 2(2a? - b7) RN Ny
V2ac b* 2ac p?
There are four points of intersection: , T
[\/7 _p f\/ 2w 52 ) | 2a - 2N 2d -
2 2y? 2x 4y bx
2 42 =0 L= -
a* »? a B> 3 24%y
2 2 2
ESE GNP SR A SN A
a* -p b c? T2ty

(\/—ac
\/;bsza~b2

e J2ac
, J2a® - bt
2

Because the slopes are negative reciprocals, the tangent lines are perpendicular. Similarly,

other three points of intersection.

and  y), =

] the slopes of the tangent lines are:

b2 V2ac
2a* - b? _a
2 ¢

the curves are perpendicular at the
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124, A +CY* + Dx+Ey+ F = 0 (Assume 4 = 0 and C # 0; see (b) below)

A(xz + %x) + C(y2 + gy) =-F

2 2 2 2
A(x2+§x+£/ﬁj C(y2+£y+—E~) ——F+2—+E—:R

+

C 4c? 44 4C

=G bE .

C A AC
(a) If 4 = C, you have

D)Z EY R
X+t—| +ly+—| ==
24 2C A

which is the standard equation of a circle.
(b) If C = 0,you have

[\

2 2
Ax+£ :—F—Ey+D—.
24 44

If 4 = 0, you have
2 2
fye E) < ppes £
2C 4C
These are the equations of parabolas.

(c) If AC < 0, you have

- +J EREC)

=1

R

R
A

C

which is the equation of an ellipse.
(d) If AC < 0, you have

ol Ll

which is the equation of a hyperbola.

125. False. See the definition of a parabola,
126. True

127. True
128. False. y* — x? + 2x + 2y = 0 yields two intersecting lines: y +1 = +(x — 1)

129. True

130. True
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2 2
131. Let x_2 + —z—z— = 1 be the equation of the ellipse with @ > b > 0.Let (tc, 0) be the foci,
a

¢? = a* - b%. Let (u, v) be a point on the tangent line at P(x, y), as indicated in the figure.
2+ ylat = a’b?
2xb? + 2p'a* = 0

2
, b*x

= ——— Slope at P(x,
y 7, Sop (%, »)
_ 2
Now, | 2o B
X~ u ay

yia® - atvy = —b*x% + bxu
y2a* + x*b* = a’vy + bux
a’b? = avy + bPux

Because there is a right angle at (u, v),

v_ay
u  bx

vb’x = a’uy.

You have two equations:

a*vy + blux = a*b?

a*uy — brvx = 0.

Multiplying the first by v and the second by u, and adding,

a2y + duty = a’b’v

y[u2 + vz] = bly

yd* = by
2
y=2L
b2
2
Similarly, u = 1‘1;_
a
From the figure, # = d cos@and v = d sin 8.So, cos 8 = ﬁd—and sin @ = E
& 2
2 52 22
cos? @ + sin? @ = x‘j +yd =1
a b*
*2b*d® + y*a*d* = a*b?
d2 _ a4b4
b + yia

Let s = PRand r, = PF,, r +1r, =2a

Hh =%[(r1 +r2)2—rf—rf]=%[4a2—(x+c)2—y2—(x——c)2—y2]=2¢12—x2—y2—c2 =a® + b —x* -

Finally, d*sr, = E‘;}%ﬁ T2 e - — yZ]
4b4
e )
4b4
" B - azy2;+ aX(a?” - bx7) [ +02 -2 = ¥']
a4b4

= azbz[az TR y2] . [a2 + b - x* - yz] = a*b”, a constant!
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132. Consider circle x* + y*> = 2 and hyperbola y = 2
x

Let (u, V2 - uz) and (v, 2) be points on the circle and hyperbola, respectively. We need to minimize the distance between
v

these 2 points:

(Distance)” = f(u,v) = (u — v}’ + (m - 2)2.

v

The tangent lines at (1, 1) and (3, 3) are both perpendicular to y = x, and so they are paraliel.

The minimum value is (3 - 1)2 +(3- 1)2 =8,

Section 10.2 Plane Curves and Parametric Equations

Lx=~Jt,y=3—1 2. x=4cos’0 y =2sind
0<x<4 -2<y<2
@ Tol1 ]2 3 |4

@) z z z z
x{0(1| 2 | 312 0| = |-= |ol|lZ =
2| 4 4 2
ryi3qp2t o |-t x|o |2 412 o
®© v 2 | 2o V22

®

24
t t + + x
~1 1 X 3 "\\
~1 4 X
_2‘/'/

d *=t,y=3-x%x20 T
3 ©

—+—t ;
r 2 3 5
3
| ) F// °
3

- i K I
17 @ %: cos? 6
2
2 _sin2@
4
2
£+y_=]
4 3
¥x=4-3"-2<y<2

(e) The graph would be oriented in the opposite direction.
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3. x=2t-3
y=3t+1
x+3
I =
2
y=3(x+3 1=2x+1—1—
2 2

4 =5 -4t
y=2+35t
5-x
4
y=2+5(54x)=—%x+3—:~
¥y
N
Pl
a1
ot
NG
5 x=1+1
y=1=
2
y=(x-1)
y
4
-2 2 4 ¥

Section 10.2 Plane Curves and Parametric Equations

6. x = 21

|
-~

N
+
—

y_

y

1]
TN
| =
N
o
+
—
It
+
=
[\
<

For ¢ < 0, the orientation is right to left.

For ¢ > 0, the orientation is left to right.

1,2
21‘

y
y = £ implies t = x*
y

_ 1.9

8. x=r+t,y=10—t

421

Subtracting the second equation from the first, you have

x-y
x—y=2t or t= .
Y 2

2
ya o) x-y
4 2
t | 2110 |1 |2

x 2 0 0 |2 6

y 6 |2 |0 jo |2

Because the discriminant is
B? - 44C = (=2) - 4()(1) = o,

the graph is a rotated parabola.
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11.

12.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

4
24
S R R
x=1¢-3
_ !
7 t-3
t=x+3
x+3 3
= 1+=-=
(x+3)-3 x
y
s
i
3l
24
______ I SR
e SRR e x
J-S\_i“iéa«t
.‘_
x=1+l
!
y=t-1
|
x =1+ —implies ¢t =
t x -1
— 1 _
7 x =1

x+3
x
y
o \
= 2'\=ﬁ'r

13. x = 2¢
y=|t——2!
LR
=|—=2]|=
7 2 l 2
¥y
8
4
-‘;’i‘;‘g’l‘z‘
x:|t—1[
y=t+2

x=e',x>0
y=é" -1
y = _2—l=——2——1,x>0
¥y
N
2
i
52 | &
—.2——
.3-‘-
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17.

18.

19.

x = sec

Section 10.2 Plane Curves and Paramelric Equations 423

20. x = 3cos @
y =7sin8

2

2 2

f) +(X) = cos? 6 +sin?8 =1
3 7

2

2 2
(i) + (X) = sin? 26 + cos®> 20 =1
6 4

1
1 % " % =1
y ==
x Ellipse
le > l,lyi <1 y
» s
34 st
2+ 2T
1\~r —T—é—;sl_z__ifséxlzx
=T Il
—2 -8
1
21. x = 6sin 280
x = tan? @ y = 4cos 20
y = sec? 0
sect@ = tan” 8 + 1
2 2
y=x+ 1 .x_. + Z_ =
>0 36 16
\ Ellipse
6
oL
N . /‘J"“\
2 \\_,r/
14 s
T S
22. x = cos @
— 8cos 6 y = 2sin 20
y = 8sin 8 y = 4sin @ cos &
2 _ i
X% + y* = 64 cos® O + 64sin> 6 = 64(1) = 64 -t =sin® 0
Circle y = +4xy/1 - x*

3

1T UN

23. x

4+ 2cos

—1 +sinéd

cos? 6

sin’ 6

-
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424  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

24. x = -2 +3cosf 28. x = cos’ @
y=-5+3sin8 y:sin39 15
2 2 . 23 _ 2
2 = 29 29 = x7 = cos* O
(x+2) +(y+5" =9cos’ @+ 9sin? 9 = 9 v -2 /\‘« 2
(x+2) +(y+5) =9 Y7 =sin" 0 \/—
Circle xP y2/3 =1 BN
s
29, x =¢°
1
R f y=3Int
-8 -6 -4 -2 | 2 y:31n\3/—=lnx

2

25, x = 3+ 4cos b

y=2+5sin8g
43 = 4cosd 30. x =In2¢t
_ 2
y—2=>5sin6 y =t
2 2 e
_ t=—
x+3 +—y—z =cos? @ +sin?@ =1 2
4 5 2x
2 2 J’:e ='1‘52'r
+3 -2
pav) D

Z 3
Ellipse
8
-2 3
() :
~12 6

—_4 31. x = e_’
3t
y=e
26. x = sec @ < 2 . 1
y =tan 8 N ,'/ ¢ = x
x? = sec? @ ° P ¢ o = \3/;
2 = tan? @ £ ™) 1 3
-2 [, = 2
x2 - y2 =1 \/-.; x
1
27. x = 4secd yzx—3 -1 5
y=3tan@ \ x>0 -1
2
;C_6 = sec? O \\ // y>0
2 -9 : : i 2
Y o m’e F . . 32. x=e¢
A AN 4
X b’ 2
—_ =i =] =X
16 9 Y
y > 0 —1 3

y=~x,x>0 =
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33. By eliminating the parameters in (a) — (d), you get
y = 2x + 1. They differ from each other in orientation

and in restricted domains. These curves are all smooth

except for (b).
@ x=ty=2+1

(b) x = cos 8
1<x<l  -1<yp<3

y=2cosf +1

|
5
1
T\
:
o

[
() x =e" y=2"+1
x>0 y>1
y
oL
it
"l
14
= I T
d x=¢ y =2 +1
x>0 y>1

= ﬂ = 0Owhen @ = 0,t7, 27, ....
de

Section 10.2 Plane Curves and Parametric Equations 415

34. By eliminating the parameters in (a) — (d), you get
x? + y* = 4.They differ from each other in orientation
and in restricted domains. These curves are all smooth.

(@ x =2cosf,y=2sin0

AL
— + + ——-x
3 R] j 3

~

Il
-y
1
-~

@ x=-J4-¢é y=¢

35. The curves are identical on 0 < @ < 7. They are both

smooth. They represent y = 2(1 - xz) for -1<x <1
The orientation is from right to left in part (a) and in part (b)
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36.

37.

38.

39.

40.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

The orientations are reversed. The graphs are the same.
They are both smooth.

(@ <

R
NP

-6

14N
L/

-4
(b) The orientation of the second curve is reversed.
(c) The orientation will be reversed.
(d) Answers will vary. For example,

x=2sect x=2sec(~t)

y =5sint  y = 5sin(~t)

have the same graphs, but their orientations are
reversed.

The set of points (x, y) corresponding to the rectangular

equation of a set of parametric equations does not show
the orientation of the curve nor any restriction on the

domain of the original parametric equations,
x=x +Hx ~x)
y=n+1y-n)

X =X =t

Xy — X
X — X
y=n+ (‘“l)(h - )
X2 — X

y—y1=-i~§%i%(x—x1)

m(x - x)

<
[

=
"

x=h+rcos@
y=k+rsing

cos g = X~ h
e
sing = 2 =%
v
2 2
cos? 8 + sin? 4 = (x —2h) v —2k) =1
r r

(x—h)2 +(y—k)2 r?

]

41.

42.

43.

45,

46.

47.

48.

X =h+acosf
y=k+bsiné
x_hzcosﬁ
a
—y;—k=sin0
G-h -k
7t 7 =1
a b
x=~h+ased
y=k+btan@
x_h=sec6’
a
E—k=tan9
b
2 2
G- -8 _,
a2 b? -

From Exercise 39 you have
x =4
y =Tt

Solution not unique

. From Exercise 39 you have

x =1+ 4t
y=4-6t
Solution not unique

From Exercise 40 you have
x =3+ 2cos @
y=1+2sin@

Solution not unique

From Exercise 40 you have
x =—-6+4cosd
y=2+4sind

From Exercise 41 you have
a=10,c=8=>b=6
x = 10 cos &

y = 6sin @

Center: (0, 0)

Solution not unique

From Exercise 41 you have
a=5c=3=b=4
x =4+ 5cos

Yy =2+4siné.
Center: (4,2)

]

Solution not unique
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49.

50.

51.

52.

53.

54.

55.

Section 10.2 Plane Curves and Parametric Equations 427

From Exercise 42 you have
a=4c=5=>b=3
x = 4secd

y =3tan 6.

Center: (0, 0)

Solution not unique

From Exercise 42 you have
a=Lc=2=>b=1/3
x=~/3tand

y = sec 0.

Center: (0, 0)

Solution not unique

The transverse axis is vertical, so, x and y are
interchanged.

y=6x-35

Examples:

x=1ty=6-3

x=t+Ly=06t+1

y = 4
x—1
Examples:
x=t,y=—-—4—
t-1
x=t+1,y=i
t
y=x
Example
x =1, y=1=
x =3t =1
x = tant, = tan® ¢
y=x
Example
x =1, y=t2
x =P, =
y=2x-35
At(3,1),t =00 x=3-t

23-)-5=-2u+1

=
1]

56. y = 4x +1
At(-2,-T)t=-1 x

-1+t

y=4(-140)+1=4-3
57. y = x*
t = 4at(4,16): x =t
y=">
58, y = 4 - x°
t=1lat(l,3): x =t
y—4—t2
59. x = 2(6 — sin 6)
y = 2(1 - cos 6)
5

=1

Not smooth at 8 = 2ax

60, x
y

0 +siné

]

1-cos @

[

AN 5

-2

Not smooth at x = (21 — 1)z

61. x=0—%sin0

y=1-32cosd
5
-2 |7
-1
Smooth Everywhere

62. x =20 —4sin 6
y=2-4cosé

9

N
\ R .
N

-3

Smooth everywhere
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63.

64.

65.

70.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

x =3cos’ @ 66. x = 3t
. - 3
y =3sin® @ 1+1
372
4 =
Y 147

D
N

Not smooth at (x, y) = (£3, 0) and (0, £3), 0r

- 1
0 = 2h.
67.

x =20 —sin@d
y=2-cos8

4

//—\\/ "
T 5

1]

Smooth everywhere

2cot @
2 sin’ 8

4

Jk\ 69.

—4

X

y

it

Smooth everywhere

INZEI

-2

Smooth everywhere

Each point (x, y)in the plane is determined by the plane
curve x = f(t),y = g(¢). For each , plot (x, ). Ast

increases, the curve is traced out in a specific direction
called the orientation of the curve,

(a) Matches (iv) because (0, 2) is on the graph.

(b) Matches (v) because (1, 0) is on the graph.

(c) Matches (ii) because —1 < x < Oand | < y <3
(d) Matches (iii) because (4, 0)is on the graph.

(e) Matches (vi) because undefined at & = 0.

(f) Matches (i) because x = (y — 2)* — 1forall y.

When the circle has rolled 4 radians, you know that the
center is at (ad, a).

sin @ = sin(180° - ¢) = lib—, Jﬁblll or |BD|= bsin 6

cos @ = —cos(180° ~ 6) = I—A—bfj or IAP] = —bcos O

So, x = af —bsinfand y = g — b cos 6.

Il

Let the circle of radius 1 be centered at C. A4 is the point of tangency on the line OC. 04 = 2,AC = 1,0C = 3.P = (x, y) is

the point on the curve being traced out as the angle 6 changes 4B =
triangle ACDP. The angle OCE = (z/2) - 6 and

/DCP =a - |Z_9l=g+0- f):w-(ﬁ.

2 2 2
x=OE—I-Ex:3sin(—§—0)+sin(30—%)=3cos¢9—cos36’
y:EC—CD:BSinB—cos(36—§)=35in9—sin39

So, x = 3cos @ ~ cos 36, y = 3sin & — sin 36.

27’, 4B = 20and AP = a = a = 26.Form the right
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71.

72.

73.

75.

False

Section 10.2 Plane Curves and Parametric Equations 429

74, x = 8cost,y = 8sint

x=>=>x20 Y y2
x DA I
y=12=>y20 (@) (8) +(8j cos® t +sin* ¢ =1

The graph of the parametric equations is only a portion
of the line y = xwhen x 2 0.

False. Let x = 72and y = £.Then x = y*and y is not

a function of x.

x? + y* = 64 Circle radius 8,

Center: (0, 0) Oriented counterclockwise

(b) Circle of radius 8, but Center: (3, 6)

(¢) The orientation is reversed.

True. y = cos x

(2)

(b)

©

(d)

(100)(5280) _ 440
3600 3

= (v cos O)t = (4—;‘9 cos 9}
440

y = h+ (v sin6) — 161 = 3 + [—B——sin 9)1‘ — 162

100 mi/hr = ft/sec

=
|

30

[} 400
0

It is not a home run—when x = 400, y < 10.

60

0 400
[}

Yes, it's 2 home run when x = 400, y > 10.

You need to find the angle @ (and time 7) such that

(A—‘?- cos Q)t = 400

=
Il

y =3+ (ﬁ‘gﬁ sin H)t - 16* = 10.

From the first equation ¢ = 1200/440 cos 6. Substituting into the second equation,

2
10=3+ ﬂsinH _1200 ) _ 16| 1200
3 440 cos 6 440 cos 8
2 2
7 = 400 tan 0 — 16 22 sec? 9 = 400 tan 6 - 16 120 (tan? 6 + 1),
44 44
You now solve the quadratic for tan &

2 2
1629 tan20~400tan0+7+1612—0 =0.
44 44

tan @ ~ 0.35185 = & ~ 19.4°
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430  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

76. (@) x = (v, cos )t
¥ = h+ (v sin O)t - 161>

t =

v, cos &

b) y=5+x

>
!

0.005

_ 16sec’(z/4) 16

y = h + (tan 6)x - >
Vo

- 0.005x% = h + (tan §)x —

—5,tant9=l:>t9=%,and

2(2)

Voz Vo

W= 2 _ 6400 = v, = 80.
0.005

So, x = (80 cos(45°))r
y =5+ (80sin(45°))r ~ 162,

(C) 80

0

250

5

(d) Maximum height: y = 55 (at x = 100)

Range: 204.88

Vo

= y = h+ (v sin O ——— _ 14
7 (0 }vocosﬂ [

16 sec? 0.2

16 sec? 0 2

2

Section 10.3 Parametric Equations and Calculus

. b _djd 6 _ 3
T difdr 2 t
2. dy _ dy/dt ot 3
de dx/dt (Y3
3 dy _ dy/d6  2cosfsing )
" dx di/d®  2sin 6 cos
dy
Note:x+y=1=yp=1-~ d—= = -1
[ ote:x + y v xand —
4. dy - dy/de _ (“1/2)9;9/2 - _le-za/z .l
dc  dx/do 2¢7 4 4%

5. x =4,y =3t-2

dy _ dyjdt
dc  di/dr
2

v _,

dx?

3

4

At t = 3,slope is % (Line)

Neither concave upward nor downward.,

.x=\/;,y=3t—l
3

dy
= = :6\/;=6whent=l.
« "o
2
Lf = 3/ Nt = 6 concave upward
1%
L x=t+Ly=1+3
Q: 2 +3 = 1when ¢t = 1.
dx 1
d*y

e = 2 concave upward
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11.
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x=2+5+4,y=4
by _ djd 4
dc  dx/dt TR
-8

d_Z}i: [2t+5}_ 2t+5) -8
2 d dt u+5 (2 +5)
Avr=02 -2

de 5

2
Atr=0dY -8

dx? 125

concave downward

. x =4cosf,y = 4sind
dy _dy/df _ 4cosf _ —cosb g
dv  dx/d0 —4sin@ sind
d
= d6’[ oot ] = osc?§ __ - Lo
abc2 dx/d@ —4sin® 4sin® 0 4
Ao =2, L -1
4" dx
dy _ -2
dx® (\/—/2) 2
concave downward
x =cos@,y =3sin6
—C{)i = 3 C?S 4 = -3cotd - j"’)’_ is undefined when
dx —sin & dx
=0
2 2 B 2
1_321 = 3CS.C 0 _ - 3 -i%is undefined when
dx —sin @ sin® 8 dx
=0
x=2+sechy=1+2tand
dy _ 2sect @
dx  secdtan O
= 2secd = 2cscd = 4when @ = Z
tan & 6
a
d_z)i o oidx] —2 csc G cot &
2 dx sec & tan 6
deé
= 2 cot’ @ = —6+/3 when 0 = %

concave downward

12.

3.

14.

15.

x = \/— y = \/t_——
o _Yr-1) S _
A 1/(2\/?) \/t \/—whent 2.
py [ - AT
N T
. S 7 = -1 when t = 2.
(t-1)

concave downward

x = cos’ @,y = sin’ 0

dy _ 3sin’ fcosd

It

~tan @ = ~1when @ = %

d  ~3cos? Osind
dly _ -se®§ 1
& —3cos*fsin® 3cos’ Osin b
sect Bescd 42 7
= = when @ = —.
3 3 4
concave upward

=@ -sinf,y =1-cos
dy  siné

2 2 =(0whené = 7.
d¢r 1-cos@
[(l — cos 6) cos 6 — sin® 9]
ﬂ_ (1—c0s9)2
axr (1 - cos )
=———1——2=—lwhen0=7r.
(1 - cos ) 4

concave downward

x =2cotf,y = 2sin’* 6

%:M -2 sin® @ cos O

—2csc? 8
T A L
302 3 dc 8
: 3 33 2
Tangent line: - = + =
" S [x ﬁ)
33x - 8y + 18 =
At(0,2), 0=Zma? -
2 dx
Tangent line: y -2 =0
atf23L) 6=" ama ¥ - 3
2 6 dx 8
- 1_ 3
Tangent line: y-5= _T(x - 2\/_3')
S +8y-10=0
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16. x =2 -3cosf,y =3 + 2sin 8
dy _2cos8 2

= = —cot @
dx  3sing 3

(@), (d)
dy

At (-1,3), @ = 0,and == is undefined.
Tangent line: x = —1

At (2,5), 6= % and% = 0.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

19. x =6,y =2 + 4,1 =1

8

-4

() Atr =1, (x, y) = (6, 5)

Tangent line: y = 5 ﬂ: szﬂy_:l
g “d  Tde 3
At (4__&2] 0-1% a3 1
2 6 dx 3 (c) y-—5:§(x—6)
Tangent line: |
23 4433 y=-x+3
y-2= 3 kx—- 7 3
23x -3y -4/B-3=0 0. x=r-2p=Li3,21
t
17. x =2 -4 (a),(d) 7
y=1 -2 \x\
dy _dyldt 2 -2 R
A L N
dve  dx/dt 2t \, \
At (0,0),1 = 2,% = % -
) 1 (b) Atz =1,(x,y) = (-1,4)
Tangent line: y = —x
2 L T A
2y —x =0 a odr " dx '
At(3,-1), 0 =1, Y _ g, © y-4=-x+]
. dx y=-x+3
Tangent line: y=-1
y+1=20

At(3,3),0 =1, Y 2o
dx

o x=r—t+2,y=£-31=-1

(@), (d) 5
Tangent line: y=3=2(x+3) @,2) /
2x-y+9= -1 {"//;/_\ 8
18. x=1"+2 >
_ 3
y=r+t (b) At ¢ = —1,(x, y) = (4,2),and
dy _ dy/dt 3 +1
dx  dx/dt 47 & _ _3,@ = o,ﬂ =0
d dt dt dx
At (2,0),¢ = 0, 2 \indefined. d
dx © = =0.At(4,2),y -2 = 0(x - 4)
Tangent line: x = 2 (vertical tangent) dx 5
y=2

dy
At (3,-2),t = -1, = = 1.
(3,-2),¢ o

Tangent line: y + 2 = ~(x ~ 3)

y=-x+1
At (18,10),1 = 2,ﬂ = 1—3.
dx 32
. 13
Tangent line: y — 10 = E(X - 18)
B8
7 32 16
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22.

23.

24.

x:4cosﬁ,y=3sino9,0=377r

(@, (d) :

-6 |

N

& _L5d_ WN2d 3
dt d 2 dx 4
(©) & = 3 At (___4_, _3_)’
a4 V2’2
yod e d )
2 AU V2
y = 3x + 32
x = 2sin 2¢, y = 3 sin ¢ crosses itself at the origin,
(x, ¥) = (0,0).
At this point, t = OQor 7 = 7.
dy _ 3cost
dx  4coslt
Att = O:Q = 3and y= 3x. Tangent Line
e 4 4
Att = 71',92 = 23 and y = —ix. Tangent Line
dx 4 4

x=2-mcost,y = 2t — msint crosses itself at a
point on the x-axis: (2, 0)‘ The corresponding f-values

are ¢ = +7/2.

EX = Z—ﬂcost,ﬂ = ﬁsint,—@)—=2—_-”—_c—(ﬂ
dt dt dx 7 sin ¢
Attzf—:d—y=—2—.

2 dx 4

Tangent line: y — 0 = 3(x -2)
©

y=—x—-—
2

Att=—£:-dl = ——2-.
2 dx /4

Tangent line: y — 0 = ——2—(x -2)
z

y=-——X+—

Section 10.3 Parametric Equations and Calculus 433

25, x =12 —t,y = £* — 3t — 1 crosses itself at the

point (x, y) = (2,1).
At this point, # = —lor ¢t = 2.
dy 3 -3

dx 2t -1

Attt = —1,Q
dx

Att=2,2=

dt
y=3x-5

1

0and y = 1. Tangent Line

wiwe

=3and y ~ 1 = 3(x - 2)or

Tangent Line

26. x = £2 — 6,y = t* crosses itself at (0, 6). The

corresponding f-values are f = +J6.
dy U
& 3 -6

Atr =6, P -2 6 \/3.

J6
y=—x+6
6
& 26 /6
Att=-J6=2=-"r0 = -
dx 12 6
. 6
Tangent line: y = —Tx + 6

27. x =cos@ + Osinf,y =sin@ — Gcos 0

Horizontal tangents: % = @sin @ = 0 when
@ = tx, 27,137, ...
Points: (—1, [2n - 1]7r), (1, 2n7) where n is an integer.

Points shown: (1, 0), (-1, 7), (1, -2r)

Vertical tangents: % = @ cos & = O when

H+

6 =+Z
2

Note: @ = 0 corresponds to the cusp at (x, y) = (1, 0).

%:?%:tanB:OatB:O
COsS
n+l
Points: (—1) (2n - 1)7[’ (——1)"+1
2

Points shown: (—fi,l , —§£, -1}, (_Sﬁ,l
2 2 2
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28.

29.

30.

31.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

x =26,y = 2(1 - cos §)
dy

Horizontal tangents: 20 = 25sin & = Owhen

0 =0,+t7,42x,...

Points: (4nr, 0), (2[2n - 1]z, 4) where n is an integer
Points shown: (0, 0), (27, 4), (4, 0)

3

Vertical tangents: = 2 # 0;none

x=4-t,y=1¢

Horizontal tangents: —?—t = 2t = Owhen ¢ = 0.

Point: (4, 0)

Vertical tangents: % = —] # 0 None

x=t+Ly=+3

dy

Horizontal tangents: gt— =243 = Owhen ¢t = _%

x=t+4,y=0£-3%
Horizontal tangents:
dy

L =32 -3 =3(t~1 ) =0 = +]
~ ( )t +1) =t

Points: (5,-2),(3,2)

Vertical tangents: —i% =1 0 None

3

Rox=0-1t+2,y=F-3%
Horizontal tangents: %yt— =32 -~ 3 = Owhen r = +I,
Points: (2, -2), (4, 2)

Vertical tangents: %’;— =2t —-1= Owhen ¢ = %

33. x =3cosf,y = 3sinf

Horizontal tangents: % = 3cos § = 0 when

6=2
2

w.l Iy

Points: (0, 3), (0, ~3)
Vertical tangents: %

Points: (3, 0), (-3, 0)

4

03

1]
6
(-3, 0)1\-«/1(3, 0
] ]

0,~3

=

34. x =cos b,y = 2sin 26
dy

Horizontal tangents: 20 = 4 cos 260 = 0 when

g =237 5% %
44 4 4
Points: ﬁ,z \ ——\/—5,—2 A _[2_,2 A Iz_,_z
2 2 2 2

Vertical tangents: % = —sin & = O when 8 = 0, 7.

Points: (1, 0), (-1, 0)

-5 (~1,0)U O
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35, x =5+3cosf,y =-2+sind

36.

37.

Horizontal tangents: L4 =cosf =0= 0 = E,EZ
dt 272
Points: (5, 1), (5, -3)
. dx .
Vertical tangents:~d7 =-3sin8=0=>60=0r~x

Points: (8, —2), (2,-2)

1

e
1 (5,-1) 1
(- S|

-,

ety 69l

~5

x=4cos? 8,y =2sin6

Horizontal tangents: % = 2cos § = 0 when

3z

>

Because dr/d@ = Oat z/2 and 37/2, exclude them.

0==2,
2

Vertical tangents: % = —8cos & sin § = 0 when
6 =0nr
Point: (4, 0)

= .
R ]

x=secH,y=tand

dy

Horizontal tangents: 705 = sec? @ = 0;None

Vertical tangents: % = sec 0 tan § = 0 when
x =0,
Points: (1, 0), (-1, 0)

4

\: /
-6
~LOA w

4

-~

Section 10.3 Parametric Equations and Calculus 435

38, x =cos’f,y = cosb
Horizontal tangents: % = —sin @ = Owhen x = 0, 7.
Since dx/df = 0at these values, exclude them.

Vertical tangents: % = —2 cos & sin @ = 0 when

g% 37
272
(Exclude 0, m)
Point: (0, 0)
2
e
-3 ©.0) 3

-2

39, x =34 y=1 -1t

&[S
&
~.

8

N
[
I

—_

1[1 _ L} 1,1
&y _ a2 6] 2 eE _ 600 +2
dx’ dx/dt 6t 36¢°

Concave upward for ¢+ > 0

Concave downward for ¢ < 0

40. x =2+, y=12+7F

2
dy _2+3" 3,
dx 2t 2
dy 32 _3
dx? 2% 4t

Concave upward for ¢ > 0

Concave downward for ¢ < 0
41, x =2 +Int,y =2 —Int,t >0

ﬂ_Z—(l/t)_Zt_—l
e 2+(n) 2 +1

&y _|(r+1)2 - (2 -1)2 (“1)
dx* (2t + 1)2 t

_ 4 . t - 4¢
@e+1) 2+1 (2t +1)

2

Because ¢ > O,d—y >0
dx2

Concave upward for ¢ > 0
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42 x=2y=Int,t >0

43.

44,

45.

46.

47.

dy Yt 1
a2 2
dy i/ 1
@t u ot

2
Because ¢ > O’Zx_i) <0

Concave downward for ¢ > 0

x=s8int,y =cost,0 <t <7
sin ¢
P = ——— = —tant
dx cos t
d’y  sec’t 1
2 cos ¢ cos’t

Concave upwardon z/2 < t < z

Concave downwardon 0 < ¢ < /2

x = 4cost,y =2sint,0 <t < 27w
/dt 2 cos ¢ 1
—-— = - = ——cot?
dx dx/a’t —4 sin ¢ 2
dl 1 1
4y d—t[_f cot f] _3 cscl t 4
dx? dx/dt ~4sins  8sin’f

Concave upwardon 7 < f < 27

Concave downwardon 0 < r < 7

x=3%-2y=271<r<3

idf—s—zzﬂ=3t'/2
dt

LG (@)
:J'fmdt f\/mcﬂ

x=Int,y=4-31<t<5

il

A
!
—

o
m
&
N—
|
N
&
]
So—
w
N"" —
+
[
(=)}
&

x=e +2,y=2+1,-2<r<2
& dy

=€, =

dt S dr

o= L[5 () @

= f_2\/e2' + 4 dt

48. x =t +sint,y =t -cost,0<t < &

49. x

50.

51.

ﬂ=1+cost,ﬂ=1+sint
dt

dt

= L[5 (&)

j \/1+cost

= _":\/3+2cost+2sintdt

(1 + sin t) dt

=3+5y=T-2-1<t<3
& b,
R
2
= IE) ()
dt
=Lx/9+4dt
[Vi3:1]' =413 = 14422

x=y=20<r<2

&0 ®
dt dt

TN

5

i)
dt

[N]

+(ﬂ)2 =4 +4 = 4 +1)
dt

= 2]‘:\/# +1dr

= [t\/tz +1+ ln’t + 1

[

=25+ 12 + V5) = 5916
x=62y=201<1r<4
& -2, Y~ 6
dl dr

o

OREE

= L V14412 + 36 dr
= j‘: 6/4 + ¢ dr

_ A2

= [2(4 +t ) l

= 2(207 - 5%?)

=705 ~

156.525
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Section 10.3 Parametric Equations and Calculus

5. x=£2+1y=47+3,-1<t<0

2 2
& o, (d") + (i]l) = 4 + 144¢*

dt dt

0
s= |
-1

dt

412 + 144¢* dt

dt

0
| -20/1+ 36 dr

i+ 36t2)3/2 ’

54
-1
ll(1 - 373/2) ~ 4.149
54
<
2

53, x = ¢’ cost,y = e’sint,0 < ¢t

— = —¢”'(sint + cos 1), d—J;

= ¢”'(cos ¢ — sin )

15 (3 o
0 dt dt

l
Loy
)
N4
@
t}
EY

i

54, x = arcsint,y = In 1-12,

dx 1 dy 1(—21) t

2801 —

\/1—12

S

)2
12)2 dt = j'

0

—_—
oy
|

55, x_\fy_3t-1dx -

= -2 I:/Z e'(-1) dt

e
= \/5(1 _

v
T

e‘”/z) ~ 1.12

0<

b | =

t2

1
1-7

1 dy

N

437

57. x = acos® 8,y = asin’® 4, % = ~3a cos® @sin 8,

d_y = 3asin® @ cos 8
deo

s = 41.:/2 \[9a2 cos* @sin? @ + 9a° sin* 0 cos? 4 46

- 124 j:’z sin @ cos O~ /cos?6 + sin’ @ d@

= 6a j:/z sin 20 d6 = [-3a cos 249];’/2 = 6a

58. x = acosf,y = asin49,ﬂ = —asin @,
do
—dl = acos @
do

S = 4I”/2 \/a2 sin® @ + a* cos? 6 dO
= 4a " d6 = [4a6]" = 27a

59. x = a(@ —sin 8),y = a(l - cos 6),

& _ a1 — cos 0), — b asin &
do de
s = 2" \Ja(1 - cos O) + a* sin® 6 dO
—2\/_aj 1 - cos 8 d6
_ 2\/5 sm¢9
a'[ J1 +cosé

= [—4\/501«/1 + cos 49]0 = 8a

60. x = cosf + @sin@,y = sinf@ — fcos b,

N .
1¢6

= g.[o N1+ u? du

6

= ilz—[ln(\/1+u2 + u)+u\/1 +u2:|

0

- 1_12_[111(\/3’7' +6)+ 6J§7‘] = 3.249

dt

Ex— = @ cos b

ﬂ = @sin §
de

S = IOM \ﬂ92 cos® 8 + 02 sin® @ d6

2 27
€d0 [i:\ = 27?

0

© 2010 Brooks/Cole, Cengage Learning



438

61.

62.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

x = (90 cos 30°), y = (90 sin 30°) — 16

(a) 35

0 240
[}

(b) Range: 219.2 fi, (t = ?_2)

(c) L3 = 90 cos 30°, L4 = 90 sin 30° — 32¢
dt dt

45
=0fort = —.
4 16

s = [ /(90 cos 30" + (90sin 30° - 32¢)" i

~ 230.8 ft
. , 90
y =0 = (90sin ) = 16 31:0,1—6-sm9

(90 cos ) = (90 cos 6’)?2 sin 8

=
il

2 2
20—sin0cos() =93l2sin219

2
x'(9) 2&200820203 o==
32 4

By the First Derivative Test, § = %(45") maximizes the

range (x = 253.125 feet).
To maximize the arc length, you have

L =90 cos@,ﬂ = 90sin § — 32¢.
dat dt

J.(90/‘5)Si"9\/(90 cos 9)2 + (90 sin @ ~ 32¢) dt

0

2025

——5sin 8 + ——2025

cos? @ In 1—+—SM
1-siné
Using a graphing utility, we see that s is a maximum of

approximately 303.67 feetat 6 ~ 0.9855(56.5°).

4¢ 4t
63. x = , Y =
1+27 "1+ P

@ x*+)y =4y

4

IRNZI)
AN

—4

(1+ 2)(87) - 42(38%)

dy
b — =
® G (L+0)
_ 3
:.4_t(2__t2_:0whent=00rt=3/5.
(1+t3)

3 3
< 4\3/2] ~ (1.6799, 2.1165)

Points: (0, O),[ P

2 2
4t(2 - 13)

(1+ t3)2

41-27)
(1 + t3)2

dt

© s:2L:

=2[ / > 4[t8+4t6—4t5—4f3+4’2+1}d’
0alfy . 3)
Vkl+l)
_8_[‘\/t8+4t6—4t5—4t3+4t2+1
0 (1+t3)2

dt ~ 6.557

64. x = dcot@= —2 y - 4sincg, - F<o<®
tan & 2 2

(@ 6

-6 6
2

(b) & = 8sin 8 - cos §
de
& _ —4csc? 8
de
D oforo =0+
do . 2

Horizontal tangent at (x, y) = (0, 4)(0 = i%]
(Function is not defined at g = 0)

(c) Arc length over % <t < %:4.5183
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Section 10.3

. 3
65.(a) x =t —sint 68.
y=1—-cost
0<t=<2rx /\
- 3r
-1
3
x = 2t — sin(2t)
y =1-cos(2) /\
0Lt - 3
-1
(b) The average speed of the particle on the second path is 69.
twice the average speed of a particle on the first path.
— 1 i1
(© x=5t- s1n(§t)
y=1- cos(%t)

The time required for the particle to traverse the
same pathist = 4.
66. (a) Firstparticle: x = 3cost,y = 4sint,0 <t < 2rx
4

[

70.

Second particle: x = 4sint,y = 3cost,

0<t<2r
4

1N
N

“a

(b) There are 4 points of intersection. 71.

(¢) Suppose at time ¢ that

3cost =4sint and 4sints = 3cost
-3 -3
tant = 5 and tant¢ = yy

Yes, the particles are at the same place at the same
time for tan 7 = 3.1 ~ 0.6435,3.7851. The

intersection points are (2.4, 2.4) and (2.4, -2.4)

(d) The curves intersect twice, but not at the same time.

67. x = 3t,é =3
dt
dy

dt

27 [ (1 + 2NF + P
£ ‘
2n\/ﬁl:— + 2r]
2 0

22~/10[8 + 8] = 324/107 ~ 317.9068

t+ 2, 1

Parametric Equations and Calculus 439

1, dv ¢
x = ===
4 a2
dy
=t+3 ==1
Y dr
3 t2
S =2z (t+3) (5) +1dt
Y TP L
=27 (1+3) 2
~ 114.1999
x=c0520,£=—2cos6’sin0
deo
y=c050,ﬂ=—sin0
do
s = 22" cos f4 cos” Osin? 6 + sin’ 6 do

27zj0”’2 cos 6 sin 04/4 cos® 6 + 1 d0
(5\/—5— - 1)7[

6
= 5.3304

x=0+sin0,ix-=1+cos0
do

y=0+cos€,ﬂ=1—sin0
a6

S =2 I:/z (6 + cos 6)\/ (1 + cos 0)2 +(1-sin 9)2 do

= 27:_[:/2 (6 + cos 9)\/§+2c050—2sin¢9 do

~ 23,2433
x = 2t,E =2
dt
dy
=3,-= =3
¥ dt

@ §=2z[ 3/a+9dr

r 3
= 6/137 = 6\/57{-2—) = 27/13x

0

®) S = 2;;]; 2w+ 9 dt

o

2

= 4/137]

3
= 4\/@{%] = 18137

0
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440  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

72.x:t,y=4—2t,£=l,iy—:—2 73.x=50080—‘—ix—=—5sin¢9
dt dt do
(a) S=2ﬂjz(4~2t)\/1+4dt y=55in0%=5cos0
2 7T
= [2+/3n(4 - A)] =825 s =21 ™ 5 cos 6./25 sin® 6 + 25 cos? 8 dO
0 0
xf2
(b) § =27 [ T+ 4t = [\/Emz]z N =10z [ 5 cos 0 d6
= 50z]sin 6]} = S0z

[Note: This is the surface area of a hemisphere of radius 5]

74. x :§t3,y =t +1,1<1t <2, yaxis

ﬂ 2Q=1

t,
at dt

S =2z Lz %P\/m dt = %[(x" + 1)3/2}2

1

= -’95(173/2 - 2) ~ 23.48

75. x = acos® 8,y = asin’ 9,—6‘!l = —3a cos? Hsin 4, b _ 3asin® & cos 0
do do

§ = 4r [ asin? 0,/9a% cos® Gsin? 6 + 94" sin® & cos? 6 d

2
= 12azfr_‘-”/Z sin* @ cos 8 d6 = —1—2—7I—a—|:sin5 0] ” —l—%ﬂaz
6 5 0 5

76. x =acosl,y = bsin0,ﬂ = —asinﬁ,iﬁ)- = bcos @
do do

@) S = 4z _[:/Zb sin Ox/a sin @ + b cos? 8 df

. Y _
= 47zj.o/2 ab sin 6’\/1 - [a 5 b )cos2 8 de = dabr L}m (—esin G)\/1 — &* cos® 6 do
e

a

. /2
= 2ab7r[e cos B/1 — €” cos® 6 + arcsin(e cos 9)] = zab”[e\ll -e+ arcsin(e)}
B o e

\/az—b2 e

/a2_b2

(e =M —°2 _ & eccentricityJ

2 2 _ 72
27b* + ( rab Jarcsir{ a-b ] = 27b* + Zﬂ(ﬂb—) arcsin(e)
a

a a

() S =4r I:/Za cos 9\/a2 sin? @ + b? cos® 8 d@
- 47:j0”/2 acos Ox/b% + ¢ sin2 9 do = 2% 0”/2 ¢ cos OB + ¢ sin?0 dO
C
/2
M[csin&«/bz +c?sin? @ + b% In|csin @ + /b + c? sin? 0}
0

c
—2-‘17£[c\/b2 + ¢ + b2 Infc + VB + 2
2
= 2za® + [ﬂ-jln
e

—wmq

27ab*

\/a2 _p?

1+e

C
lna~l-\/a2—b2

b

2za® +
1-e
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Section 10.3 Parametric Equations and Calculus 441

dy _ dy/dt 84. x = rcosg,y = rsing
“dx dx/dt ,
S = 27| rsingr?sin® g + r2 cos’ ¢ d
See Theorem 10.7. -[o ¢\/ ¢ ¢ d¢
o
— 2 -
dy = 2xr jo sin ¢ d¢
8. x=16,y=3=>—==0 ,
& = [—27rr2 cos ¢]0
— 2
79.x=t,y_61_53ﬂ=§=6 —27rr(1—cos¢9)
dx 1 ,
2 2
80. s = [ (ﬂ) + (@i} dt
a dt dt
See Theorem 10.8.
b Y dy)2
81.(a) S =2 A= + =] dr
® ”L g() [dt) (dt
85. x=2sin*4
2 2
’ ) (D = 25in> 0 tan O
b) S =2x )l — | +|—=| dt y sin an
®) L f() (dt) (dt)

% = 4 sin & cos 8
82. One possible answer is the graph given by

x=ty=-t 4 = [ 25in” 0 an 6(4sin 6 cos 6) d6

i = 8" sin* 0.d0

ot 0

Al —sin’ @cos 8 3 3 & r

1 =8 —————— — _sinfcosf + =0 = —
T 4 8 8 b 2
-4 -2 2 4

U
»
P
t—t—t
~

—4

One possible answer is the graph given by
x=-ty=-L

il 86. x = 2cot §, y = 2sin? 9,% = ~2¢sc?

-4 -3 -2 1 1 2 3 4 0
= 02 Y9 ece?
24 A= 2_‘.”/2(2 sin 0)( 2 csc 9) de
sl
4t _ 0 _eal® _
* = -8 ,d0 =[-80],, = 4z
83. Let y be a continuous functionofxon ¢ < x < b. 87. 7zabis area of ellipse (d).
Suppose that x = f(), y = g(r),and f(1) = a,
3 2 .
f{t;) = b. Then using integration by substitution, 88. g7a’ is area of asteroid (b).

dx = f'(t) dt and 2 -
89. 6ra’ is area of cardioid (f).

Lb ydx = _‘-:12 g(1) /() .

90. 274’ is area of deltoid (c).

91. %ab is area of hourglass (a).

92. 2zab is area of teardrop (e).
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442  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

93.x=\/;,y=4—t,0<1<4

A= J.:ydx = J:(4 - I)E%/T dr = %j:(4t—l/2 _ 1/2) |: (8\/— _ _t\/_):L
x=~fydx 16 %o 4(4——t)\/_(2\/-jdz— IA( t)dt—[ [ _%}
' :1; :Z;—dx i % :(4 ) t)2—2—\17_t— at = 634 (16672 — 82 + £2) it = 14}:32\/_ - -—-t\/— t+ —t2\/_]

e+

94 x=\/4—t,y=\/7,gx-=—;,0Sts4
LN

A—I\/-( 2\/—-—-—»Jdt—J.\/ —u? du = [u\/4—u +4arcsm§] =7
Let u = /4 — ¢, then du = —1/ (va=7)drand Vi = 4 - w2,

ATy e = - o = [ 2] 2

3z
10 1 _ Lo i _ A28+ —T _ 8
y-g;;L(*ﬁ)(‘_z\/r_—,)d" 47:4\/4—tdt_ 4z| 3 4 ’]4‘3;;
— 8 8
€9 - (22

95. x = 6¢cos 0,y = 6sin0,% = —6sin 6 do 96. x =cos O,y = 3sin9,—§x§ = —sin @

x

vV

27zj (6 sin 6)*(~6 sin 6) d6 14

27, (3sin 6)'(~sin 0) do

4327 j ,sin’ 00 ~187 | 0/2 sin® 6 d
7 ;)

1

3 0
cos 0} - 122
/2

4327 j:ﬂ (1 - cos® B) sin 6 do

—ISn[—cos g+

3 0
—4327:[—005 g+ cos 9]
3
/2

- +1) = 2887
3

= —4327r[
g

Note: Volume of sphere is %7[(63) = 2887.
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97. x = a(6 - sin ), y = a(l - cos 6)

443

(a) Qzasinﬂ,ﬂza(l—cose)
do d6
ﬂ: asin @ _ sin &
dc  a(l-cosd) 1-cosd
2 - _ - _
d_J; _ (1 - cos ) cos & smHsm o) [ | — cos 0)] cosd —1 1 i
dx (- cosf) a(l - c059 (cost9 -1)

1 &2
A =Zx=aZ-—|y=d1-X2| P =2
®) 6" ‘{6 2)y a[ 2) 1-32 3

Tangent line: y — a[l - —?} = (2 + ﬁ)(x - 0(16’. _

© b _sind_

=0=sinfd =0,1-cos@ = 0
1 —-cosé

Points of horizontal tangency: (x, y) = (a(2n + Y, 2a)

(d) Concave downward on all open @-intervals:
- (=27,0), (0, 2z), (27, 4x), ...

I \/a sin 9+a(l—cos6’)

(e) s

II

98. x = /3,y = 3t —%F

6

o

-6

(a)

1

2)

2

27
j 2~ 2cos 6 do_aj 4/4sm—d6’—2a0

sin — d49 [—4(1 cos( H = 8a

dx _ dy_ 2 Ay _ 3-12
(b) E—Z\/gt,;t—— -, == T
P Ee U T ) R S S
Ex%i —[ 1242 [2\5’] = (1212)(2 \/§t) BRRRTY:
- 8Y . d_ 2 3
© (X,y)—(\/g,gjatt—l.a;_m*.g_
r-2- L)
y_£x+§

(d s—j J122 + Pt = j Jit - 6t2+9+1212dt—j J(# +3

(e § =2rx jj (3: - %ﬂ)(ﬁ +3)dt = 81z

t3+3d 36
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99, x =t+u=rcosf +rfsinf
= r(cos 6 + O sin 6)
y=v—w=rsin@ —rfcos
= r(sin & — @ cos 6)

100. Focus on the region above the x-axis. From Exercise 99,
the equation of the involute from (1, 0) to (-1, z) is

x = cos @ + Gsin &
y=sinf - Gcosd

08 =<
At (—1, 7z), the string is fully extended and has length 7.
So, the area of region A is l7[(7[2) = lﬂ3.

4 4

You now need to find the area of region B.

%: —sin@ +sin@ + Gcosf = Ocos @ =0=> 0 = %.(Bz 0 is cusp.)

So, the far right point on the involute is (7/2,1).

The area of the region B + C + D is given by

j-9=/r/2ydx _ ."ler/Zydx _ J-:::,(:ydx

O=r 6=0
where y = sind — @ cos @ and dx = 8 cos 6 db.

So, you can calculate
IO [sin & — 6 cos 6)6 cos 6 do = %(72‘2 + 3).
Because the area of C + D is 7/2, you have

Total area covered = 2| —1—ﬂ3 + ﬁ(ﬂ'z + 3) S22
4 6 2

2

101. (2)

N N
N

-2

1-¢ 2t
b X = —, =
®) 1+r2y 1+1¢

-20<¢1 <20

2 E
The graph (for 0 < f < ) is the circle x* + y* = 1, except the point (-1, 0).
Verify:

1-2Y (2 Y

4y :(l-riz) +[1 +tt2)
-2+t v ar :(1‘”2)2
(l+t2)2 (1+t2)2

(c) As t increases from —20 to 0, the speed increases, and as ¢ increases from 0 to 20, the speed decreases.
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