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_ 2
102. (2) y = —1211{12————— “144"] ~J1aa = 2 ()  x =12sech {i,y = -12tanh é,o <t
X
0<x<12 60
60
0 12
0
% ® Same as the graph in (a), but has the advantage of

showing the position of the object and any given time 7.

— coch?
© dy _ 1-sech’(1/12) - i L ,
dx  —sech(t/12) tan(1/12) 12

Tangent line: y ~| £, — 12 tanh B —sinh 2o x —12sech Ll
12 12 12

. I
Y=t - (smh —;)x

y-intercept: (0, £,)

2 2
Distance between (0, 1)) and (x, »): d = \/ (12 sech ;—02) + (—12 tanh 11—02) =12

d =12foranyt > 0.

d
103. Faise, T2 = & [f (G } _ 70"0) ~ (/")
0 0] s
L=-2_ ~1178097in. ~ 981.7 ft
0.001

40
)

104. False. Both dx/dt and dy/dt are zero when ¢ = 0. By

eliminating the parameter, you have y = x¥° which
does not have a horizontal tangent at the origin.

Section 10.4 Polar Coordinates and Polar Graphs

9 (23

x =8cos— =0 x=—20085—”=—2(1]=—1
3 2
.
y=881n—2—=8 y=_2sin57”=_2(—_2\/_§.J=\/§
(%) = (0.8)
() = (-1.V3)
3 .
4 2
@ =
(3)
e (23
e R e e
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3, (-4, _Eﬁj 8.
4

x=-4 cos(ﬁ) =
4

(3

10.

4, (O, —Z)
6
x = Ocos(—z)
6
T : '
= 0 sin| —— 0
g “( 6 ) |

() = (0,0)

St

0

Il

ek
ok

(NIt

5. (v/2,236)
x = /2 cos(2.36) = ~1.004
y = /2 5in(2.36) ~ 0.996
(x, ) = (~1.004, 0.996) — o

(v2,2.36)
° 1

6. (-3,-1.57)

L

x = -3 cos(-1.57) = ~0.0024
y = -3sin(-1.57) = 3
(x, ») = (-0.0024, 3)

& (-3,-1.57)

7. (r,6) = (7,—5%) ;

(x,y) = (-4.9497,-4.9497) 14

—— }

-5 -4 -3 -2 -1 1
it

a4

3t

a4

(~4.95,-4.95)

° 54

. (Y,v\=(232) H
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¥y
(-17321, 1)
(v y) = (-1.7321,1) . Nl
I — —
!
L

(r, 0) = (-4.5,3.5)
(x, y) = (4.2141,1.5785)
4.214, 1.279)

et
-1 L 1 2 3 4 5

(r,6) = (9.25,1.2) it

(x.y) = (3.3518,8.6214) "63518,86219

[T -
L T } f
t t + t

4 ) 1 )
1 t + t
-2 2 4 6 8

\s \

=22 +22 =22 3T

®
@2

6 ~ 2.214,5.356,(5,2.214),
(-5, 5.356)

—t—t—t }
-4 -3 -2 -1 1
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Section 10.4 Polar Coordinates and Polar Graphs 447

(Y =4 -2) y 21. (a) (x,y) = (4,3.5)
r=2J16 + 4 = ¥2./5 T y
L
tng = -2 = L ot o T 35
4 2 J “4,-2 3t
# ~ —0.464 ) ,
—4+
(2\/5, —0.464), (—2\/5, 2.678) Sl .
S S
(% p) = (—1, —\/5) y
r=~4=2 — S ®) (r,0) =(4,35)
tan € = :—\? = \/3 1t E
T 4r (_":ﬁ) H—t—t -0
g=272" N
3’3 o
{4,3.5)
2523
3 3
(-x: y) (35 "\/5)

22. (a) Moving horizontally, the x-coordinate changes.
r=9+3=2/3 Moving vertically, the y-coordinate changes.
3

(b) Both r and # values change.

~+
o
=
N
|

|

(c) In polar mode, horizontal (or vertical) changes result
in changes in both » and 8.

23. r = 2sin @ circle

Matches (c)

1+ 24. r = 4cos 28

m N S Rose curve
:: o . Matches (b)
(3,-v3)
37 25. r = 3(1 + cos 6)
Cardioid
- (ny)=(3,-2) Matches (a)
, 8) = (3.606, —0.588
(r ) ( ) 26. r = 2secd
- (3\/_ 2.3/2 ) Line
Matches (d)

( )

(6,0.785)
27. x* + 32 =9

I

0

. ) ( ) rr=9 /5\
r=3 i
( ) ( 0516, 09601) Circle —t | —
. (x,») = (0,-5) \J

(r, 8) = (5, -1.571)
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448 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

28. x> -2 =9 33. 3x-y+2=0
(rcosH)z—(rsin9)2=9 3rcos@ —rsinf +2 =0
r2(cos2 9 — sin? 0) -9 r(3 cos @ — sin 6) = -2
-2
2cos28 =9 P = ———
" cos 3 3cos @ —sin @
FE I
Jcos 26 2
Hyperbola /

gl
By B I
34, Xy =4

Il
kS
Ft—t—%

(r cos 6)(r sin 6) = 4
2. X2+ =4 3 r? = 4secB@cscd
T = 8csc 20
r=a
(0 %
L N
i |0
\ 1 2 4
30 x2+3y2 -2ax =0 3 \L
¥2 —2arcos@ = 0 1
Hr — 2acos 6) = 0 /—\ 3s. ¥ =9x
r = 2acos @ . . r? sin® @ = 9r cos @
U _9cos @
1 sin® 8

r =9csc* Gcos @

31. y =28 1 .
. 2 z
rsin@ =8 1
r = 8cscé
I >0
4 1 2 3 45 6 7
0
»246
32. x =12
rcos@ =12
r=12sec @
3
bt -t 0
4 8
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(x2 + y2)2 - 9(x2 - y2) =0
(1‘2)2 - 9(r2 cos? @ — r? sin? 6’) =0
rz[r2 - 9(cos 20)] =0

r? =16
¥t +y? =16

Circle

r=-=5
r2 =25
xt + y? =25

Circle

r? = 9 cos 20

Section 10.4

39.

40.

41.

Polar Coordinates and Polar Graphs

r =3sin @

r* = 3rsin 6

¥+t =3y
2 2 9Y _ 9
oyt -3y ) =3
2 3V 9
2oy -3) =4
Circle

y

ik
= —

r = S5cos @

r = 5Srcos @
x? 4+ y? = 5x
2

th

X =Sx+ B4yt =

(=34

i
— ,;;[

(1%

-

U S
L

Ue

r=20
tan r = tan @
tany/x? + y? = 2
x
\/xz + y2 = arctanZ

X

-t

449
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42.

43.

44,

45.

46.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

g ="
6
tan 0 = tanézE
6
y_ 3
X 3
_ 3,
Y 3
r = 3secd
rcosf =3
X =
x—-3=0
5
N
5L
s
I
r =2cscé
rsinf = 2
y=2
y—-2=290
y
3
N
o T
r = secftan @
rcosf = tan 8
(o2
x
y =
Parabola

r =cotfcscd

rsinf = cotd

X

y=-

¥y

x =y?
Parabola

=4

10

47. r =2 —5cos @
0<8 <2z
4
_9 @ 3
-4
48. r = 3(1 — 4cos 6)
0<8 <22
9
\
-9
49, r =2 +sin @
0<0 <27
4
B N ¢
—2
56. r =4 +3cosd
0<6 <27
6
’ ED
-6
51. r=—2—
1+ cos 8@

52.

Traced outonceon —7 < 8 <«

-10 }

%
4 —3sin 8

r =

Traced out onceon 0 < 8 < 27

3

G

Nl

-1
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Section 10.4 Polar Coordinates and Polar Graphs

2 _ .
53, r = 2cos(ﬁj 85. ¥* = 45sin 20
2 n = 24/sin 20
0<8<4rm '
2 n = —2‘\/511'1 20
0<g<Z
2
- s

2

] ®
T
54. r =3 sin(ﬂg-)
2

068 <4r )
4 56. r* = —.
6
-6 6 Graphas r = —1——, B = —L.
NG Vo
- It is traced out once on [0, ).
15
———
e
-15
57. r = 2(h cos 8 + k sin 6)
r* = 2r(h cos 8 + k sin 6)
r? = Z[h(r cos B) + k(r sin 0)]
X+ y? = 2x + ky)
x* 4+ y? = 2hx — 2ky =0
(ﬁ—zm+hﬂ+bﬂ—2@+kﬂ=0+h2+ﬂ Radius: \/ h% + i

(x - h)2 +(y - k)2 = h? + k2 Center: (h, k)

58. (a) The rectangular coordinates of (r,, 01) are (rl cos &,, rj sin 6, ) The rectangular coordinates of (rz, 62) are

(7 cos 8, , sin ).

d* = (x2 - x1)2 + (J’Z - y1)2

2 . NPT

(r2 cos &, — r cos 01) + (r, sin 6, — 7 5in 8,)

= 1? cos® 6, — 27, cos B cos B, + 12 cos® B, + 12 sin? 6,2 = 2nr, sin G, sin 8, + 12 sin? @
2 2 172 1 2 1 1 2 2 172 1 2 1 1

= rzz(cos2 6, + sin® 02) + rlz(cos2 8, + sin® 61) -2 rlrz(cos @, cos 8, + sin 6, sin 02)

=i’ + 1’ — 2hr cos(8, - 6,)

d = \/132 + 1’ — 21 cos(, - 6,)

(b) If 6 = 0, the points lic on the same line passing through the origin. In this case,

d= \/rlz + 1" — 2Kr, cos(0)

= \/(”1 - ’”2)2 =l’”1 - r2|

(c) If 6, — 6, = 90°, then cos(¢9l - 02) = O0and d = \/r? + »?, the Pythagorean Theorem!

451
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452  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

(d) Many answers are possible. For example, consider the two points (n, «91) = (1,0)and (r,,6,) = (2, %)

d = \/1 +22 - 2(1)(2) cos(O - %] =5

Using (1, 6,) = (-1, 7)and (r,,6;) = {2, (i;[—)]d = \/(—1)2 +(2) - 2(-1)(2) cos(;r - 222) = /5.

You always obtain the same distance.

59, (1’ 2675} (4’ 13[_] 64. r = 2(1 — sin 6)
dy _ —2 cos @sin @ + 2 cos H(1 — sin 6)
d = \/12 + 42 — 2(1)(4) cos(ig— _ %) dx  —2cos @ cos @ — 2sin §(1 - sin 6)

- At (2, o),iy_ = -1.
=,/17 -8 COSE = \/ﬁ o
At [3, 7—”), L4 is undefined.
6 ) dx
60. [8, —4—), (5, 7) 3
At (4, —”—J,Q = 0.
2 ) dx
2 2 i
d= \/s 52 - 2(8)(5) cos(—— . ﬂ)
4 65. (a), (b) r = 3(1 - cos )
= / 89 — 80 cos 37” 2
f 72 /\ N
= \/89 — 80 ——2—J \_/ ~

— /89 + 4042 ~ 12,0652 B

61. (2,0.5),(7,1.2)

d = 2 + 77 - 2(2)(7) cos(0.5 - 1.2)

= /53 — 28 cos(-0.7) = 5.6

(0) = [32) = (=) = 09

Tangent line: y — 3 = —I(x — 0)
y=-x+3

) At 8 = % = -1.0.

&&

62. (4,2.5),(12,1)

d = J# +12% - 2(4)(12) cos(2.5 - 1) 66. (a), (b) r =3 — 2cos @

= /160 — 96 cos 1.5 = 12.3

63. r =2+ 3siné e

S

(D

dy 3 cos Osin @ + cos §(2 + 3 sin 0)
dx—3cos0cos9—sin6(2+3sin6’) )

_20089(3sin0+1)_ 2cos¢9(3sin9+l) p
T 3c0s20 - 2sin@  Geos?H —2sinf -3 (r ):(1’0)3()6’3))_(1’0)

Tangent line: x =1

At (5, -’5),-@ = 0. &
2) dx (c) At 8 =0, - does not exist (vertical tangent).
At @)D -2
dx 3
At (—1, 3 , @ 0
2 ) dx
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67. (a),(b) r = 3sin O

5

-4 X 5

0-[225)= 60222

w

4 4

-f[x _ i]

9
Tangent line: y — =
g y P 4

y

V3

—\/§x+—2—

() At 9 = % ~1.732.

@
dx

68. (a),(b) r = 4

e}
A

(r.0) = (4, —Z—) = (x,») (2\/5, 2\/5)

Tangent line: y — 2/2 = ~1(x - 2\/5)

y=—x+4/2

@

N

Y - 1.

T
A=
© A

69, r=1-sind
2
de

I

(1 - sin @) cos & — cos @ sin &

cos O(1 — 2 sin §) =

cos = Oorsin g =

Horizontal tangents: 2,—3—75 . l,ﬁ s —1‘,*2
2 26,2 6

dx

de

(=1 + sin #) sin & — cos & cos &
~sin @ + sin® @ + sin® 6 — 1
2sin? @ ~sinf -1

= (2sin @ + 1)(sin 6 - 1) =

il

sinf = lorsin @ = —l: g =.7£,7_”’9_7_[.
2 26 6

Vertical tangents: (3 )(3 11”)

Section 10.4 Polar Coordinates and Polar Graphs 453

76. r =asinéd

Q = gsin @ cos & + a cos & sin &
do
= 2asinfcosd = 0
=0,£,7r,EE
2 2

ax —asin® @ + acos? 0 = a(l — 2sin? 9) =
do
sind = + 37 3 —7;:5

L gz 3z 5m
J2° 44 4
Horizontal: (0, 0), (a, %)

a2 7\ (a2 3z
2 4f| 2 04

=2c¢scd +3

Vertical: (

7i. r
:;i (2csc + 3)cos 6 + (=2 csc 6 cot 6) sin @
3cosf =0
EZI_

2

Horizontal: 5,—75 X 1,3—”
2 2

72. r =asinfcos’d

P _ asinécos® @ + [—Za sin® @cos O + acos® 9] sin @
de

9:5,
2

= 2a[sin Bcos® @ - sin’® G cos 9]
= 2asin @ cos «9(cos2 6 — sin? 9) =0

6 = 0,tan2¢9=1,6'=%,

Horizontal: \/Ea,zr_ i
4 "4

A[§

2a 37
k] ,0’0
; 4]( )

73. r = 4sin 8 cos? 6

2

-3 (—“*\—"‘ 3

-2

Horizontal tangents:
(r, 6) = (0,0), (14142, 0.7854), (1.4142, 2.3562)

74. r = 3cos 20sec @

2

IANEENI)

S

-2

Horizontal tangents: (r, §)

= (2.061,+0.452)
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454

75.

76.

77.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

r=2ccl+5 78. r =5cosd

P

e L |

r? = Srcos @

X+ y* = 5x

25

" (xz -~ 5x + —4—) + y? 25

4

-12

-6 2
5 , 25
n 3z ) = 4
Horizontal tangents: (r, 6) = (7, —2-), (3, 7)
Circle: center: (%, O), radius: —;—

r = 2cos(36 - 2)
2 Tangent at pole: & = %

-2

4

Horizontal tangents: 1
(r, ) = (1.894,0.776),(1.755,2.594), !
(1.998, -1.442), (~0.423, 0.072)

r = 5sin 8

r? = 5rsin @ Cardioid

x4+ y? =Sy Qoremratrds 100
Oylll HCU 1L U y=
2 25) _ 25
x2+(y _5Y+T)“'4_
5\ _ 28
2ty =%
Circle: center: (0, %), radius: —g—
Tangent at pole: 8 = 0
Note: f(#) = r = 5sin @
£(0) =0, £(0) # 0
80. r = 3(1 — cos 6)
Cardioid
Symmetric to polar axis since r is a function of cos 6.
+ 0 [ 0 1 z -2}-' T
3 2 3
3 9
0| - |3 - 6
" 2 2

iSE]
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Section 10.4 Polar Coordinates and Polar Graphs 458

81. »r = 4cos30 84. r = 3cos 20
Rose curve with three petals. Rose curve with four petals

Tangents at pole: (r =0 0): Symmetric to the polar axis, 8 = E and pole

Relative extrema: (3, 0) ( ) (—3 ———j
E2
4

Tangents at the pole: § = %

hY 4

g% E5%
6 2 6

(ST

>0 [ %—iﬁ and T given the same tangents.

E]

82. r = —sin(56)

Rose curve with five petals

Symmetric to 8 = er—

Relative extrema occur when 85 r =8
ar
dé

= —5cos(56) = 0at 0 = x 37 5z 1z 97 Circle radius 8

10°10710° 107 10 2

x4+ y° =64
Tangents at the pole: 8 = 0, =, —, —, — z
55 55 2

| ).
-

SlE}

86. » =1

83. r = 3sin 20 Circle radius 1
. 2 +yt =1
Rose curve with four petals

S

Symmetric to the polar axis, § = %, and pole

=3

4

Relative extrema: (i‘3, Z] ["'3 éﬁ] — /- \
\/

Tangents at the pole: & = 0,

MY

3z .
€ = m,— give the same tangents.
2 87. r = 4(1 + cos 6)

(k]

Cardioid
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456 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

88. r =1+sind 91. ¥ =3cscd
Cardioid rsiné =3
y=3

Horizontal line

2

o i2
89. » =3 - 2cos ¥ I
Limagon
Symmetric to polar axis 92, ro= 6
2sin @ — 3cos @
010 222 T 2rsin@ —3rcos @ = 6
3 2 3
2y -3x =6
¥ 112 3 4 5
Line
: s
/
0 i
2
: } - 0
/ i
S / -+
90, » =5—4sin 6 93. r = 260
Limagon Spiral of Archimedes
. z
Symmetric to & = % Symmetric to ¢ = 3
P A A I A s olo|Z|Z213¥ | | 2|2
9 6 6 2 4 2 4 4 2
rlo 17 s]3 |1 rlo| Z 2 [ 2Z 2|23
2 2 2
3
Tangent at the pole: 8 = 0
o n

EN)
is __ 15
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94. r = l
g
Hyperbolic spiral

T T 3z Sz 3z

g | = | == b2 — | =

4 2 4 4 2

4 2 4 1 4 2

» LA I LA L R B

Vs b1 Iz V1 hY 3 Iz

I
2

95. r* = 4 cos(26)

r=2/cos28, 0<6<2n

Lemniscate

Symmetric to the polar axis, § = %, and pole

Relative extrema: (42, 0)

e 10

R

r
4

V2 | o

Tangents at the pole: 9 = %,

r +2

H

Zr_
4

(S ]

96. r* = 4sin @

Lemniscate

Symmetric to the polar axis,

V1
8 = —, and pole
5 p

Relative extrema: (ﬁ, %)

6 |0

N
(SRR
l
3

Folo| a2

H

5
-+
N
o]

Tangent at the pole: 6 = 0

(SE]

Section 10.4 Polar Coordinates and Polar Graphs 457

97. Because

1
cos &

r=2-secld=2-

the graph has polar axis symmetry and the tangents at the

pole are
T 7
= 37T
Furthermore,

T
rZ>—00380::>2—_<

T

r=> oasf > ——
2+

Also,

1
cos &

r=2-

r r

=2 —

o=2x-r /
2x -8 \

r = .
1+ x

TR B

So, r = fwasx = 1.

|
ES

98. Because

1

r=2+cscl =2+ —
sin &

the graphs has symmetry with respect to
6 = x/2. Furthermore,

r = oas f = 0"

r=>wasbl => x.

Also, r = 2 +

-
sin sin 8 y

2y +r
2y

r=y_1. e

So, ¥ > twasy = 1. -4

ry

~2
99, r = z

Hyperbolic spiral
r=>wasfd = 0

2 2 2sinfd 2sin@
= == =

Fo= - 8 = - =
g r rsind y
2sin @
Y=
. 2sin@ . 2co0s8
lim lim
650 @ -0 ]
=2
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Chapter 10 Conics, Parametric Equations, and Polar Coordinates

100. » = 2 cos 26 sec &

101.

102.

103.

Strophoid

7w
V:>—00859:>7

.
-7
yr => vasfd =

r = 2cos20sech = 2(2c0520—1)sec6
rcosf = dcos’ 6 — 2

x=4cos’8 -2

fim (4 cos? 0 — 2) =2

H>trf2

x==2
I4

2

s PN PN

-2
The rectangular coordinate system consists of all points
of the form (x, y) where x is the directed distance from

the y-axis to the point, and y is the directed distance from
the x-axis to the point.

Every point has a unique representation.

The polar coordinate system uses (7, 9) to designate the
location of a point.

r is the directed distance to the origin and 6 is the angle
the point makes with the positive x-axis, measured
counterclockwise.

Points do not have a unique polar representation.
x=rcosf,y =rsinf

Xt + )2 - 2,tmd =2
x

Slope of tangent line to graph of » = f(6)at (r, 6) is

d _ f (6)cos 6 + f'(F)sin 6
dc —f(O)sin 0 + f(O)cos &

If f(a) = Oand f(@) # 0, then & = a is tangent at
the pole.

104. (a) r = 7:Circle radius 7 centered at origin

(b) 2 = 7:Circle radius J7 centered at origin

= rcos @ = x = 7: Vertical line

(¢ r=

cos @
through the point (7, 0)

d) r = = rsin @ = y = 7:Horizontal line

sin @
through the point (0, 7)

(e) r = 7 cos #:Circle radius % centered at (%, 0)

)

() r = 7 sin 8: Circle radius %centered at (0,

N |~

105. » = 4sin @

T
a) 06 < —
(a) 5
3

N S T
(b)%gﬁsfr

nain
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Section 10.4 Polar Coordinates and Polar Graphs 459

106. r = 6[1 + cos(6 - ¢)]
(@ ¢ =0,r=6[l+ cosd|

W

—
s
® 6="r- 6{1 + COS(H - %]]
JEORN
e

The graph of » = 6[1 + cos 9] is rotated through the
angle 7/4.

6l:l+cos 49———]

6{1 +cos @ cos~— + sin @'sin 2} 6[1 + sin 6]

]

pat—
-3

N

() ¢

The graph of » = 6[1 + cos 49] is rotated through the
angle /2.

107. Let the curve r = f(6) be rotated by ¢ to form the
curve r = g(6).1f (1, 6)is apointon r = f(6),then
(7,6 + @)ison r = g(6). That s,

8(91 + ¢) =K = f('gl)-
Letting 8 = 6, + ¢,or 8, = 6 — ¢, you see that
g(60) = (6 + 9) = f(8) = f(6 - ¢).

[STE

(r,8+¢)

(r.8)

108. (a) sin(& - E] = gin 4 cos(z) —cosd sin[ZEJ
2 2 2

= —os @

o5
= f(-cos 0)

(b) sin(H - 7[) = sin 8 cos # — cos @ sin 7

~
Il

= —gin @
r=f [sin(& - 72')]
= f(-sin 0)

(c) sin| 8 — i’-z-] = sin & cos 3—”) —cos @ sin(éﬁz—]
2 2 2

= cos ¢

fofo- 2] s

~
Il

109. »r =2 —sin @

(@ r = 2—sin(€—%] = 2—\—/2—%(sin9—cost9)

4

" A e
\L/

-4

(b) r:2—sin(€—%}=2—(—cos€)z2+cos€

4

N,
\_/

~4

(©) r=2~sin(0 —7)=2—(-sin6) =2 +sind

-6 L 6

d r

i
194
}
@
=
VR
>
|
(98]
NI§
N
|
Do
|
[}
o
@
)
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460 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

110. » = 2sin 26 = 4sin G cos O

(a) r =4 sin(& - %) cos(@ - %)

2

|

-2

-3

() r=14 sin(@ - %j cos(& - —725) = —4sin & cos &

IR%
RS

© r=4 sin(@ - _2_7_r) cos(é’ - E—J
3 3

2

)|

-2

~3

(d) r = 4sin(6 — x) cos(6 — ) = 4sin & cos &

2

L0 L

-2

112. By Theorem 9.11, the slope of the tangent line through 4 and P is

fcosf + f'sind
—fsin@ + f'cos O

This is equal to

tan & + tanyy _ sin & + cos & tan i

tan(6 + v) =

Equating the expressions and cross-multiplying, you obtain

1 —tan @ tan " cosf —sin @ tan y

111. (a) r =1-sin @

(Y

®) r=1- sin(@ - f)
4
Rotate the graph of
r=1-sinf

through the angle 7/4.

(e

3 Radial line
\ 7’
, 4
Polar curve /\| ¥ ~
r=f(6) I~
,
L QP=(n9)
/
14
i — Tangent
e line
A8
0
A

(f cos @ + f'sin B)(cos & — sin @ tan y) = (sin & + cos & tan w)—f sin @ + 1’ cos 6)
fcos’@ — fcosBsinftany + f'sinfcos @ — f'sin’ Htany = —fsin? @ — fsin @cos O tany + f'sin & cos 6

+ f'cos? @ tan y

f(cos2 6 + sin® 9) = f'tan l//(cos2 4 + sin? 6?)

tan —-f—- "
V=5 T ajde
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2(1 ~ cos 6)
2sin @

113. tany = d/rde =
»

At 8 = &, tan y is undefined = w = %

/"3} 3
N

-3

~6

r 3(1 - cos 6)

114. tany =

drjdd ~  3siné
At0—3—”tany/—1+(\/§/2)—2+\/§
s Np) NI
2+2
= arctan =~ 1.178(~ 67.5°
y - sl 2232 < Lo 1)

5

3.
N

-5

115. » = 2 cos 38
r _ 2cos3d 1

tan iy = = = ——cot 3¢
v dr/d@  —6sin 30 3
At8 = ﬁ,tany/ = —lcot z) = 1
4 3 4 3
1
v = arctan 3 =~ 18.4°
2
'/ 0
-3 A3
2

-2

Section 10.4 Polar Coordinates and Polar Graphs 461

116. tany = r =4s1n2t9
dr/d9  8cos 20
At =% tany = S003) _ N3
6 2cos(7/3) 2

V3

w = arctan| —2—J ~ 0.7137(= 40.89°)

117. r = =6(1-cosf) = = 5
1-cos@ do (] —~ cos 9)
6
any = B (I—COSH) 1-cos®
ar ~6 sin & —sin @
dé (1 - cos 8)

r 5 /4
118. t = —— = —undefined = v = —
MY = ae T o = v =5

6

e
NN

-6

119. True
120. True
121. True

122. True
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462 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

Section 10.5 Area and Arc Length in Polar Coordinates

1A= 4 [7(0)] a0

L[ [4sin 0] do = 8 [ sin® 0.do

1

2. 4 =L['[/(0)] d6 = %j;’;a * (cos 26)° d6

3. 4=1['[1(0)] do = 2[ ‘13- 2sin 6]’ do

4. (a) »r =8sind

r
2

N
It

74y =16z

1 2,
2(5) [ [8sin 6] do

= 64 j:/zsinz 6 do

(b) 4

I

32 [ (1 - cos 26) 6

2
= 32{9 _ o 26} =167
[1]
17 . 2
5. 4= Ejo [6sin 6] d@
_ 18_’.”1 — cos 26 do = 9[0 B 511129} -9
0 2 o

Note: » = 6 sin @ is circle of radius 3, 0 < 8 < 7.

ol

11234

=
=
B
1

[\)

1¢n
6. 4= EJ‘O [3 cos 6]2 de

9 ¢71 + cos 260

- EJO —
_ g[g+ sin 201" _ 9
4 2 |, 4
Note: » = 3 cos @ is circle of radius %’ 0<@<r
5
i
1-/—\
r U
7/6

7. 4= 2[lj”’6(2 cos 36)’ de] = 2[9 +Lsineo| =
2% 6 3

0

L,
8. A=~ [ [4sin 36" do

- 8]0"/3sin2 30 do
- 8J-ﬂ/31 — cos 66 do
2
—
_ 4{0_ sm69:l
6 0
_ 4[5_] _ 4
31773
9. A:% ™ [sin 26]* do

__0__2__

1
2

: l[ o - sin 40}”/2
4 o
1
4

710 2
10. 4= 2[5 [ (cos 56) da}

1 /10
o+t sin(lOH)] _E

0

1f
N =
|

Bj (1 - sin 6)° dﬁ]

/2
=li—3—¢9+2c0s0—lsin20:! =§-7£
2 4

-7f2
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Section 10.5 Area and Arc Length in Polar Coordinates 463

1 /2 . 2 1¢n 2
12. 4= {_Z_J‘O (1 - sin ) d&jl 17. 4 = [25 Lm (1 +2cos6) d&]

a2 _
= —¢9+2cos:9—lsin20 _3r-8 = [30 + 4sin 6 + sin 20]; -2”—3—\/2
2 4 ) 4 23 2

w

2

13. 4 =1["[5+2sin6f db

- %j:” [25 + 205in 0 + 45in 6] 46

= L[2"[25 + 205in 6 + 2(1 ~ cos 26)] do
_ %[270 20 cos 6 — sin 29](2);: 18. Half of the inner loop of r = 2 — 4 cos @ is traced out

. V1
= 1[27(27)] = 27 on the interval 0 < 6 < 2. So
A=2-1["(2_ 405 0) db
14, A:lj2”[4—4cos0]2d9 3), (2-4cos6)

8] o = jo”“ [4 - 16 cos 6 + 16 cos? 6] do
= - COS

o
8 (1= 2050 + oo 8) 0 = [™[4 -16cos @ + &1 + cos 26]) B
0

= [126 - 1655in 6 + 4sin 26|
= 12(z/3) - 16(~/3/2) + 4(~/3/2)

—8[%9—2sin0+%sin26} =4z — 6/3.

0 5

dae

:8.[2” 1—2cos0+——1+00820
0 2

- 8[%(27:)] = 247

15. On the interval —% <8 £ 0,r = 2./cos 26 traces out

one-half of one leaf of the lemmiscate. So, . L
19. The inner loop of ¥ =1+ 2sin @ is traced out on the

10
A= 4- 4 cos 20 d6
2 -“~7r/4 €08 mterva] — < @< 11—75 So,
= 8]:51n22 :i = 8[5:] = 4, A = 1 etiafe 1+ 2si 92 do
a4 _EL " [1 + 2 sin 6]

z 117/6
2 = j [1+4sin 6+ 4sin ] do
1 17/6

1 J.n;r/ﬁ [l + 4 sin 6 + 2(1 - cos 26)] do

T - 5 71/6
1 3 117/6

— 30 4 cos 6 — sin 20]

2 77/6
S [ N I LA
2 2 2 2
16. Onthe interval 0 < @ < z/2,r = /6 sin 26 traces out 1
half of the lemniscate. So _2—[2” 3\/5]
a=2-2["6sin20d6
2 [
_ 7f2
= 6{ o 2‘1 = 6[1 + 1} = 6.
2 o 2 2 -3 3
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464 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

1 (a2 21. The area inside the outer loop is
20. 4 =2 EI NG 6 sin 6)” d@

i 2[ J‘“/ (1+2cos 9) d&} [36 + 4sin @ + sin 2(9]2”/ ’

= J. o) [16 — 48 sin 8 + 36 sin 6] do 2%
4z +3\/3
- [” o I:16 —48sin O + 36(1—-"—(-:295—2—6)} o 2
From the result of Exercise 17, the area between the
= [346 + 48 cos 0 — 9 sin 20| (2/3) ~ 1.7635 loops is
. e (4;: +23\/5J ~ (2;: —23\/5] Y
-8 8

2

22. Four times the area in Exercise 21, 4 = 4(7[ + 3\/5) More specifically, you see that the area inside the outer loop is

2[2 j_”,f/ (21 + 2 sin 6))’ dé?] = j”i; (4 +165in 0 + 16sin? 0) d0 = 87 + 6-/3.

The area inside the inner loop is

3x/2 . 2
zg[ [1rs (201 + 250 0)) dH] = 47 — 6/3.

-4 4

So, the area between the loops is (87[ + 6\/3) - (471' - 6\/-3;) = 4z + 124/3. -

23. The area inside the outer loop is
1 p32/2

A=2-—[""[3~6sin6]" do
2 Jsxf6
~ [*[9~ 365in 6 + 365in’ 6] d0
Snf6
37/2 .
= [o [0~ 365in 6 + 18(1 — cos20)]d6

[276 + 36 cos 0 — 9sin 26].7% = Pﬁ - [45” 183 + 9\/_]] 187 + -27—2\/-—3—

57/6 2 2
The area inside the inner loop is

1 a2 .2
A= 2-5j”/6 [3 - 6sin 6] d&

2 2

= [276 + 36cos @ — 9sin 249]”/2 = {ﬂ ( + 183 — */_H o7 — 2\—/_3

Finally, the area between the loops is
{185 + —2-7—2@} - {97: - #} =97 + 27/3.

2
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Section 10.5 Area and Arc Length in Polar Coordinates 465

24. The area inside the outer loop is

25.

Il

12051 :
A 2~-J. — 4+ cos @ db
290 2

- f"“ [l + cos @ + LH 0820 2‘9} d6
o |4 2
27/3

Il

{%0 + sin @ + st 26]

:z[z_ﬁ)+£_go

43 2 8

7r+3\/—3—‘

2 8

11

-1

-1

The area inside the inner loop is

17 [1 g
A 2-—_[ [—+cosc9:' do
23273 2

Fiﬁ + sin 8 +
4

3

=

4

_(71’ V3 \/EJ:_@_3 3
4

[l

sin 20}”

2 2 8

Finally, the area between the loops is

v

=+ ==
2 8 4 8 4 4

r=1+cosé
r=1-cosd
Solving simultaneously,
l+cos@ =1-cosf
2cos8 =0
r 37
= >
Replacing r by — and @ by 6 + 7 in the first equation
and solving, —1 + cos & = 1 — cos 8,cos § = 1,
& = 0. Both curves pass through the pole, (0, ﬂ), and
(0, 0), respectively.

Points of intersection: (1, —725), [1, 37”), (0,0)

26.

27.

28.

r = 3(1 + sin 6)
3(1 - sin 6)

I

1

Solving simultaneously,
3(1 + sin 8) = 3(1 - sin &)

2sinf =0

6 =0,

Replacing r by — and 8 by 6 + = in the first equation
and solving, —3(1 - sin §) = 3(1 - sin ), siné = 1,
@ = /2. Both curves pass through the pole,
(0,37/2), and (0, 7/2), respectively.

Points of intersection: (3, 0), (3, x), (0, 0)
r=1+cosé
¥r=1-sinéd

Solving simultaneously,

1+cosfd=1-siné

cos @ = —sin 8
tan 8 = -1
Iz Ix
SR

Replacing r by —+ and 8 by 8 + 7 in the first equation
and solving, —1 + cos @ = 1 — sin 6,

sin @ + cos @ = 2, which has no solution. Both curves
pass through the pole, (0, 7), and (0, 7/2), respectively.
Points of intersection:
2-23z2)(2+2 72 (0,0)
2 3 4 El 2 E 4 > 3

2—-3cos @

¥ = cos @

¥

Solving simultaneously,
2 —-3cosf = cos @

cos @ =

|y e

5

0 =——
33

Both curves pass through the pole, (O, arccos 2/ 3), and
(0, 7/2), respectively.

Points of intersection: l, il A l, o7 ,(0,0)
23 2" 3
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466

29.

30.

31.

32.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

r=4-5siné

¥ =3siné

Solving simultaneously,

4 - 5sinf = 3siné
sin @ =

S5z

66

Both curves pass through the pole, (0, arcsin 4/5), and

2
r

8 =

(0, 0), respectively.

Points of intersection: i, zl 3, 3z ,(0,0)
26,12 6

r=1+cosf

r =3cos 8

Solving simultaneously,

14+ cos@® =3coséd

cos § =

5

3’37

Iy D=

Both curves pass through the pole, (0, z), and
(0, 7/2), respectively.

Points of intersection: —3—, z) —3-, oz ,(0,0)
23 23

r =

N oo

r

Solving simultaneously,
you have

6/2 = 2,6 = 4. f\ 0
Points of intersection: \&J

(2,4),(-2,-4) +

0==2
4

r=2

Line of slope 1 passing through the pole and a circle of
radius 2 centered at the pole.

Points of intersection: (2, %), (—2, %)

2

33.

34.

r = 2sin 260
r=1
r = 2 sin 2@is a 4-leaved rose curve. The circle » = 1

intersects at 8 points. For the petal in the first quadrant,
2sin26 =1
20 = L2
6 6
i
1212

The points of intersection for one petal are (l, %),
S .
1 ) . By symmetry, the other points are
L 22 (L2 (1, B2 1 1)
12 12 12 12
| 197) () 27
12 12
3+sind
2csc O

v

~
1]

The graph of r = 3 + sin & is a limagon symmetric to

= /2, and the graph of » = 2 csc @ is the horizontal
line y = 2.So, there are two points of intersection.
Solving simultaneously,

3 +sinf = 2cscl
sin@ +3sinf -2 =0

-3+ 17

2

= arcsin[——lz—jJ = 0.596.
2
Points of intersection:

JI7T+3 (17 -3
— , arcsin| — |}

[————\[ﬁ *3 T — :alrcsin[—————\/-17 - 3}}
, 2 )

sin &

2
(3.56, 0.596), (3.56, 2.545)
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Section 10.5

35. r =2 +3cos @
sec @
V=
2

The graph of » = 2 + 3 cos § is a limagon with an inner
loop (b > a) and is symmetric to the polar axis. The
graph of » = (sec §)/2 is the vertical line x = 1/2. So,

there are four points of intersection. Solving
simultaneously,

2+3cosf = sec 6

6cos’ 0 +4cosd—-1=0

-2+ /10
cosfd = ———
6
8= arccos[_:“-TmJ ~ 1.376
g= arccos(_—2~_6— ‘10] ~ 2.6068.

Points of intersection:
(-0.581, £ 2.607), (2.581, + 1.376)

Area and Arc Length in Polar Coordinates 467

36. r

3(1 - cos 6)

_6

1-cos@

The graph of » = 3(1 — cos ) is a cardioid with polar
axis symmetry. The graph of

r = 6/(1 - cos 6)

is a parabola with focus at the pole, vertex(3, 7), and

polar axis symmetry. So, there are two points of
intersection. Solving simultaneously,

6
3(1 -cosf) = ———
( cos) 1-cos@ '=1—c60s9 s
(1—0050)2=2 ﬁ(
cos6’=li\/§ -10 ) 5

0 = arccos(1 - \/2) \}(

Points of intersection: lﬂ] -
(372, arccos(1 ~ V/2)) ~ (4.243,1.998),
(372,27 - arcoos(1 - V/2)) = (4243, 4.285)

cos 6
2 —-3sin6d

37. r

r

Points of intersection:
(0,0, (0.935,0.363), (0.535, ~1.006)
The graphs reach the pole at different times (6 values).

[

“57r=2_3sin6
38. » = 4sind
r =21 + sin 6)

Points of intersection: (0, 0), [4, —g—)

The graphs reach the pole at different times (@ values).
6

r=4sin 8

RO

N

-2 r=2(1+sin 6)
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468 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

39, From Exercise 25, the points of intersection for one petal are (2, z/12) and (2, 57/12). The area within one petal is

71/12 sin 57r/12 2 1 ¢n/2 . 2
A= j P do + j o (& a0+ = [0 (4sin 20)" do
= 16] 6)do +2 I * 46 (by symmetry of the petal)

1 /2 szfiz 4w
= 8[6’ - sin 49]0 + 200, =5 - V3.

Total area = 4(—%; - \/§) 16z — 43 = (471— - 3\/—)

40. The common interior is 4 times the area in the first 42, r =5—-3sinfand r = 5 — 3 cos @ intersect at
quadrant. 0 = zfdand 7 = 57/4
1 pa2 2
A= 4~ 2(1 —cos @) do
L )] A= 2[%]5/”4“ (5 - 3sin 6)’ d@]
= (-—20050+1—+—920L2€)d0

Sa/4
[599 +30cos 8 — -—sm 29}

JK
_ [ g . S0 2«9}”/

3 . - %(Ef) 2 4) (5_29(_) 30—\/5”— _%
8‘:5(12[—) - 2} = 67 16 ( \ ]

597:

—30+/2 ~ 50.251

3

8

-4 4

41. A_{j (3 - 2sin 6)’ dﬁ}

8. 4= 2[1 [ (asin 6)’ o + lj;’//: @ da}
= 2116 + 12 cos 0 - sin(26)]7 = 117 ~ 24 2 2

=-3+2sin8

1, 1 "
= 16[—-0 -= sin(ZO)} + [46]
2 4 b

o N -2/3 = (47: - 3\/—)
5 r 4sm6
6[r=3-2sing
-6 6
Ecs

© 2010 Brooks/Cole, Cengage Learning



Section 10.5 Area and Arc Length in Polar Coordinates 469

44. The common interior is given by
1 ¢n/2 2
4= 25L/4 [2cos 6] do
_ 4‘..,,/2 1+ cos20
/4 2
B 2[3 , sin 20}”/2
2

/4

do

i

[\
—
ST

3
N |
[

45. r = 2c0s0 =1= 0 = 7/3

2. %J':ﬁ ([2 cos 6’]2 - l) do

'S
Il

= [ [20 + cos 26) - 1]

[6 + sin 2:9]:/ 3

46. 3sin@ =1 +sinf = sind =12 = & = z/6
1 pn/2 .2 .2
A= 2-5_[”/6 ([3s1n6’] ~[1+s1n9])d9
- j:/’:[9sin2a—1—2sina—sin20]d0

= [77[401 - cos26) 1 - 2sin 6] o

= [36 - 25in 20 + 2 cos 6],
=3£_3_7£+2_\_/_§__2£
2 6 2 T2
=7
3.5
-3 3

~0.5

47. 4

2[% [7Ta(t + cos 6) d@} - 3%-

z
sin 20}” ar
4

Il

02[30 + 25sin @ + -
2 o
3a*r aPm Sdw

2 4 4

[SIEY

48. Area = Areaof r = 2acosé@ — Area of sector —

twice area between # = 2acos @ and the lines

6="20=2
3 2
A=rnd |22 -2 lj”’z(zacos 6)* do
3 2 4af3
2 7,
L 202_‘- /2 (1 + cos28)d6
3 af3
2 . 7/2
_ 2zd® 2a2[0 , sin 26}
3 /3

ig_:I _ 2ma® + 334
6

za® 1g¢x 2
9o 4= jﬂ/z[a(1+cos 9)] dé
2 2 x
=E——+a— 3+2cos«9+C0829 do
8 24m\2 2
2 2 . ks
=ﬂ+“—[30+2sin9+s‘“20]
8 2[2 o2
2 2 2
=ﬂ+ﬂ_3_”_3_”_2}=“_[,,_2]
8 202 4

© 2010 Brooks/Cole, Cengage Learning




470 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

50, » = acosd,r = asin @ 51. (a) » = acos’ @
tand = 1,0 = n/4 r* = ar? cos®
L, 2, 2\ o 2
A= 2[5 [ (asin6) de} (@ +y) =
b 4
_ 2J-7r/41 — cos 260 do ®) a=4 a=6

° 2 . A0

. /4 6
_ 102[9 _sin 29} w
2 2
-4
_ laz{z_f_ _ 1]
2 L4 2 (c) 4= 4(1) _[ 7 I:(6 cos’ 6’)2 - (4 cos? 49)2} do
1 1 270
= ~a*zn - —d* a2
8 4 = 40" cos* 0 do

ot = 10[" (1 + cos 26) db
0

= IOJ.O”/2 [l + 2 cos 20 + w)

7f2

= 101:30 + sin 260 + —sm 49} = —
gond0| =

52. By symmetry, 4 = Ayand 4; = 4,.
-4 = -j " [(2acos6)’ — (a’] a0 + 1[;’/’: [(2a cos 6 — (2asin 6)"| a6

:——.[”/6 4 cos? 6—1)d6+2a J'” cos26 do

4

2
a* . /6 . /4 a|r \/g _ T
= [6 + sin 29]_”/3 + a*[sin 2:9]”/6 = (—2 + ﬁj + az(l ey J = az(— + l)

2
Ay = 4, = l(ﬁ)a@ -

202 4
AT ¢z .2
A5 = E(—(S—ja - 2(5) J.S”/() (2asin 6)" dO
2 n
= 571r2a - 24° L”/G (1 - cos 26) do
2 2
_ 3ma — a*[26 - sin 26 =5ﬂ—a2—7£—£ :a2£+£
12 Sufs 12 3 2 12 2

1 #[6 . 2 1 al4 2
A = 2(—2—) jo (2asin8)” do + 2(5] J'”/G a® de
= 24° I e (1 = cos 26) db + [azej”/“
=, /6

s, 7 _ az[” \5] N az(s"ﬁ I%J

12 3 2] 12

= a*[26 - sin 26] 3 5

2 2
D\ (47,
4 = 2(—2—] j:/6 [(Za sin 0)2 - (a)z] do
= j://: (45in? 0 — 1) d6 = a’[0 - sin 26]7; = 2[i —1+ —\/—5]

af6 12 2

[Note: 4, + 45 + A4, + A, = na* = area of circle of radius a |
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Section 10.5 Area and Arc Length in Polar Coordinates 471

53. r = acos(n)

For n = 1:

For n = 2:

r = acos 26
xz 2
A=38 l)j ™ (a cos 26) do = T
2)% 2

z
2

For n = 3:

¥ = acos 30
. 2
4 = 6= |[™ (acos 30)* do = 2L
2)70 4
5

For n = 4:

¥ = acos 46

1) pn/8 2 za’
4= 16(3)-[0 (a cos 46)" 40 = =~

z
2

In general, the area of the region enclosed by
r = acos(nf)for n =1,2,3,...is (71'(12)/4ifn is odd

and is (71‘02) / 2if n is even.

54.

55.

56.

57.

58.

r:secH—ZcosH,—£<0<—”—
2 2

rcosd =1—2cos? 8

2 o2 ¥
;cozs 9_1_2( ]
¥ .l+y

(x2 + yz)x =x* + y? - 27

x=1-2

yz(x - l) =—x? - 4

2
1

yzzx( + %)
1-x

A= 2(%] _..0”/4 (sec @ — 2 cos (9)2 de
= L;r“ (sec2 6 — 4 + 4cos? 9) do
= .[:/ (sec 0 —4+201+ cos26‘)) ae

/4

= [tan 6 — 26 + sin 26’] %

r=8r =0
T 27
s = joz V8% 4 07 4o = 80}0 — 16z

(circumference of circle of radius 8)

r=a
=0
s = J.:” Nat + 0t de = [a@]ﬁ” = 27a

(circumference of circle of radius a)

¥ = 4sin 6

= 4cos @

(4 cos 9) do
= jo 449 = [46]; = 4
(circumference of circle of radius 2)

r = 2acos @

= 2asin

fﬂ/z \/(Za cos 6’)2 +

= [ 2ado = a6,

—ﬂ'

i

l

(-2a sin6)” d6

= 2za
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472 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

1+ sin @

121
=
~
i

cos 8

= 27" J(1+ sin 6 + (cos 6)' B

~
il

A
|

il

212 j:/”z/z 1+ sin @ do

=2\/_2—J‘3”/2 —cos & do

72 [1 ~ sin @
= [4/2/T=sin 9]3”’/'22

42(V2 - 0)=38

Il
Il

A

60. r =8(1+cosd),0<6<27

7' = -8sin 8
2|7 \/[8(1 + cos 0)] + (~8sin 6]" do
= 16_[:\/1 + 2cos @ + cos? @ + sin? 6 dO

=16\/§J‘:«/1+cos¢9a’0

x J1 —cos @
= 16\/5-[0 \/1 + cos & (\/—1?_———;;5—0— do

de

@
11

sin &

J1—cosf
= [32 ﬁ«/l — cos 0]:

=16v2 "

-1

Length =~ 4.16

62. r =sech,0<0 <

wiy

3

-3 I 4

-3

Length =~ 1.73 (exact \/5)

63.

64.

65.

66.

67.

y =

l,ﬂ'S@SZﬂ'
9

0.5

\-‘— _,} 05

-0.5

Length = 0.71

-5

Length = 31.31

r =sin(3cos),0< 6 <z

1

-1

Length ~ 4.39

r = 2sin(2cos6),0 < 6 <z

2

-2

~
\_/

Length = 7.78

~

6 cos @
—6sin 8

=27 J:/Z 6 cos @ sin 9\/36 cos? @ + 36sin® 6 dO

2 I:/z sin & cos @ dO

[367: sin? 9]::/2
367
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70.

71.

72.

73.

74.

75.

Section 10.5

. r =acos@d

¥ = —asin @

%)
I

27 I:/z a cos (cos 9)\/ a® cos @ + a° sin® 6 dO

=27 a* L:r/z cos? 0 dO = na® J' &

0
= |:7:a2(9 +

(1 + cos 26) do

sin 20] 2 _ r'd’
o 2

r = a(l + cos 6)

¥ = ~asin @

Avea and Arc Length in Polar Coordinates
69. r = e?
r = ae®
_ a2 a0} ag\?
S =2z " e cos 0)(e“) + (ac®) dO
= 27/1+ @ [ & cos 9 do
2a6 12

+1

271 + a2[ 62
4a
- 221 + &

4a® +1

(2a cos 6 + sin 9)}

0

(e"" - 2a)

§ =27 [/ a1 + cos O)sin 63/a*(1 + cos 0)’ + a? sin” 6 d6) = 2za® |7 sin 6(1 + cos 6)\/2 + 2 cos 9 db

= 227a? L:r (1 + cos 9)3/ 2(—sin 6)do = -

4\/§7z'a2
5

¥ 2
[(1 + cos 0)5/ Z:I - 3ra

o 5

473

§ = 22" 4 cos 26 sin 0:/16 cos? 20 + 64 sin? 020 9 = 321 [ cos 20 sin 6cos? 20 + 4sin® 20 df ~ 21.87

r = 4cos 20
r' = —8sin 20
r=20
=1

s = 2nj;’0sin ONG* +1d0 ~ 4232

You will only find simultaneous points of intersection.
There may be intersection points that do not occur with
the same coordinates in the two graphs.

(a) is correct: 5 ~ 33.124.
@ § =2z’ £(6)sin 0/ 1(6) + 1(6) dt
(b) 5 =2z f £(6) cos 0] £(6) + £(6) do

76. (a) r = 10cos,0< 0 <
Circle of radius 5

Area = 257

x
2

\_/

() r =5sin8,0<0<nrx
Circle radius 5/2

Area = 27:
4
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474 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

77. Revolve r = 2 about the line r = 5 sec 6. 78. Revolve » = aabout the line » = b sec & where
f(6)=2,fl(9)=0 b>a>0.
27 \/—5———7 f(e) =da
§=21["(5-2cos 2 + 0 dO 7(6) = 0
= 4z " (5 - 2005 6) do s =22 [ [b - acosa® + 07 db
= 42]50 - 2sin 6" = 27alb6 — a sin 6"
= 407? = 2ra(27b) = 4x’ab
3 x
|
20

DY Ot

79. r =8cos,0< @<

= l6x

(@ 4= lj”rz do = 11”64%32 0do = 32-‘%1 + cos 260
290 2Jo o _"—‘2

. k3
do = 16[0 + 81“229}

0

(Area circle = 7?2 = 74* = 167r)

(b)
6|02 {04 |06 |08 |10 |12 |14

A 632 ] 12.14 | 17.06 | 20.80 | 23.27 | 24.60 | 25.08

(c), (@) For —i—ofarea (47 =~ 12.57): 0.42
1 Vs
For > of area (87 =~ 25.13): 1.57(—2—)

For %ofarea (127 =~ 37.70):2.73

(e) No, it does not depend on the radius.
80. r =3sin8,0<0 <

n
0

@ A=1['r*do =2 sin?6d0 =5 (1-cos26)d6 = %[9-§sinze];’ =2z

I 2
Note: radius of circle is% = A = 7[(%) =2 ]

(b)
0.2 0.4 0.6 0.8 1.0 1.2 1.4

A4 | 0.0119 | 0.0930 | 0.3015 | 0.6755 | 1.2270 | 1.9401 | 2.7731

(c), (d) For %ofarea (%—Z—ﬂ ~ 0.8836):0 =~ 0.88

1.15

Q

For lofareal —1—27r ~ 1.7671|: 0
4 44

i

For lofarea —1-—9-7Z ~ 3.5343 1.0 Z 1.57
2 24 2
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Section 10.5

81. r =asind + bcosf

2

r arsin @ + br cos 8

i

x2+ v = ay + bx

x* + % — bx — ay = 0 represents a circle.
82. r =sin 8 + cosf, Circle
a==["r a0
2
¢, . 2
=EJ.0 (sin @ + cos 6)" do
L . 1 NI L
_5.[0 (1+2$1n0c0s0)d6’—5[6+sm HJO =3

Converting to rectangular form:
¥ = rsin@ + rcos

W+ =y +x

1 1
x|+ |y =
[exed)elrord)

4 -

2) U72) T2

Circle of radius —1——- and center (—;—, -;—J

V2

Il

N | —

1 : /4
Area = 7| —=| = —
(\/E) 2

83.(a r=6,020

As a increases, the spiral opens more rapidly. If
8 < 0, the spiral is reflected about the y-axis.

12

//"_
N

-12

(b)

r = a#, 8 > 0, crosses the polar axis for

€ = nrz, n and integer. To see this
r=af = rsinf =y =afsind =0

for @ = nz.The points are
(,0) = (anz,nz),n = 1,2,3, ...

16) =6, 7(6) =1
5= j;”\/ez +1d6

= %{ln(\/xz +1+ x) +xdx + l:l
0
- %m(\/ 472 41+ 2;;) + oA +1 ~ 212563

©

2r

3] 27
(d) A=l,|’ﬂr2 dr=1"a0 =L - 4p
23 2% 6|, 3

Area and Arc Length in Polar Coordinates 475

84. r = €
Ao %_‘jﬂ (eg/s)z do — %J.l,, (ea/s)z 40
=17 ag- L[ P ap
=3 -3 L.,
_ _g_ 223 _ % _ % + % el - %{:82/r/3 4 g2al3 _ 2]

= 9.3655

85. The smaller circle has equation » = a cos #. The area
of the shaded lune is:

A= Gj [ (a cos 0" - t]de

2
= J.”/4l:£—(l+cos 29)—1] do
0 |2

/4

L sin 29) g
2 o

1]
| —
|8,
/TN
)

2
This equals the area of the square, [—} = %
alr 1 Vs 1
—_—) = - = = =
2\4 2 4 2
ma® +2a* - 27 -4 =0
, 4+ 2z
a = fauad
24+

a=A/2

Smaller circle: » = ~/2 cos 8
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476 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

3t 3¢?
R T G g
@ x*+y = e ) o
(1 + t3)3 (1 + t3)2
278
Iy =
i (1 + t3)2

So, x* + ¥* = 3xp.
(r cos 0)3 + (¥ sin 0)3 = 3(r cos #)(r sin 6)

_ 3cosfsinf
cos® 8 + sin’ 6

(b z

1, o 3
(© A—EJ.O r*do = >

87.

88.

89.

False. f(6) = 1and g(6) = —1have the same graphs.

False. f(6) = Oand g(6) = sin 26 have only one point

of intersection.

In parametric form,

L) (8]

Using 6 instead of ¢, you have
x =rcos @ = f(6)cos fand

y=rsinf = f(H) siné. So,

% = f'(8) cos 0 — f(6) sin 6 and
D £(6)sin 0 + £(6)cos 6.
do

1t follows that

(] + (2] - o] + o]
so, s = [/ JIAO)T + [7(@)T ao

Section 10.6 Polar Equations of Conics and Kepler's Laws

.= 2e
1+ ecoséd
2
(a) e =1,r = ———— parabola
1+ cos @
(b) e =05,
1 2 .
ro= = , ellipse
1+05cosé 2+ cosé
(c) e =15,
= 3 = 6 , hyperbola
1+15cos8d 2+ 3cosd
4
\ e=15
e=05"" N
j = il
5y
e=/\5)/

2e
o= e—
1—ecos@
@ e=1Lr= , parabola
1 — cos
(b) e =05,
1 2 .
r o= = , ellipse
1-05cos¢ 2 —cosd
() e=1.5,
ro= 3 = 6 , hyperbola

1-15cos@ 2 -—3cosé

g
/)

-4

lx

749,
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Section 10.6 Polar Equations of Conics and Kepler's Laws 477

r= ————26.
1—esingd
(@ e=1Lr= 2 arabola
’ 1—-sind’ P
(b) e =05,
1 2 .
r = . = ——, ellipse
1-05sind 2-sind
() e=15,
= 3 - = 6. , hyperbola
1-15singd 2-3sind
e=1.0 4 €505
e=15
PR
-8
4r=— 2
1+ esind
2
(@ e=1Lr =—>"—/ parabola
1+ siné
(b) ¢ =0.5,
1 .
r = - = ——, ellipse
1+05sin@ 2 +siné
(c) e =15,
ro= 3 6 hyperbola

1+1.5sin8 - 2+ 3siné’

5 r

@

B 4
1+ esing
The conic is an ellipse. As e — 17, the ellipse

becomes more elliptical, and as ¢ — 0%, it becomes
more circular.

5 g:O.l

(b) The conic is a parabola.

—-30 = 30

~40

(c) The conic is a hyperbola. As e — 1*, the hyperbola
opens more slowly, and as e — oo, it opens more
rapidly.

go e=11
\ / L le=15
Tte=2
—40
6. r=—
1-04cos@

(a) Because e = 0.4 < 1, the conic is an ellipse with
vertical directrix to the left of the pole.

) r=—"

1+ 04cos@
The ellipse is shifted to the left. The vertical directrix
is to the right of the pole.
Fo= L
1-04sin 6’
The ellipse has a horizontal directrix below the pole.
© 7 2

Ve IR
N

-7 -5

7. Parabola; Matches (c)

8. Ellipse; Matches (')

9. Hyperbola; Matches (a)

10. Parabola; Matches ()

© 2010 Brooks/Cole, Cengage Learning




478 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

11. Ellipse; Matches (b) 4

16. r = —
1+ cosé
12. Hyperbola; Matches (d)
e =1,d = 4 Parabola
1

= Distance from pole to directrix: |d| = 4
1-—cosé@

13. r

Directrix: x = 4
Parabola because ¢ = 1,d = 1.

Sk

Distance from pole to directrix: ]a’ l =1

Directrix: x = —d = —1

_\ 6 3
1 17. r = =
2+cos8 1+ (1/2)cos

d =6

0=

14. r = __1__ Ellipse because e =
1+sin8

Parabola because ¢ = 1,d =1 Directrix: x = 6

. . . Distance from pole to directrix: |a' | =6
Distance from pole to directrix: ld | =1

Directrix: y = 1 Vertices: (r, 8) = (2,0), (6, 7)

:
o
| 1\2 3 4
4\(5
15 —4 _ 1(_4) 18 - 10 _ 2 _ (3 (7)
. V= - = : . = - = . = :
1—-sin@ 1-sind 5+ 4sind 1+(%)s1n0 1+(%)sm6
e =1,d = 4 Parabola 4 5
e=—<ld=— Ellipse
Distance from pole to directrix: ]d l = 4 5 2
Directrix: y = 4 Distance from pole to directrix: ld] = %

(St

AN
/

;
F—t——t
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19. #(2 +sin6) = 4

4 2
2+sin6 1+ (1/2)sin@

Ellipse because ¢ = 1/2;d = 4
Directrix: y = 4
Distance from pole to directrix: [d | =4

Vettices: (r, 6) = (4/3, 7/2), (4, 3x/2)

20. +(3-2cosf) =6
6 2
3-2cosf 1-(2/3)cos 8

Ellipse because e = 2/3 < 1;d = 3
Directrix: x = -3

Distance from pole to directrix: |d[ =3
Vertices: (r, 8) = (6, 0), (6/5, )

z
2

A\

-5
T ~1+2cosf 1-2coséd

21 r

Hyperbola because e = 2 > 1;d = -5/2
Directrix: x = 5/2
Distance from pole to directrix: Id | =5/2

Vertices: (r, §) = (5, 0), (-5/3, 7)

(S

Section 10.6 Polar Equations of Conics and Kepler's Laws 479
2.0 = _6, = 2 :
3+7sind 1+ (7/3)sin @

Hyperbola because ¢ = 7/3 > 1,d = —6/7
Directrix: y = —6/7
Distance from pole to directrix: ]d | = 6/7

Vertices: (r, 6) = (-3/5, 7/2), (3/2, 37/2)

e

3 B 3/2
2+6sind 1+3siné

23, r =

Hyperbola because e = 3 > 0;d = 1/2
Directrix: y = 1/2
Distance from pole to directrix: |d| = 1/2

Vertices: (r, 6) = (3/8, z/2), (-3/4, 37/2)

[NTEY

T T 0
= [
42
24, r = 8 = ()
1+4cos@ 1+4cos@
e=4>1d =2 Hyperbola

Distance from pole to directrix: |d I =2

[NAIEY

© 2010 Brooks/Cole, Cengage Learning




480 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

300 25 3(-50)
~12+6sind 1-1sing 1-Lsind

25, r =

i

e %,d = =50, Ellipse

Distance from pole to directrix: Ia’ ] =50

1(48
26, » = 180 I 1(48)
15 — 3.75cos & 1—%0056 l—%cos@

e %,d = 48, Ellipse

Il

Distance from pole to directrix: ld | = 48

3 _3
27. r = = 4
—4 + 2sin @ —%sm@
e = l Ellipse
P
1
-2 C) 2
-2
15
—~15 5

28. r =

2+8sin® 1+ 4sind

e = 4, Hyperbola

29.

30.

31.

32.

-10
=
1~cosé@
e = 1, Parabola

15

"H—\_,_b“_\_‘—‘

-

—

-1

— 6 oy
T 6+ 7cosf l+(%)cos«9

—

r

e = -Z—, Hyperbola

12

/.
A\

[\
-18
—4
Rotate the graph of r = ———
1-sinf
T .. .
Z radian counterclockwise.
4
N —
1+ cos(@ - 1{]
3
8
—12 ] ‘\\ 12
-8
4
Rotate the graph of r = ————
1+ cos@

T .
—3- radian counterclockwise.
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33.

34. r

3s.

36.

37.

38.

___ 6
2 + cos(é? + f)
6

=

Rotate the graph of r = _ 5
2+ cosd
T .
r3 radian clockwise.
5
N C> 4
-3
_ -6
3+ 7sin(6 + (27/3))
~6
Rotate graph of r = ————
3+ 7siné

%’5 radians clockwise.

)
|

4

Change to 9 + %

8
8+5 cos(e + ﬁ)
6

)

Change Gto @ —%
R
1+sin(6—£j
4
Parabola
e=1
x=-3=>d=3
.o ed _ 3
l-ecos@ 1~-cosé
Parabola
e=Ly=4=>d=4
ed 4
r o=

" 1+esing - 1+ sin @

Section 10.6 Polar Equations of Conics and Kepler's Laws 481

39.

40.

41.

42.

43.

44,

45,

46.

Ellipse
1
=ly=1d=1
¢=y
B ed B 1/2 _ 1
l+esin® 1+(1/2)sinf 2 +sind
Ellipse
3
=Zy=-2d=2
€=
_ ed _ 2(3/4) B 6
l-esin® 1-(3/4)sind 4-3sind
Hyperbola
e=2,x=1d=1

.o ed B 2
l1+ecosfd 1+ 2cosé

Hyperbola

ezg,x=—l,d=1
2

ed B 3/2 B 3
l-ecos@® 1-(3/2)cosd 2-3cosd

Parabola

Vertex: [l, —Z-[—J
2

Parabola
Vertex: (5, 7)

e

,d =10
ed 10

Vv = =
l1-—ecosd 1-—cosf

Ellipse
Vertices: (2,0), (8, )

ed 165 16
l+ecos@ 1+ (3/5)cos@ 5+3cosd

Ellipse

Vertices: 2,-’5 14, z)
2 2

e=>=d =28

1
5,
ed 83 8
1+esing 1+(1/3)sin@ 3 +sind
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

2 2

x_2 + 2/—2— 1
a b

x2b2 + y2a2 - a2b2

b2 cos® @ + a*r? sin? 8 = a’b?

rz{b2 cos? 6 + a2(1 - cos? 0)] = g*b?

;ﬂz[a2 + cos? 0(172 - az)] = a*h?
a’b? a*b?
a* + (b2 - az) cos?d a* —c*cos’
b? »?

1- (c/a)2 cos2@ 1—e*cos’d

2 2
_r
b2

2B — yiat = a*b?

QNI =

Chapter 10 Conics, Parametric Equations, and Polar Coordinates
Hyperbola
Vertices: 1,3—”), 9, 3—”)
2 2
e = ~5—,a’ = 2
4 5
. ed B 9/4 B 9
l-esing 1-(5/4)sind 4-5sind
Hyperbola
Vertices: (2, 0), (10, 0)
e = —3—,d = 10
2 3
B ed _ 5 B 10
1+ecosf 1+ (3/2)cosf 2+3cosd
Ellipse, e = 1
pse, >’

Directrix: » = 4sec@ = x = rcos 8 = 4

1
ed _ (5)4 _ 4

l+ecosd 1 p 2+cosd
2
Hyperbola, e = 2
Directrix: ¥ = —-8¢csc @ = y = rsinf = -8
ed 2(-8) -16

’_ = prusad
1l—esin@® 1-2sinfd 1-2siné

Ellipse if 0 < e < 1, parabolaif e = 1, hyperbola if
e > 1.

(a) Hyperbola (e = 2 > 1)
(mmmm@:%<1

(c) Parabola (e = 1)
(d) Rotated hyperbola (e = 3)

If the foci are fixed and e — 0, then d — 0. To see
this, compare the ellipses
B2 ypa=
1+ (1/2) cos 6
o= —§ﬂ6——,e =1/4,d = 5/4.
1+ (1/4) cos 6
ro= 4 is a parabola with horizontal directrix

1+ sin &
above the pole.
(a) Parabola with vertical directrix to left of pole.
(b) Parabola with horizontal directrix below pole.
(c) Parabola with vertical directrix to right of pole.
(d) Parabola (b) rotated counterclockwise /4.

57.

58.

59.

60.

b4 cos® 6 — a*r? sin? @ = a®b?

rz[b2 cos? 6 — a2(1 ~ cos? 0)] = a*b?

rz[—a2 + cos? H(a2 + bz)] = g*b?

a=3b=4c=5¢e=

.2

a=2,b=l,c:\/§,e=——2—

.2

a** »*
—a* + Fcos’ O -1+ (c*/a*) cos® 6
_p?

1-¢e*cos? @

E
[
i
R
o>
1]
Kol
®
It
NN

1 - (25/16) cos® 0

Wil

-16
1 = (25/9) cos® &

3

1
1 — (3/4) cos® 6
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Section 10.6 Polar Equations of Conics and Kepler's Laws 483

2
61. A=2lj” — 3 |
29012 —cos @
r 1
=9 ————do ~ 1058
0 (2—cos0)
12 9 Y
62. A=—j" — 2 | 48~ 1752
29 14 4 cos @
2
63 A=2lj"/2 2 |
’ 2d-7213 ~ 2sin @
Y [ R
~#f2 (3 ~ 2sin 6)
1,2 3 T
64. A:_j” —= | 48 ~ 465
29 |6 + 5sin 6
65. Vertices: (123,000 + 4000, 0) = (127,000, 0)

(119 + 4000, z) = (4119, z)
127,000 + 4119

a=—""—— = 655595
2
¢ = 65,559.5 — 4119 = 61,440.5
o= & 12881 oa17
a 131,119
ed
V= -
1-ecosé
0 =0r= ed 0 =mr = ed
1-e 1+e
2a = 2(65,5595) = <44

l-e 1l+e

131,119 = d| —£— + € ):d( Ze )
l-e l+e 1-¢?
131,119(1 - ez)
d=—""\ ") . 85141397
2e
7979.21 1,046,226,000

N 1-0.93717 cos € - 131,119 - 122,881 cos

15,015.

u

When 6 = 60° =%,r

Distance between earth and the satellite is
r — 4000 =~ 11,015 miles.

ed

66. (a) r = ————
@ 1—ecos@
When 6 = 0,r =c+a=ea+a=a(l+e)

So,

a(1+e)—l_de
(

a(l+e)1—e):ed
a(l ):ed.

(1 - ez)a

1-ecosf

So,r =

(b) The perihelion distance is
a-c=a-ea=al-e)

1_ 2
Whené:ir,rzuk:a(l—e).
1+e

The aphelion distance is
a+c=a+ea=all+e)

a(l + e).

When@:O,rz(ll—_ef)—a:

- €

67. a

1.496 x 108, ¢ = 0.0167

(l - ez)a

l1—ecos@

_149,558,278.1
1 - 0.0167 cos &

Perihelion distance: a(l — e) ~ 147,101,680 km

Aphelion distance: a(1 + ¢) ~ 152,098,320 km
68. a = 1427 x 109,6 = 0.0542
_(t-¢)a 1422807,988

1-ecos® 1- 0.0542cos @

Perihelion distance: a(l — e) ~ 1,349,656,600 km

Aphelion distance: a(l + e) ~ 1,504,343,400 km

69. a = 4.498 x 10°, ¢ = 0.0086

(l - ez)a

1-—ecosé

_ 4,497,667,328
1 — 0.0086 cos &

Perihelion distance: a(l — €) ~ 4,459,317,200 km
Aphelion distance: a(l + €) ~ 4,536,682,800 km

70. a = 5.791 x 107, e = 0.2056

(l - e )a

1-ecoséd

55,462,065.54
1 — 0.2056 cos @

Perihelion distance ~ a(1 — €) ~ 46,003,704 km

Aphelion distance ~ a(1 + ¢) ~ 69,816,296 km
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1. r

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

4498 x 10°
1 - 0.0086 cos &

(@ 4= —;—J-:/grz do ~ 3.591 x 10'® km?

("2 a0
165 2=
~[ "2 do
270

= 9.322 yrs

1 ¢ra
b) —| r*dé =3.591x10"
® 3L

By trial and error, a = & + 0.361

0361 > /9 ~ 0.349 because the rays in part (a) are longer than those in part (b)

(c¢) For part (a),

s = [P + (dr/de) = 1583 x10° km

1.583 x 10°

Average per year = ————— ~ 1.698 x 10°® km/yr

9.322
For part (b),

s = [N + (dr/d6) d6 = 1610 x 10° km
n

1.610 x 10°

Average per year =
gepery 9.322

72. a = 1(500) = 250 au, e ~ 0.995

MB.ri=a+c,p=a-ch—h=2,1/+r=2a

2

£ o ¢~ 24875
a

(a) e

b =a® —c? = b =~ 24969 = minor axis = 2b = 49.9 au

® r - (1-¢)a 249375
1—ecos@® 1-0.995cos8

(c) Perihelion distance: a(l — ¢) = 1.25 au

Aphelion distance: a(l + ¢) ~ 498.75 au

¢ K -—K
e _h=-h
a nr+n
c
1+ —

I+e a_4d+tc _n

l-e _¢ a-c 4

~ 1.727 x 10° km/yr

74.

For a hyperbola,
rp=c—aand , = ¢+ a.

So n + 17 =2candn — 1y = 2a.

c K+ 5
e=—=1""0
a n-n
c
—+1
e+1=a c+a K

e—1 € _y ¢-a n
a
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ed

75. K = = —
1-siné

———and »
1 +sind

Points of intersection: (ed, 0), (ed, )

(—_e”,’ ](cos 6) +| 2450 \in g)
dy 1+sin @ (1+ sin 6)
== =
dx _ _
( e,d )(sin ) + _—edcos 6 92 (cos 6)
1+ sin @ (1 + sin 6)

At (ed, 0),%:{-;)i = —1. At (ed, 7[),% =1.

[ e({ ](cos 6) + _edcosf 5 [(sin 6)
dy 1-siné@ (1 — sin 0)

76. 1, =

(1 —_:ii 9)(““ o)+ (ﬁgﬂ(cm 9)

At (ed, O),gJi = 1. At (ed, ﬂ'),% = I,
fx

VZ:E—

So, at (ed, 0) you have mm, = (-1(1) = -1,and
at(ed, ) you have mym, = 1(~1) = —1. The curves

intersect at right angles.

Review Exercises for Chapter 10

L4 +3y2 =4
Ellipse
Vertex: (1, 0).
Matches (e)

2. 4x* -y’ =4
Hyperbola
Vertex: (1, 0)

Matches (c)

Parabola opening to left.
Matches (b)

4. y? —4x* = 4
Hyperbola
Vertex: (0, 2)

Matches (d)

Review Exercises for Chapter 10 485

c d
:r2=
1+ cos@ 1 — cos

(Parabolas)

To find the intersection points:

c _ d
1+cosd 1~cos@

c—c-cosf@=d+d-cosé

cos0=cad
c+d
c c(c+d) c+d
}*‘1: __d = 2 = 2 =r2
1+(C ) ¢
c+d

di _ c-sinf dr, _ —d - sinf
d9 (1 + cos 0)2, df (1 - cos 0)2
For the first parabola,

dy _ ncosB + Ksind

dx  —rsin@ + ' cos @
c - cos O(1 + cos B) + c - sin” §
—c - sin §(1 + cos 6) + ¢ - sin @ cos §

1+ cos@

-sin@
Similarly for the second parabola, L4 = —imi—
dc 1+ cosé

Because the product of the slopes is —1, they intersect at
right angles.

. X2 4+ 4yt = 4

Ellipse
Vertex: (0, 1)

Matches (a)

. x% = 4y

Parabola opening upward.
Matches (f)

16x% + 16% —16x + 24y =3 = 0

SNV ) W S SV WS T O 3
(x x+4)+(y +2y+16) 1+4+16

(o) e -

Circle y

Center: (%, —%) L

Radius: 1 —* <’ \; t x
L G
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486 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

8 3> — 12y —8x+20=0
32 — 12y + 36 = 8x — 20 + 36

(v - 6) = 42)(x+2)

Parabola
Vertex: (-2, 6)
y
1/
2t
NG
o N

9. 332 -2y + 24x + 12y + 24 = 0

3(x2+8x+16)—2(y2—6y+9):—24+48—18

(x4 -3 _
2 3

Hyperbola
Center: (—4,3)

Vertices: (—4 + \/i, 3)

Asymptotes:

y=3i\/§(x+4)

10. 5x% + y* —20x + 19
5(x* — 4x + 4) + y* = ~19 + 20

Il
<

Sx -2y + 52 =1
(x — 2)2 + 2 . 1
) 7
Ellipse

Center: (2, 0)

Vertices: (2, 1)

11.

12.

13.

3x2 + 2y - 12x + 12y +29 = 0
3(x2—4x+4)+2(y2+6y+9)=—29+12+18

(x—2)2+(y+3)2 .

1/3 1/2
Ellipse
Center: (2, -3)
Vertices: {2, -3+ %}

21 e-y

12x2 = 12y? - 12x +24y —45 =0

12(x2—x+i—)—12(y2—2y+1):45+3~12

36

12[x - %Jz —12(y - 1)

-y -1
3 3

Hyperbola

Center: (l, 1)
2

Vertices: (1 + \/5, IJ

2
y

L

o

L

118
EVARREARIS

L4

st
Vertex: (0, 2)
Directrix: x = -3

Parabola opens to the right.
p=3

(v =2 = 4(3)(x - 0)

yP -4y —12x+4=0
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14.

15.

16.

17.

Vertex: (2, 6)
Focus: (2, 4)
Parabola opens downward, p = -2
(x =2 = 4(-2) - 6)
¥ —4x+4=-8y+48
X —4x+8y —44 =0
Vertices: (-5, 0), (7, 0)

Foci: (-3, 0), (5, 0)

Horizontal major axis
a=6c=4b=-/36-16 = 2./5

Center: (1, 0)

Center: (0, 0)
Solution points: (1, 2), (2, 0)

Substituting the values of the coordinates of the given
points into

2 2
b? a?
you obtain the system
1 4 4
) () =

Solving the system, you have

2 2
aZ:Eandb2=4,x—+§iv—=l.
3 4 16

Vertices: (+7, 0)
Foci: (+9, 0)

Horizontal transverse axis
Center (0, 0)

a=7c¢=9>b=+81-49 =+/32

Review Exercises for Chapter 10 487

18. Foci: (0, £8)

19.

20.

21.

22,

Asymptotes: y = +4x
Center: (0, 0)

Vertical transverse axis
c =8

y = %x = 4x asymptote ~> a = 4b

b = c? - a® = 64— (4b) = 176 = 64

s =N e 1M
17 17
3?2 B 2 .
1024/17  64/17
2 2
Z;—+Z4—=l,a=3,b=2,c=\/§,e=—\3—/§

By Example 5 of Section 10.1,

C= 12](:’/2 1 - @ sin2 6 d ~ 15.87.

2 2
x—+—y—=l,a=5,b=2,c=\/i,e= /21
4 25 5

By Example 5 of Section 10.1,

C = 20j”/2 1- 2 in2 040 ~ 2300
0 25

¥ = x — 2 has a slope of 1. The perpendicular slope is —1.
y=xt-2x+2

d—y=2x—2:—1whenx:%andy=%.

dx
5 1
w2 =l = =
YTy (x 2)

dx+4y-7=0

Perpendicular line:

2x + y = 5 has slope 2. The perpendicular slope is %

= -3x + x - 6 Parabola

y
¥y =-6x+1= %

6x = %

X = %, y = —%
Perpendicular line: y + 2 = %(x - %)

y=2r""5
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488 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

23, y = ﬁxz

(a) x* = 200y
x? = 4(50)y
Focus: (0, 50)

1
b —
(b) Y= 500"
1
T
JI+() = 1+ x*
10,000
2
S = z;rj”"’x 1+ — dx ~ 38294.49
0 10,000

24. (a) V = (nab)(Length) = 12z(16) = 1927 ft’
3 4 8 3 3
(b) F =2624)[ (3 -y} /9 -y & = 3(62-4)[3 [ No— = [ o -y dy}
3
= §(62.4)[3()«/9 — y* + 9 arcsin 1) + l(9 - yz)w}
3 2 3 3 L
- §(62.4)F~(9—”j , 3(-9—”)} - §(6z.4)(£’£) ~ 7057274
3 2\ 2 20 2 3 2
(¢) You want % of the total area of 127 covered. Find 4 so that
2 (:’g-\/9 “ Py
h 9
Jio-yt =

kY4

|

8
1 ¢ 7
—pJ9 -y +9 arcsin(lj ==
2 34 8
2 . [(h 74
N9 — h* + 9 arcsin 5 = T

By Newton's Method, # ~ 1.212.So, the total height of the wateris 1.212 + 3 = 4212 ft.

Area of filled
4 tank above
x-axis is 37,
ol

Area of filled
tank below

a x-axis is 6.

(d) Areaofends = 2(127) = 24z
Area of sides = (Perimeter)(Length)

=16 I:/2[ 1- (%)sinz 6] d6(16) [from Example 5 of Section 9.1] ~ 353.656

Total area = 247 + 353.656 ~ 429.054
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25. x =1+ 8,y =3 -4

t=x—1:>y=3—4(x_1)=%—

8
x+2y~7=0, Line

26. x =1—6,y = t?

t=x+6:>y=(x+6)2, Parabola

u + ¥ t + x
10 -8 -6 -4 -2

-2+

27. x=¢€ -1,y =¢"

e’=x+1:>y:(x+l)3,x>—1

-

28. x=e*, y=1r+4

or, 4 =Inhx > y=—+4x>0
y
pul
s
.
3 A
2t

29,

30.

31.

32.

33.

34.

Review Exercises for Chapter 10 489

x=6cos0,y = 6siné

(&6 - 1

¥+ 3 =36

2 4
Circle
x=2+5cost,y =3+ 2sint¢
2 2
x-2 +E—3 =cos’t +sin?f =1
5 2

-2 (-3

=1 Ellipse
25 4 P

-

— 1
-4 -2 2 4 6 8

x=2+secld,y=3+tand
(x—2)2:s<=,c26?=l+tanz€=l-f~(y—3)2
(-2 - (-3 =1

Hyperbola

¥

Pl
4N L7
//\\
2—/
A .
2

-t x

}
4 8

x=3+(3-(2)=3+5
y=2+(2-6)=2-4t

(other answers possible)

(x—h)er(y-k)z:r2
(x+4)2+(y+5)2=9
x = -4+ 3cost
y =-=5+3sint
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490 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

2 2
PO ) BN € ) N
16 9

2 2
+3 -4

Let G+3) = cos’ §and b-4 = sin? 4.
16 9

Then x = -3 + 4cos@and y = 4 + 3sin 6.

2

2
36. a=dc=5b=c-a =92 -2 =1
16 9
2 2
Let 2= = sec? @and = = tan? 6.
16 9
Then x = 3tan #and y = 4secd.
39. x=2+5,y=1-4
dy 4
a) = = —
(2 o 5
No horizontal tangent
x—2 x—-2 4
b) t="—"=y=1-4 =1-2x
(®) s y [ S ) S

4x +5y-13=0
© i

—+—t t N2
-2 -1 12 3\
4

24

40.x=t——6,y=t2

a _ 2
@ =7

2t

B t=x+6=>y=(x+ 6)2, parabola
© 1

e — x

}
-8 -6 -4 -2

37. x = cos30 + 5cos @ 5

y = sin36 + 5sin @ ﬁ’\
_7 \—/J

-5

38.(a) x =2cotf,y =4sinfcosP,0< 0 <x

4

--._.__\J

-4

(b) (4 + %)y = (4 + 4 cot? O)4sin 6 cos 8

=16c¢csc* @ -sind - cos @

= 1652 _ 82 cot 6) = 8x
sin &
__A.n
5 5
41, x = l
t
y=2t+3
dy 2 2
a XYoo -
® -1/
No horizontal tangents, (¢ = 0)
()
(©)
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Review Exercises for Chapter 10 491

42.x=1 44, x = 2f -1
t 1
y=1= YRR T
dy 2t " {2 — 2\ (2 -
F_ A, d -2 (2t -2)
@ &= = @ 2 - ( )2 (
No horizontal tangents, (1 # 0 _
g ( ) :_Zg_z_=0whent=1.
®) 1 = 1 £t - 2)
* . Point of horizontal tangency: (1, 1)
y = 2 ®) 1= x +1
© A 2
W y = 1 _ 4
[+ 2] - +1/2] (=3)x+D)
©
I A
14 1 1
E= IR ERR R
3. ox= 1 | i
2 + 1 : !
1
Ry 45. x =5+cosB,y =3 + 4sin
—(2t - 22 (a) % = 40955 = —4cot 8
d  (P-2) -+ s
(@ e = ) = 2 (t ~ 2)2 =0 Horizontal tangents:
(2 + 1) o= giz’i = (5,7),(5,-1)
when 7 = 1. ( ) )
2 y-3 _
Point of horizontal tangency: [%, —1) ® (x - 5) * [ 4 J =1
2
® 2t+1=l:>t=l(l"1) (x_5)2+(y1_3) = 1, Eltipse
x 2\ x
: © )
y= 51
l(l—x) l[l—x)_z ol
20 x 2\ x i
4x? 4x? 24
= = ,(x #0)
(1-x) —4x(l-x) (x-1)(x-1) ERN RS VA a
© :
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492  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

46. x = 10cos @,y = 10sin @

@) dy IOCO.SH ~ cot 8
" -10sin @
Horizontal tangents:

T 37
6 =—, — 0,10), (0, -10
22 = (0.10), (0,10

® (lojz (ff,j -

x? + y* = 100, Circle

©) )
I
s+
47. x = cos’ @
y = 4sin® @
. 2 _
@) y 12s1;1 60?50 4 sin 8 - At d=0
" 3cos O(-sin§)  cos @
when 6 = 0, x.
But, dy & = Qat & = 0, 7. So no points of
dt T

horizontal tangency.

2/3 Y ” _
(b)) x7° + 7 =1

(© f
4
A
—4
48. x = ¢
y —f
dy —e” 1 1
@y~ TTETE
No horizontal tangents
b)) t=Ilnx
y =ehx = MM = l,x > 0
x
y
(©

49. x=5-t,y=2
&K Dy
dt dt

Horizontal tangent at ¢ = 0: (5, 0)

No vertical tangents

50, x =t +2,y=10 -2t

51.

52.

LAV I
dt dt

+
Q:Ofort:i—\/zz_\/g
dt 3 3

Horizontal tangents:

\/E'(x,y)=[l/3—g— 2\/__2\/—]

3

~ (2.8165, ~1.0887)

=) =[M__\/E+2,g 6_z¢€]
3 3 9
~ (1.1835,1.0887)

No vertical tangents

x=2+2sinf,y =1+cosf

dx

ax

dy .
= 2c¢o0s 8, = —sin 8

iyé =0for 6 =0,x,2nx,...

Horizontal tangents: (x, y) = (2,2),(2,0)

ﬁ =0for 6 = E—,E—,...
do 2 2
Vertical tangents: (x, ») = (4,1),(0,1)

x=2-2cos6,y = 2sin 26

ﬂ = 25in¢9,i = 4 cos 260

do do

b ofor o= %27

do 4 4 4 4

Horizontal tangents: (x, y) = (2 + /2, 2),
2+/2,-2)

ﬁ =0for 8 =0,7x,2x,...
de

Vertical tangents: (x, y) = (0, 0), (4,0)
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53.

54.

57.

58.

x = cot @ 55
y = sin 20 = 2sin & cos &
(@), (0 2
-‘-\_._\_‘_\_\_‘_‘_H
_3_‘-_\-\\—‘// 3
-2
(b) At 6 = E,E{ = -—4,ﬂ =1, and Q = _l.
6" do do dx 4
x =26 —sin @
y=2-cosd 56.
(@, (o) 8
B oo e |
/"ﬁ—r’df
-4
® Ao = Z % L1342 —\_/—3,
6 do 2
Q = 0.5, and Q ~ 0.441.
dt dx
x=18y=30<51t<2

2 2
&by [f.’_] {%} _ JT79 = Ji0

dt
2 12 g
(@ S = 2;;]0 3t/10 dr = 6-/10 n[ﬂ = 12/10 7 ~ 119.215
0

() 5 =2zf Vi0dr = 27{\/@]2 = 4710 ~ 39.738

x=20056‘,y:25in0,0$49£% 9.
2 2
ﬂ=—Zsin@,g@—:Zcosé?, (ﬂ +(ﬂ) =2
dt dt dae dé
(@ S = 27[_‘-0”/22 sin 6(2)d6 = 8z[—cos 49]:)'/ = 8x
(b) § =27 [ 2 cos 6(2)d0 = 8afsin 6] = 8
. . 1 2
[Note: The surface is a hemisphere: 5(47[(2 )) = 87
60.

Review Exercises for Chapter 10 493

. x = r(cos @ + & sin )

y = r(sin @ — 6 cos 6)

ﬂ = r@ cos &
do
d—y = rfsin 6
do

5 = r_[:\/Hz cos? 8 + 6% sin’ 9 d8

=r jo”a do = %[.92];' _ 1,

2
x = 6cos @
y =6sin6
—df—=—~65in6
de
ﬂ = 6cos 8
do

s = [7\[365in’ 0 + 36 cos? 6 d6 = [66]; = 6x

(one-half circumference of circle)

x=3sin6,y =2cos 0
A= J'by dx = J.ZZZ cos 6(3 cos §) d

. 6J-fr/2 1 + cos 26 40

-7f2 2

. /2
_ 3[ g 4 S 2«9]

72
- [Lﬁ -3
2 2

["yds = [ sin6(-2sin 6) do

R
Il

_ _J-01~czos29d6

. 0
_[9 _sin 29} o
2

It

L
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494  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

61. (r, 6) = (5, 37”) H 65. () = (4 —4)
3 S I r= & () =42
= 6 =5cos L =0 -
X ¥ COS COs > 1 9 _ Z_’f_
Iz T 4
y =rsin@ = 5sin— = -5 1
2 L (5.22) (r,0) = (4\/5, %’5), (—4\/5, 37”)
(%) = (0.-5) ’
y
T T
62. (r, 0) = (—6, ?j :_l“ e
x=rcosf =6 cos7—” = (-6) —\—/—3 =33 :2
6 2 ’
—44 e
“4,~4)
y:rsinH:—6sin7?”=3 l
z 66. (x,») = (0,-7)
F=J02+ (-7 =7
o(-6%) tan & undefined = 0 = 37”
T 3z T
ERER DRI (V’9)=(7,7)’(—7,5)
y
6. (r.6) = (V3,150 SR NSRRI
(x,y) = (\/5 cos(1.56), 3 sin(1.56)) :z
~ (0.0187,1.7319) i
% :j:;(o,ﬂ)
s
% (/3159
67. (x,») = (-13)
' e 6 = arctan(-3) ~ 1.89(108.43°)
(r. 6) = (~/10,189), (~/10, 5.03)
64. (r,0) = (-2,-2.45) y
(x,») = (—2 cos(-2.45), —sin(—2.45)) cLaesl
~ (1.5405,1.2755) 21
N
: R N A ae
3+ 1
2
g G2.-245) T
o
-1 1 i 3 ¢
i
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tan9:1:>49:£57z

4
-5}

>

69. r =3cosd

70. r =10
r? =100
x* + % =100

71. r = -2(1 + cos 6)

~
Il

2 = -2r(1 + cos 0)

il

(x2 + ¥+ 2x)2 = 4(x2 + y2)

1
2 —cos @

2r —rcosf =1
2(i\/m)~x:1

4(x2 + y2) = (x + 1)2
35+ 4y* —2x—1=0

72. F=

73. r? = cos 20 = cos® @ — sin? 0

4 =32 cos? 0 — r2sin® @

~
|

(x2 + y2)2 =%y

xt + y? —2(i«/x2 + y2) -~ 2x

Review Exercises for Chapter 10 495

Moo= 5) e
4

(1/2) cos @ + (+/3/2) sin 6
r(cos 6 + /3 sin 9) =8

x+ /3y =8

75. r = 4 cos 26 sec §
:4(2c0529—1)[ ! ]
cos @

rcos@ = 8cos’ 6 — 4

2
x:8(2x 2}—4
X+ y

¥+ xy? = 4x? - 4y°

4-x
7 4+ x

76. 6‘:~3—£
4
tan 8 = -1
Yo

X
y=-=

77. (xz + y2)2 = ax’y
o= a(r2 cos? 6)(r sin )
r = acos? @sin 8

78. x>+ 3> —4x =0

2 —4rcos@ =0

¥ =4cosd

2
79. 2+ y? = az(arctan Xj
2= g2
2
80. (x2 + yz)(arctan Z] =d°
X
2O =P

81. r = 6, Circle radius 6
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496  Chapter 10 Conics, Parametric Equations, and Polar Coordinates

. r=3-4
82. ¢ = ﬁ—, Line 86. r =3 cos &
10 Limagon

H Symmetric to polar axis

L4
2

83 r = -secl = -1
cos 8
reosd = -1, x = -1 olo T |7 2 x
Vertical line 3 2 3
x rl-111 3 5 7
2
ik 87. r =4 -3cos @
—t -0 Limagon
+ Symmetric to polar axis
i :
84. r = 5¢cscfd = rsinfd =y =5 /—\3
Horizontal line ’ \‘ — ‘\2 I
, NG
GJ_ 1
N 2
4 T V4
1 ool = | =| — |7
’ 3 123
EEE R ril 3 4 i 7
2 2 2
88. r = 40
85. r = —2(1 + cos ) .
Spiral
Cardioid . ju
Symmetric to polar axis Symmetric to 6 = D)
3
t (%\ t 0
3z iz
T n 2 610 r|lz — iz — | 2
L e e B 412 | 4 2 | 7"
Fl-al-3 ]2 0 {0, 7x | 27 | 3m | 4n | 6m | 87
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Review Exercises for Chapter 10 497

89. » = 3 cos 20 92. 12 = cos 20
Rose curve with four petals Lemniscate
Symmetric to polar axis, 8 = and pole Symmetric to the polar axis
Relative extrema: (1, 0)
Relative extrema: (-3, 0 ( %j 3,z ( ) Tangents at the pole: 8 = Z[_,EZ
4" 4
Tangents at the pole: 8 = Z 3 010 z z
474 6 4
H pla | 22 |0
2
%
90. r = cos 56
Rose curve with five petals i
Symmetric to polar axis 3
Relative extrema: 93.r= cos 8 — (z/4)
2 3z 4r
10),|- >y L <) -1, =/ 1, > Graph of r = 3 sec 6 rotated through an angle of z/4
5
Tangents at the pole: € = f—, 3—”, E, 7—”, 9—” N
10010 210 10
3
-1 8
™~
1
—— -0 94. r = 2sin @ cos® 0
Bifolium

Symmetric to 8 = z/2

0.75

91. 2 = 4sin* 20
r = +2sin(26) 0
1

Rose curve with four petals

~0.25

T
tric to the pol is, @ = —
Symmetric to the polar axis, 2,and pole 95. » = 4 cos 20 sec &

Strophoid

Relative extrema: (i 2, %), [i 2, 3—”]

4 Symmetric to the polar axis

Tangents at the pole: 8 = O,% r = oas § = %
n ot

2 r= was § = —

2

4
2
— 8
° N~

© 2010 Brooks/Cole, Cengage Learning




498

96.

97.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

r = 4(sec & — cos 0)

Semicubical parabola

Symmetric to the polar axis

bid
r:>ooas0:>—2—

_”+
r = ©as 6 =

/

3

-1

-3

r=1-2cos8

(2) The graph has polar symmetry and the tangents at
the pole are 8 = E, -z

373
dy _ 2sin” 0 + (1 - 2 cos G)cos 8

& 2 sin 6 cos @ — (1 — 2 cos H)sin

(®)

Horizontal tangents: —4 cos? 8 + cos 8 + 2 = 0,

-1+1+32 1++/33

cosfd = =
-8 8

When

1+-/33 (1+\/ ] 35/33
cosd = -2 = ,

4

3 4 } 06860568)

H (~0.686,0.568)
(3433 \/ }
—4——«,a cco

2 186,2. 206)

:3—\/33 irec [ +/33
—
_JB

4

_§+—\/§, [ ]:l 2 186,-2. 206)

L

Vertical tangents:
sinf(4cos @ — 1) = 0,sin @ = 0,cos 6 = %,
6=0,r76= iarccose:j, (-1,0),(3,7)

1

( —, +arccos 4) (0.5,+1.318)

©

N

98. »* = 4s5in(26)

99.

dr
(a) 2r(d€)

(b)

©

8 cos(20)

dr 4 cos(26)
de r

B

Tangents at the pole: 8 = 0, By

dy  reosf+ [(4 cos 26 sin 6?)/;*]

dc  —rsin@ + [(4 cos 26 cos 0)/r]
_ cos(20) sin @ + sin(26) cos &
- cos(26) cos @ — sin(26) sin &

Horizontal tangents:

b 0 when cos(26) sin 6 + sin(26) cos 6 = 0,
x

tan @ = —tan(26), 8 = 0, % (0, 0), (J_r 21/3 —’35)

Vertical tangents when
cos 28 cos @ — sin 28sin @ = 0:

tan 20 tan 6 = 1,0 = 0, % (0, 0), (i— 2\/5,3

LA
g

-2

r=1+cos@,r=1-cosb

The points (1, z/2) and (1, 377/2) are the two points of

intersection (other than the pole). The slope of the graph
of r =1+ cos@is

m =

a
dx
#'sin @ + rcos &

r' cos @ — rsin 8
—sin® @ + cos (1 + cos )
—sin & cos @ — sin O(1 + cos 19)‘

At (1, 7/2),m = —1/-1 = land at (1,37/2),
my, = —1/1 = —1. The slope of the graph of

r =1-cos@is

my =

dy sin® @ + cos H(1 — cos 6)
dx  sin @ cos @ — sin 6(1 — cos 6’)'

At (1, z/2), m, = 1/-1 = —landat (1,37/2),

m, = 1/1 = 1.In both cases, m = —1/m, and you

conclude that the graphs are orthogonal at (1, z/ 2) and

(1, 37/2).
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100. » = asin 0,r = acos &
The points of intersection are (a/ V2, 7/ 4) and
(0,0). For = asin 6,

_‘1}1 _acosfsinf +asinfcosf _ 2sinfcosd
dx acos’ 8 — asin’ @ cos26

my =

At (a/ V2, x/ 4), my is undefined and at (0, 0), i = 0.

For r = acos 0,

m, =

dy _ —asin® @ + acos?® §
dx —asin@cosf ~ acosfsin g

cos 26
—2sinfcos b

At (a/ V2, x/ 4), m, = 0and at (0, 0), m, is undefined.

So, the graphs are orthogonal at (a/ V2, 7/ 4) and (0, 0).

101 4 =2~ ["[3c0s 56} do
240
_ I;r/log[l + cos(lOH)) 40
0 2
_ 9], sin(106) i _ 2{1} _ 9z
2 2 ], 2010] 20

ESIE

102. 4 =2 =" [2sin 66] a6
290

_ In/u 4(1 —coslza) 46
0 2

_2[9_sin120 ”/12_2{£ _
2 |, 2] 6

103.

104.

105.

106.

107.

108.

Review Exercises for Chapter 10 499

¥y =2+ cosb

A= 2{1 [7(2 + cos 6" d9:| ~ 14.14, (25)
270 2

3

-3

-3

r = 5(1 - sin 6)
1 37/2 . 2 57
4=2= [, [5(t~sin6)] }dé’ ~ 117.81, (T)

4

-12

r? = 4sin 26 2

o
Il
E>N

_ 2[% jo”/ * 4 5in 20 da}

-3 3

r =4cosb,r =2
4=291["4d0 + L[" (4cos 6 do| ~ 491
2Jo 2)a3 ’

3

-3
r=1-cos@
rF=1+sin8
The cardioids intersect at 3 points:
l-cos@ =1+siné

tané’:—l:>0=§£,7—”.
4’ 4
23 (1 N2 IR o)
2 4 2 4

The circle » = 3 sin & and cardioid
r =1+ sin @ intersect at 3 points;
3sind =1+ sinéd

5

sinﬁzlzﬁzz,———
2 6 6

LGS
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109.

Chapter 10 Conics, Parametric Equations, and Polar Coordinates

r

A

It

il

sin @ cos? 6

110.

2B jo”/ * (sin 0 cos” 6)° da} ~ 0.10, (5752—)

0.5

111. » = 3, #? = 18 sin 26
9 = r? = 185sin 20

112.

113.

sin 20 =

Q

Sla »I=

2-]”/”18sin29d9+1j
2% 2

sa/12
af12

L2 o .
9d9+—j 18 sin 28 d@
2 Jsaji2

1.2058 + 9.4248 + 1.2058 ~ 11.84

4

-6

r=al —cos6),0< <7z

o

-5

ﬂA—:asin@
do

114.

115.

s = I: \/az(l — cos 0)2 + a* sin? 8 d8

I

\/ZaIO” 1 - cos @ dog

7 siné
N —— dl
2aI0 J1 + cos @

~2\/%|:(1 + cos 9)1/ 2]:

= 4qg

116.

r = 4sin 36
a3, . 2
4= 3[5 [ (4sin36) da} ~ 12.57 (47)

4

r = acos26,-z/4 < 0 < x/2

i = —2asin 20
do

s = _[ij \/az cos? 20 + 4a? sin? 20 d@
/2 —
= af” J1+3sin? 260 do
~nf2
Using a graphing utility, s = 4.8442a.

f(@) =1+ 4cosd

7(6) = —4sin
J7OF + 76 = J(1 + 4cos6) + (~4sin 6)
= /17 + 8cos @
S = 27rr/2(1 + 4 cos B) sin 6:/17 + 8 cos 6 dO
0
_ 31T g0
5
f(6) = 2sin @
7(6) =2cos @

F(OY + £1(8) = ~J4sin? 6 + 4cos> 6 =2
(

S =2 j:/z 2sin @ cos 6(2) dO = 4x
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117. r = 6.
1—-sind
e =1,
Parabola

[NTECS

S R S
—t——

118, r = —— e =
1+ cos@

Parabola

I
2

N’

o+

6 _ 2 e
3+2cos® 1+ (2/3)cosd

119. r =

Ellipse

%
t >0
2
4 4/5 3

120. r =

Ellipse

().

[SIEY

2

3

= e = —
5-3sinf 1-(3/5)sind 5

Review Exercises for Chapter 10 501

o e — 4 2 .3
2-3sinf 1-(3/2)siné 2

Hyperbola

3

\ | ¥ j / 0
2 3 4

122, »r = 8 = 4 ,e = 2
2-5cos8 1-(52)cosd 2

Hyperbola

s vl

T
At

123. Circle
Center: (5, %) = (0, 5) in rectangular coordinates
Solution point: (0, 0)

2+ (y-5 =25
¥+ 10y =0
2 —10rsin@ = 0

r =10sin 8

124. Line
Slope: V3
Solution point: (0, 0)
y = \/gx,rsina = \/’grcosﬁ,

tan@:ﬁ,ﬁzg—

125. Parabola
Vertex: (2, 7)
Focus: (0, 0)
e=1d =4

4

1-cos®
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126. Parabola

Vertex: (2, ﬁ)
2

Focus: (0, 0)
e=1,d =4
_ 4

1+ sin @

127. Ellipse
Vertices: (5, 0), (1, 7)

Focus: (0, 0)

1_(%)(:050 3—-2cosd

Problem Solving for Chapter 10

128. Hyperbola
Vertices: (1, 0), (7, 0)

Focus: (0, 0)

GE

4
1+(§)c059 3+4dcos@

1. (a) y
\ 1/
l
ol
4T “, 4)
(il’%)‘\lzd A
e AR
2
(b) x* =4y
2x = 4y’
ro L
Y73
y—4=2x-4) = y=2x—4 Tangentline at (4, 4)
¥ —% = —%(x +1) > y= —%x - % Tangent line at (—I, %)

Tangent lines have slopes of 2 and —% = perpendicular.

() Intersection:

2x—d4=-liol
8x —16 = 2x -1
10x =15

x =% = (%,—l)

Point of intersection, (l —1), is on directrix y = 1.

2°
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2. Assume p > 0.
Let y = mx + p be the equation of the focal chord.
First find x-coordinates of focal chord endpoints:
x* = 4py = 4p(mx + p)
x? — dpmx - 4p* = 0

4pm + \[16p*m® + 16p*
x =220 16p7m P =2pm + 2p</m? + 1

2

X =dpy,2x =4py = ¥ = X
2p

©,p), 7

P X

(a) The slopes of the tangent lines at the endpoints are perpendicular because

-21—[2pm + 2pm? + IJEL[me -2pNm? + 1]
p P

L
4p?

(b) Finally, you show that the tangent lines intersect at a point on the directrix y = — p.

Let b = 2pm + 2pN/m?* + 1and ¢ = 2pm — 2p/m? + 1.
b = 8p’m® + 4p* + 8p*mIm? + 1
= 8p’m? + 4p* - 8p* mNIm* + 1

2
L =2pm® + p + 2pm~/m® + 1

4p
2
:_=2Pm2+}7-2pm\/m2+1
4
2 2
Tangentlineatx=b:y—£—=i(x_b):> o b
4p  2p 2p  4p
i ¢ < cx c?
Tangentlmeatx:c;y___=_~(x_c):>y=____
P 2p 2p  4p

Intersection of tangent lines: —_—— = =

2x(b - c) = b - ?
2x(4p\/ m* + l) = 16p*mVm* +1

x = 2pm

oo = + 4] = Sl ap] <

Finally, the corresponding y-value is y — p, which shows that the intersection point lies on the directrix.
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504 Chapter 10 Conics, Parametric Equations, and Polar Coordinates

3. Consider x> = 4py with focus F = (0, p).

Let P(a, b) be point on parabola.

2x=4py':>y’:—x—

2p
y—-b= —a—(x —a) Tangent line at P
2p
F
2
Forx=O,y=b+-g—(—a)=b—a—=b——l-1p—b=—b. N x
2p 2p 2p
So, 0 = (0, -b). /
AFQP is isosceles because
|FQ| =p+b

|FP| = \J(a = O + (b — p) = Ja* + 07 —2bp + p* = Japb + * ~2bp + p* = (b+p) =b+p.
So, LFQP = £BPA = £FPQ.

) 2 2 2
4, = —Z-=1,a* +b* =", MF, - MF, = 2a
a b
P
ay
. b*x,
Tangent line at M(xy, o): ¥ — Yo = —5—(¥ = %)
a Yo
Yo — J’o2 _ XoX — x02
b2 - a2
LR D S
a* b? a* »
XX oy _
a* b
2 b2
Atx =0,y :—b—:> Q:[O,——).
Yo Yo

4
OF, = OF = | + 25 = d "
Yo

p2 Y x, 5
MQ = x02 + (yo + —) = f Fy-c.0) qA o Yo,

Yo

File 0
By the Law of Cosines, 0

(RO) = (MR)’ + (M)’ - 2(MF,)(MQ) cos &
d* = (MR) + f* - 2f(MF;) cos @

(RQ) = (MF) + f* - 2f(MR) cos §
d* = (MR) + f* - 2f(MF) cos f.

2 2
MF,) f* - d* ME) + 2 - d*
s o MBS —d o (MR) + S o d
2f(]lﬂ7'2) Zf(AdFi)
MF, = MF, + 2a.Let z = MF,.
32 2
Slopes: MF;: Yo ;QE:~b—;QF2:—b——
Xp — C YoC o€
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To show a = S, consider

Problem Solving for Chapter 10 505

(M) + 7 - @ [21()] = [R) + 1 - 27 (M)
o |e+2a) @] = [ + £ - d]z + 24]

2 pY b*
(X =€) + p® + 2az = | % + y0+—;— —(c2+y—2—
0 0

XgC — 02
a2b2

1.

=S 22 +2az = f2 - d*
<&
A== az —xc+a* =0

2 2
& ayf(% — )" +
PN x2? ~ atp,?

2 2
PN Yo _ Yo

a’ »?

So, & = f and the reflective property is verified.

5. (a) In AOCB, cos 0 = 2% = OB
OB

In AOAC, cos @ = gﬁ = 04
a

2a - sec 0.

2a - cos 6.

¥ = OP = AB = OB — 04 = 2a(sec 6 — cos 6)

= 24| 1
cos &
2

_ 2a'sm [
cos @

= 2a - tan & sin @

— COS 0]

(b) x = rcos @ = (2a tan @ sin §) cos & = 2asin® @

Il

y

Letr = tan @, —o0 < t < oo,

2

rsin @ = (2a tan @ sin @) sin & = 2a tan @ - sin> 0,—% <8<

z
2

2 f3

t t
Then sin? 8 = and x = 2a .y = 2a ,
1+ ¢ 1+27 1+ ¢
V1+2 ,
[
1
(©) r = 2atan & sin @

rcos@ = 2asin’ 8
r}cos @ = 2a r?sin® @
(x2 + y2)x = 2ay”
¥ = X
(2a - x)
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6. (a) 4= 4'[: 2\/ at —x? dx = ﬂ){l)[x\/ a - x* + a* arcsin(i)] = mab
a a

al\2 o

(b) Disk: ¥ = 240” Zi -y dy = %’ﬁﬁ(bz — ) dy = 2ma’ l:bz 1y3]

b? b 3

S < 4x Iob e i G »

b\/b2 -y
3 47raJ‘ ST dy - 2”“[ b+ Pyt + bt
- Zb’;ﬁ[bzcm + b Infeb + b6 + |- b in(2?)]
c

2 2 2
o + mab ln(c + a] o + [ﬂ'b ] (1 + e)
c e 1-e

(c) Disk: V' = 27ZI a - xz)dx = 27b? Lj(az - xz)dx = 2”bz[azx - %x

02 a

al —(a —b2)

adat - 2
4”bf Jat =t dx = —[ x~at - +a arcsm[zx):‘

s =227)[" b\/a - x?

dx

a

0

= mz[h{a cx/rc— +a° arcsm(fﬂ = 2xb* Zﬁ(ib‘] arcsin(e)
ac €

a

21 - t2)2 , (- 12)2

7’(8') y2= , X7 =

(1+ t2)2 (1+ t2)2

|- 1~
1-x 1+ 7 22,
= =t

1+x 1-¢£ 2
1+
1+
So, 32 = xz(l_x].
1+x
l—rcost9)

(b) ¥? sin? @ = r? cos® 6
1+ rcosé

sin? 8(1 + r cos 8) = cos” (1 — r cos 6)
¥ cos @ sin® @ + sin® @ = cos? @ — r cos® 0
¥ cos t9(sin2 @ + cos? 9) = cos? @ ~ sin® @
r cos 8 = cos 260

cos 260 - sec 8

4

©

ey + /b + cty

b

0

b
2]
0

= i7razb

3
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w

2
T
So, y = xand y = —x are tangent lines to curve at the origin.
(1+2)1-32) - (¢ = £)21) 1-4n g
(t+ ) 1+ 7Y

(d) +(6) = 0for 9 = %,

© Y@ =

1-(=2+5 < _ N
447 1=0=2 =245 x= ( )=3+\/§=3 \/§=\/§ 1
1+(—2i\/§) “1+5  —1+-/5 2

(ﬁ_l,iﬁ_lm]

2 2
8.y=a(1—cost9):>cos9=a_y 10. For t:—’i,z,s—”,z,...
a 272 2 2

_ 22 2 2
6 = arccos(a y] sl by A

a
y = a(0 _sin 9) So, the curve has length greater that

S—£+_2~+i+-2_+...
= a(arccos(a — Y ) - sin(arccos(a —Y )D r 3r 5S¢ Iz
a a

a

=—1l+=-+=+=4"-

e (3505

= a[arccos(a 4 )— 20y = ] " ‘
a

. a-y)_ _ 2
x=a arccos( p; j 2ay - y*,0 < y < 2a - o, (Harmonic series)
mr=——%  0<9<Z
a Y asin @ + bcos @ 2
i r(asin @ + b cos 6) = ab
o ay + bx = ab
y  x
=4 - =1
9. (@ b a
Line segment
Area = lab
2
12. (a) Area = J.a 1 dé
. 0 7
Generated by Mathematica 1 ca
== I sec? 6 d6
¢t ¢ . 2%
® (-x,-y) = —IO cos =~ du, - IO sin =~ du |is
on the curve whenever (x, y)is on the curve. e
2 2
() x'(r) = cos —71, y'(t) = sin £t~, 1
2 2 :
h 1
1 \2 1 \2 = — =
X () =1 (b) tan & .= Area 2(1) tan a
a _ o 2
So,s:jodtza. 2tana—_“0sec 6 do

On [-7,z],s = 27. (c) Differentiating, di(tan a) = sec’ a.
o
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13. Let (r, 6) be on the graph. 14. If a dog is located at (r, 8) in the first quadrant, then its

\/r2 +1+2rcos@+/rt +1-2rcosf =1 neighbor is at (r, g+ g_)
2 2 A2 oanclg =

(r +1) 4r-cos 6 =1 (%, 1) = (r cos 8, r sin @) and

P2k +1—4r2cos’ @ =1

(%2, ) = (-7 sin 6, r cos 6).
r}(r? - 4cos? 0 +2) = 0

The slope joining these points is

r? =4cos’ 6 -2 rcosf@ —rsin@ _ sinf —cosd
r2 =2(2cos29—1) —rsin@ — rcos@  sin @ + cos &
/2 = 2c0s28 = slope of tangent line at (r, 8).
dy dr .
& _ E _ %sm&-krcose _sin 8 - cos 8
de A I o rsing SN0+ cosd
dr de
dr
= — =—r
daeé
L)
r
Inr=-0+C
7 =e—H+C1
r =Ce?*
T d d d
¥ — =l s =Cet = = = C = =T
(4) V2 V2 2
Finally, r = ——l"9-9) ¢ > %.

15. (a) The first plane makes an angle of 70° with the positive x-axis, and is 150 miles from P:
x = cos 70°(150 — 375¢)

y = sin 70°(150 — 375¢)
Similarly for the second plane,
x, = cos 135°(190 — 450¢)
cos 45°(—190 + 450¢)
sin 135°(190 — 450¢)
sin 45°(190 — 4501).

() d = \/(xz - x1)2 + (J’2 - Y1)2

= [[cos 459(~190 + 450) — cos 70°(150 — 375¢)]" + [sin 45°(190 — 450¢) — sin 70°(150 - 375;)]2]

Il

Y2

12

(c) 280

0 1
]

The minimum distance is 7.59 miles when ¢ = 0.4145; Yes.

16. The curve is produced over the interval 0 < 8 < 10z.
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17.

-6

-6

J=—

5

—4

i

~8

-4

-6

-8

Problem Solving for Chapter 10 509

n=-3

-4

-6

n =1,2,3, 4, Sproduce "bells"; n = -1, -2, -3, —4, ~5 produce "hearts".
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