CHAPTER 3
Applications of Differentiation

Section 3.1 Extrema on an Interval

are not equal.

. Critical number: x = 2

x = 2: absolute maximum (and relative maximum)
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L () x2 8. Critical number: x = 0
BEARAR + 4 x = 0: neither
¥+ 4)(2x) ~ (x?)(2x 8x
A ’(x) ( )( ) ( )( ) = - 7 9. Critical numbers: x = 1,2, 3
(xz + 4) (x2 + 4)
x =1,3: absolute maxima (and relative maxima)
0y =0
/ ( ) x = 2: absolute minimum (and relative minimumy)
f(x) = cos = 10. Critical numbers: x = 2, 5
f’(x) __z Smﬂ x = 2: neither
2 x = 5. absolute maximum (and relative maximum)
£1(0) = 0
f2)=o0 1. f(x) = x* - 352
A f(x) = 3% — 6x = 3x(x - 2)
Flx) = x+ 2 F +4x7 Critical numbers: x = 0,2
’ ~ 8
f(x):1—8x3=1—x—3 12 g(x) = x* - 4x?
f(2)=0 g(x) = 4x* — 8x = 4x(x2 - 2)
f(x) = BxJx+1 Critical numbers: x = 0, +J2
S@) = 34 + D] e I() 13, g(f) = a—1, 1 <3
. -2 -
= =30 + )7[x + 2(x + 1)] g(f) = ’B@ ) 1/2(_1)} V(40"
= ~3(x + 1)_]/2(3,\* +2)
2 1 12
2 o = (4= 7+ 24 - 1))
’ 8 -3
) = (e 2)” NEEY
y -3 - .. 8
(%) = 2(x +2) Critical number: ¢ = 3
/'(2) is undefined. ]
4 f(x) = 2
. Using the limit definition of the derivative, x+l
x2 +1)(4) - (4x)(2x 41 — x?
PYCESUN LU E iy - 2O _ )
x=0" x -0 x>0 X (x + 1) (x + 1)
im f(x) ~ f(O) = lim (4 —lxl) -4 - _1 Critical numbers: x = +1
x>0 x -0 x>0t x—-0
/'(0) does not exist, because the one-sided derivatives 15. h(x) = sin’x + cosx, 0 <x <27

H(x) = 2sin x cos x — sin x = sin x(2 cos x — 1)

Critical numbers in (0, 27): x = %, I, %ﬂ-
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208 Chapter 3 Applications of Differentiation

16.

17.

18.

19.

20.

21.

f(6) = 2secd +tand, 0 <6 <2r
Q)

2 sec & tan 0 + sec? 0

sec H(2 tan @ + sec o)

sec 02 sin 0 +——1
cos 8 cos &

= sec” O(2sin 6 + 1)

i

Critical numbers in (0, 27): 6 = e

) =3-x [L2]

f(x) = =1 = no critical numbers
Left endpoint: (~1, 4) Maximum

Right endpoint: (2, 1) Minimum

6 =2 0]

2 .
f(x) = 3 = No critical numbers

Left endpoint: (0, %) Minimum

Right endpoint: (5, 5) Maximum

g(x) = x* - 2x, [0,4]
g'(x) =2x -2 = 2(x - 1)
Critical number: x =1

Left endpoint: (0, 0)
Critical number: (1, —1) Minimum
Right endpoint: (4, 8) Maximum
W(x) = —x* +3x =5, [2.1]
H(x) = —2x +3
Critical number: x = 3 (not in interval)
Left endpoint: (-2, —15) Minimum
Right endpoint: (1, —3) Maximum
flx) =2 =37, [F12]
f(x) = 3x% = 3x = 3x(x — )
Left endpoint: (-1, ~2) Minimum
Right endpoint: (2, 2) Maximum
Critical number: (0, 0)

Critical number: (1, _%>

22.

23,

24.

25.

flx) = —12x, [0,4]

Fl(x) = 3x% 12 = 3(x* — 4)
Left endpoint: (0, 0)

Critical number: (2, —16) Minimum
Right endpoint: (4, 16) Maximum

Note: x = —2 is not in the interval.

f(x) =3 - 2x, [-L1]]
fix) =22 -2 = ———2(1 _ i/;)
x
Left endpoint: (-1, 5) Maximum
Critical number: (0, 0) Minimum

Right endpoint: (1, 1)
RS

g'x) = 3»2/3
Left endpoint: (-1, —1) Minimum
Critical number: (0, 0)

Right endpoint: (1, 1) Maximum

i of

) = 7 (1]

Ty

Left endpoint: ( 1, — | Maximum

_p..—a

Critical number: (0, 0) Minimum

—

Right endpoint: ( R Z) Maximum

26. f(x) = xz’ll [-2,2]
f’(x) _ (x2 + 1)2 - 2x(2x) _ 2 — 252

(x2 + 1)2 (x2 + 1)2
B )
/(=) =
(2 + 1)
Left endpoint: (~2, ~%)

Critical number: (-1, —1) Minimum

Critical number: (1, 1) Maximum

Right endpoint: (2, %)
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28.

29.

30.

(s -2
Left endpoint: (O, —%j Maximum

Right endpoint: (1, —1) Minimum

-2

hl(t) = (t B 2)2

Left endpoint: (3, 3) Maximum

Right endpoint: (5, g) Minimum

y=3-]t-3

. [FL5]

Forx <3,y =3+(t-3) =1
and y' =1 0on [~1,3)

Forx >3,y =3-(t-3)=6-¢
and y = -1 # Oon (3,5]

So, x = 3is the only critical number.
Left endpoint: (1, —1) Minimum
Right endpoint: (5, 1)

Critical number: (3, 3) Maximum

1
- 3,3
gl) 1+|x+1|’[ 3]
1 | .
For x < -1, g(x) = —— = — = —x

I-(x+1) —x
and g'(x) = x7? = —)—:—2— # 0on [-3,-1)

1 1 1
Forx>_1’g(x):1+x+1:2+x

=(2+x)

and g'(x) = # Oon (-1, 3]

i
(2 + x)2

So, x = —11is the only critical number.
Left endpoint: (—3, %}
Critical number: (-1, 1) Maximum

Right endpoint: (3, %j Minimum

31.

32.

33.

34.

3s.

Section 3.1 Extrema on an Interval 209

f(x) = [+
From the graph of £, you see that the maximum value of f

is 2 for x = 2, and the minimum value is -2 for
-2 <x < -1,

[-2.2]

2+ ]
14 [ —
s Y SEE: SRR S
-2 -1 1 2
S
@) —2 4

2]

h(x) = [2 - 2]
From the graph you see that the maximum value of % is 4
at x = -2, and the minimum valueis 0 for 1 < x < 2.

f(x) = cos zx, [O, —é—}
S(x) = -z sin zx

Left endpoint: (0, 1) Maximum

Right endpoint: [%, —{3—] Minimum

T
g(x) = secx, [—g, ?}

g'(x) = sec x tan x

%] ~ (—%, 1.1547)
)

Right endpoint: ( , 2

Left endpoint: (—

N

[N

Maximum

o W

Critical number: (0, 1) Minimum

y = 3cos x,

’

y' = -3sin x

[0, 27]

Critical number in (0, 27): x = 7
Left endpoint: (0, 3) Maximum
Critical number: (7, —3) Minimum

Right endpoint: (27, 3) Maximum
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210 Chapter 3 Applications of Differentiation

2x+2, 0<x<1

X
36. v = tan(—j, 0,2
8 [ ] 4x2, l<x<3

, T o mx
=—sec’ | — =0
7 -3

Left endpoint: (0, 0) Minimum

a1 f(x) = {

Left endpoint: (0, 2) Minimum

Right endpoint: (3, 36) Maximum

36

Right endpoint: (2, 1) Maximum /’
%
3. f(x) = 2x -3 7
___-'__i__.-"'
(2) Minimum: (0, —3) [ —
Maximum: (2, 1) )
4. f(x):{Z x4, 1<x<3
(b) Minimum: (0, -3) 2-3x, 3<x<5

(¢) Maximum: (2, 1) Left endpoint: (1, 1) Maximum

(d) No extrema Right endpoint: (5, —13) Minimum

3

38, f(x)=5-x

-3 o{l. D 12
(a) Minimum: (4, 1) \ G-
Maximum: (1, 4) o (5, ~13)
-15
(b) Maximum: (1, 4)
3
(¢) Minimum: (4, 1) 3. f(x) = 1 (1,4]

(d) No extrema

39.

f(x) = x* — 2x

|
(a) Minimum: (1, -1) II"».H
",
Maximum: (-1, 3) . — )

(b) Maximum

(c) Minimum:

:(3,3)

1’

)

44,

1) = 52— [0.2)

(1,-1
(d) Minimum: (1, -1
40. f(x) =4 - x?

(2) Minima: (-2, 0)and (2, 0)

) Left endpoint: (0, 1) Minimum

3

!
!

t
¥
i
[}
i
1
1
I

01 !

Maximum: (0, 2)

(b) Minimum: (-2, 0)
(¢) Maximum: (0, 2)

(d) Maximum: (l, \/5)
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45. f(x) = x* -2 + x +1, [-1,3]

32

-4

f(x) =42 — 6 + 1= (2x - )22 = 2x - 1) = 0

11+/3

> ~ 0.5,-0.366,1.366
2 2

Right endpoint: (3, 31) Maximum

+/3 3
2

, — | Minima
4

X =

Critical points: El

47. (a) &
(1,4.7) 8

L/

(0.4398,-1.0613)

-2

Minimum: (0.4398, —1.0613)

(b) f(x) =32x° + 5%° - 3.5%,
Sf(x) = 16x* + 15x* - 3.5

16x* +15x* =35 =10

, 155 J(15)" - 4(16)(-3.5)

—15 £ /449

X- =

2(16)

X = 4/1%“ V449 0.4398

Left endpoint: (0, 0)

Critical point: (0.4398, —1.0613) Minimum

Right endpoint: (1, 4.7) Maximum

48. (a) 3

N
wioo

/

0 3
[}

Maximum: (2, g}

® /() :gx\/S—x, [0.3]

f(x) = %{x&)@ ~ )P+ (3 - X)I/Z(I)J = %(3 - x)~l/2(%j[_x +23-x)] = 3WB-x 3B-x

Left endpoint: (0, 0) Minimum
Critical point: (2, g) Maximum

Right endpoint: (3, 0) Minimum

Section 3.1 Extrema on an Interval 211
46. f(x) = /x + cos g [0, 27]
3
(1729, 1.964)
] 2w
[¢]
, 1 . X
f(x) = T sin >
Left endpoint: (0, 1) Minimum
Graphing utility: (1.729, 1.964) Maximum
26-3x)  602-x) 2(2-x)
N3-x
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212 Chapter 3 Applications of Differentiation

49, f() = (1+ )", [0.2]
, 3 -1f2
f(x) = Exz(l + x3)
1t 3 -3/2
f(x) = Z(x4 + 4x)(1 + x3)
" 3 -5/2
f (x) = —g(x6 +20x° 8)(1 + x3)
Setting /" = 0, you have x® + 20x* — 8 = 0.
20 + /400 — 4(1)(-8)

¥ =

2
x = 3/-10 + 108 = /3 1

In the interval [0, 2], choose

x = 3/-10 + /108 = /3 =1 ~ 0.732.

f"(3 -10 + 108)

50, f(x) = —— B 3}

~ 1.47 is the maximum value.

2+l
7 :@;?f

-2(1 - 3%
/) = ()(; + 1;3)
SRS

Setting f"' = 0,youhave x = 0, %1,

| f ”(l)l = %is the maximum value.

23

=(x+17, [0,2]

-3

51. f(x

fi(x) = 3(x +1)

1) = 2+ 1)
£7) = S+ 7"
FO) = -2+ 1"
7O ) = S0+ )™

‘ f(4)(0)} = 2—61 is the maximum value.

2. 0= LY
GRS s
() = 24(5x" - 10x52 +1)
(x2 + l)
) = ~240x(3x* — 102” + 3)

(x2 + 1)6

‘ F9 (O)\ = 24 is the maximum value.

53. Answers will vary. Sample answer:
1 .
y = — on the interval (0, 1)
x

There is no maximum or minimum value.

¥

54. A: absolute minimum
B: relative maximum
C: neither
D: relative minimum
E: relative maximum
F: relative minimum
G: neither

5s. A

— W W &

57. (a) Yes
(b) No
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58.

59.

60.

61.

62.

64.

Section 3.1 Extrema on an Interval 213

(a) No 2 _
63. PR RS TN Y
(b) Yes sind |6 2
N 2
(a) No as _ £(~\/§csc 8 cot @ + csc? 9)
(b) Yes do 2
2
(a) No = 3;—— cse 6’(—\/§cot 6 + csc 6’) =0
b) Y
(b) Yes csc @ =~/3cot 8
P=VI-RI*=12] - 05/1,0< <15 sec 0 = /3
P = Owhen I = 0. 6 = arcsec~/3 ~ 0.9553 radians
P = 67.5when I = 15. 2
w 3s
P/ — 12 N 0 S(gj = 6]7.5' +7(\/§)
Critical number: 7 = 12 amps o7\ e 352 N
When 7 = 12 amps, P = 72, the maximum output. 6) S +T( )
No, a 20-amp fuse would not increase the power output. 342
P is decreasing for I > 12. N (arcsec\/g) = 6hs + “2—(\/5)
¥ = v? sin 26 T <p< 3z S is minimum when @ = arcsec~/3 ~ 0.9553 radian.
32 4 4
do .
— 18 constant.
dt
’ 2
ar _ dxdo (by the Chain Rule) = v cos20d0
dt  de dt 16 4t
In the interval [z/4, 37/4], @ = z/4,37/4 indicate
minimums for dx/dt and & = 7/2 indicates a maximum
for dx/dr. This implies that the sprinkler waters longest
when 6 = 7/4 and 37/4. So, the lawn farthest from the
sprinkler gets the most water.
(a) Because the grade at 4 is 9%, 4(-500, 45)
The grade at B is 6%, B(500, 30).
y
A
B
L 9% o,
500 ] 500
b) y=ax* +bx+c
Y =2ax+ b
At A4: 2a(-500) + b = —0.09
At B: 2a(500) + b = 0.06
Solving these two equations, you obtain
a = 3 and b = _i'
40,000 200
Using the points 4(~500, 45) and B(500, 30), you obtain
45 - 3 (=500 + (—i (-500) + C
40,000 200
30 = —>—(500)° + [~ |(500) + C.
40,000 200
75 3, 3 75

In both cases, C = 18.75 = —.So, y = ————x X
4 40,000 200 4
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65.

66.

67.

68.

69.

70.

Chapter 3 Applications of Differentiation
© x | =500 | —400 | -300 | —200 | —100 | O 100 | 200 | 300 | 400 | 500
d| o0 075 | 3 6.75 | 12 1875112 | 6753 07510
For ~500 < x < 0,d = (ax? + bx + c) — (~0.09%).
For 0 < x < 500,d = (ax® + bx + ¢) - (0.06x).
3 3

d) y = - — =
@y 20,000 200

L= 320,000 _ 100

200 3

The lowest point on the highway is (100, 18), which is not directly over the origin.
True. See Exercise 25. 71. First do an example: Let a = 4and f(x) = 4. Then R
True. This is stated in the Extreme Value Theorem. is the square 0 < x < 4,0 < y < 4.Its area and

perimeter are both & = 16.

True Claim that all real numbers @ > 2 work. On the one

hand, if a > 2 is given, then let

False. Let f(x) = x*.x = (s a critical number of f
f(x) = 2af(a - 2). Then the rectangle

g(x) = f(x - k) = (x - /c)2

x = k is a critical number of g. a—-2
If £'has a maximum value at has k = 24° .
x = ¢, then f(c) = f(x)forall xinI So, a-12
~f(c) < —f(x) for all x in I. So, —f has a minimum Area = a( 2a ] _ 22
value at x = ¢ a-2 a-2
Peri o 2a

f(x):ax3+bx2+cx+d, a#+0 erlmetel—2a+20_2
fi(x) = 3ax® + 2bx + ¢ ~ 2a(a -2)+ 2(2a) 24
The quadratic polynomial can have zero, one, or two a-12 a-2
ZET0S. To see that @ must be greater than 2, consider

~2b + J4b? —12ac  -b % b = 3ac R = {(x,y): 0<x<a0<y< f(‘c)}

6a 3a L . .
fattains its maximum value on [0, a] at some point

Zero critical numbers: % < 3ac. L .
ero critical num ac P(xo, yo), as indicated in the figure.

Example:

(a=b=c=1d=0)f(x) =+ x* + xhasno A

critical numbers. wl P (x0, o)

One critical number: b* = 3ac. f
Example: (a = 1,b = ¢ = d = 0)f(x) = x has one R

critical number, x = 0. 0 : % o«

Two critical numbers: b > 3ac.

Example: Draw segments OP and PA.The region R is bounded by
(a —c=1Lb=2d= O)f(x) = % 4 2%% + x has the rectangle 0 < x < a,0 < y < ¥, 50

1 area(R) = k < ay,. Furthermore, from the figure,
two critical numbers: x = —1, —.

yy < OP and Vo < PA. So,
k = Perimeter(R) > OP + P4 > 2y,.Combining,

2y < k < ayy = a > 2.
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Section 3.2 Rolle’s Theorem and the Mean Value Theorem

f(=1) = f(1) = 1. But, fis not continuous on [-1, 1]

2. Rolle's Theorem does not apply to f(x) = cot(x/2) over

[, 37] because f is not continuous at x = 27.

3. Rolle's Theorem does not apply to
f(x) =1—|x — 1] over [0, 2] because fis not
differentiable at x = 1.

4. f(x) = (2 - x2/3)3
SE) = £ =1
= _ x2/3
riey = M)

X
fis not differentiable at x = 0.

5. f(x):xz—x~2:(x—2)(x+1)
x-intercepts: (-1, 0), (2, 0)

fix)=2x-1=0atx =1

6. f(x) = x(x - 3)
x-intercepts: (0, 0}, (3, 0)

f'(x):2x—3:0atx:%‘

7. f(x) = xJx + 4

x-intercepts: (-4, 0), (0, 0)

() = w4y (e 4)”

=(x + 4)‘1/ 2(% +(x + 4))
f@):@x+ﬂ@+4r”:omx:_§

8. f(x) = Bx/x+1

x-intercepts: (1, 0), (0, 0)
f@):_uéu+u”2«xx+gw

= -3(x + 1)_1/2(§ +(x+ 1)]
f(x) = 3(x + 1)‘1/2(%x + lj =0at x = —%

Section 3.2 Rolle's Theorem and the Mean Value Theorem

9. fx)=x* +2x -3 = (x+3)(x - 1)
3 =rm=0
f'(x)=2x+2:0 at x = -1

c=-1 and f(-1)=0.
10. f(x) = sin 2x
z
7(0) = f(;j =0

f(x) = 2cos2x = Oat x :%

¢ = Z—and f’(%) =0
11. f(x) = —x% + 3x, [O, 3]
1(0) = f(3) =0
fis continuous on [0, 3] and differentiable on
(0, 3). Rolle's Theorem applies.

fi(x)=-2x+3

2x+3=0=>x=23

c-value: 3

8]

12. f(x) = x* - 5x + 4,[1, 4]
@) =14 =0
fis continuous on [1, 4]. [fis differentiable on
(1, 4).Rolle's Theorem applies.
fix)=2x-5
2x-5=0=>x=3

.5
c-value: >

13, f(x) = (x = 1)(x - 2)(x - 3),[1,3]
S =7@ =0
fis continuous on [L, 3]. /s differentiable on
(1, 3). Rolle's Theorem applies.
f(x)=x —6x* +11x - 6
f(x) =3x* —12x + 11

_6+\3

3P - 12x+11=0 = x = 3

6--/3 6+/3

c-values: )
3 3

215
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216 Chapter 3 Applications of Differentiation

4. f(x) = (x - 3)(x + 1), [-1,3]
=)= 1@ =0
fis continuous on [1, 3], fis differentiable on
(=1, 3). Rolle's Theorem applies.
Fx) = (=3 x + 1) + (x + 1)
x+l)[2x—6+x+l]
X + 1)(3x - 5)

—~—~

—

c-values: %
¥ —-2x -3
17. f()t) = ﬁ, [—1, 3]
=) =srB3)=0

15. f(x) = x* - 1,[-8,8]
f(-8) = f(8) =3
fis continuous on [-8, 8], fis not differentiable on

(-8, 8) because f'(0) does not exist. Rolle's Theorem
does not apply.

16. f(x) = 3 —|x - 3|,[0, 6]
7(0) = s(6) = 0
/fis continuous on [0, 6]. fis not differentiable on

(0, 6) because f'(3) does not exist. Rolle's Theorem
does not apply.

fis continuous on [-1, 3] (Note: the discontinuity, x = -2, is not in the interval.) fis differentiable on (-1, 3). Rolle's

Theorem applies.
f'(x) _ (x + 2)(2x - 2) - (x2 - 2x - 3)(1)

5 =0
(x+2)

X dx -1
(x+2)2

c-value: -2 + \/g

18, f(x) = x - RN
) =) =0

f1s not continuous on [—1, 1] because f(0) does not exist.

Rolle's Theorem does not apply.

19. f(x) = sin x, [0, 27]
f(0)y = f2z) =0
f1s continuous on [0, 27:]. [is differentiable on
(0, 27). Rolle's Theorem applies.
f'(x) = cos x

n 3r
c-values: —, —
22

20. f(x) = cos x,[0, 27]
f(0) = f(27) =1
fis continuous on [0, 27z]. fis differentiable on

(0, 27). Rolle's Theorem applies.
f(x) = —sin x

c-value: 7

o=

/s continuous on [0, z/6]. fis differentiable on

(0, #/6). Rolle's Theorem applies.

f(x) :E—Ssinxcosx =0
T
E: 8 sin x cos x
V4
é—4sir12x
T
—3- = sin 2x

[

]

(o]

w

g

=
TN
B |“‘
N~ S

Il

i

©
u

@
o
=
0
©

c-value: 0.2489
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Section 3.2

22. f(x) = cos 2x,[-7, 7]
S(ex) = £7) =1
fis continuous on [~7r, 7r] and differentiable on

(-7, ). Rolle's Theorem applies.
S(x) = —2sin 2x

~2sin2x = 0
sin2x = 0
X = -7, _E: 0: Esﬂ'
2 2

c-values: »—ﬁ, 0, z
2 2

23. f(x) = tan x, [0, 7]
7(0) = f(m) =0
fis not continuous on [0, 7] because f(z/2) does not

exist. Rolle's Theorem does not apply.

24. f(x) = secx, [z, 27]

fis not continuous on
[7, 27 because f(37/2) = sec(37/2) does not exist.

Rolle's Theorem does not apply.

25, f(x) =|x|-L[-L1]
JE) =) =0
fis continuous on [-1, 1]. f1is not differentiable on
(~1,1) because f'(0) does not exist. Rolle's Theorem
does not apply.

1

Rolle’s Theorem and the Mean Value Theorem 217
26. f(x) = x - x77,[0,1]

JO=r@=0

/fis continuous on [0, l]. fis differentiable on

(0, 1). (Note: fis not differentiable at x = 0.) Rolle's

Theorem applies.
1

f’x =] - —— =
() T
1= 1
33/ x?
7L
3
W=t
27 1
Lo [L_V3
27 9 0'\___—#““#;1
c-value: —\é—:i =~ 0.1925 L

27. f(x) = x — tan zx, [—%, ﬂ
3
4

Rolle's Theorem does not apply
0.75

-0.25 0.25

-0.75
28, f(x) = % ~ sin % [1,0]

f(=1) = 1(0) =0
fis continuous on [-1, 0]. fis differentiable on

(—1, 0). Rolle's Theorem applies.

fi(x) = % —Zg—cos% =0
3
cos — = —
7
6 3 .
X = —— arccos — [Value needed in (-1, 0)]

4 w
—0.5756 radian

c-value: —0.5756

Q

0.02

-0.01
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218 Chapter 3 Applications of Differentiation

29. f(t) = 161> + 481 + 6
@ f(1) = f(2) =38
(b) v = f(r) must be 0 at some time in (1, 2).
f(f)=-32+48=0
3

t = 5 sec

30. C(x) = 10(l + = J

X x+3
25
@ () = c(6) = =
(b) C(x) = 10[ -~ + —>—| =0
x (\ + 3)
3 _1
X +6x+9 x?
232 —6x-9=0
‘= 6 + /108
’ 4
_6+6J/3 3433
4 2
In the interval
(3,6): ¢ = # ~ 4.098 ~ 410 components
31. ¢
Tangent line
 (epftey)
! 7
- : et S;C“f"n]",'lf:_ (b. /)
:(Crf("l)) /‘ v
Tangent line
32. ¥
/
a by

33. fis not continuous on the interval [0, 6].( / is not

continuous at x = 2.)

34. fis not differentiable at x = 2. The graph of fis not
smooth at x = 2.

35. f(x) S [0, 6]

:x—3

f has a discontinuity at x = 3.

36. f(x) =|x - 3|,[0, 6]

fis not differentiable at x = 3.

37. f(x) =-—x*+5

1-4
a) Slope = —— = -1
(@ P 2+1
Secant line: y—4:_(x+1)
y=-x+3
x+y-3=0
(b) f’(x)=~2x:—1 = x:c:%
1 1 19
C c) = — === 4+5 ==
© 1@ = /(3] =52
19 1
Tangent line: - = x—-=
g y 2 (\c 2)
4y —19 = —4x + 2
dx +4y -21=0
(@) !
Secant
Tangent
;
6 4 : s
—1
38. f(x)=x2—x—12
(a) Slope = —6-0 =1
-2 -4
Secant line: y-0=x-4
x—y—-4=0

b) f’(x)::Zx—lzl = x=c=1

() f(c) :f(l) = -12
y+12=x-1
x—-y-13=0

Tangent line:

d 5
Y .

Secant
‘Tangent

—15
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39.

40.

41.

42.

Section 3.2

/(x) = x*is continuous on [-2, 1] and differentiable on

(-2, 1).
fO-r(2) _1-4_ 0
1-(-2) 3
f'(x) =2x = -1
1
T
1
‘T

f(x) = x’is continuous on [0, 1]and differentiable on

(0, 1).
fO-s0) _1-0 1
1-0 1
fi(x) =3x"=1
X = iﬁ
3
In the interval (0, 1): ¢ = ?

f(x) = ¥ + 2x is continuous on [-1, 1] and

differentiable on (-1, 1).
SO -sCE) _3-(3)

=3
1- (-1 2
fx)=3"+2=3
3x? =1
1
Xx=+—=
HNE
c:iﬁ
3

f(x) = x* — 8xis continuous on [0, 2] and
differentiable on (0, 2).
F(2) - £(0) _0-0_
2-0 2
fi(x) = 45’ -8 = 4(x* - 2)

x3

0

Q‘NO
3]

X =

=32

Rolle’s Theorem and the Mean Value Theorem
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43. f(x) = x”*is continuous on [0, 1] and differentiable on

(0,1).
-5 _,
1-0
f'(x) = %x’m 1
-2
=2l = &
3 27
8
c =2
27

4. f(x) = x: !

Value Theorem does not apply.

is not continuous at x = 0.The Mean

45. f(x) =|2x + 1|is not differentiable at x = —1/2. The

Mean Value Theorem does not apply.

46. f(x) = ~/2 — x is continuous on [-7, 2] and
differentiable on (7, 2).

f(2)—f(—7):0—3: 1

2 - (-7) 9 3

~1 1

M= m =
22 -x =3

V2ox =

2O W

2-—x

NI

47. f(x) = sin xis continuous on [0, 7] and differentiable

on (0, 7).
f(z) - £(0) _0-0 _o
7 -0 s
f(x) =cosx =0
x = 7f2
7
c ==
2

48. f(x) = cos x + tan x is not continuous at

x = /2. The Mean Value Theorem does not apply.

© 2010 Brooks/Cole, Cengage Learning




220 Chapter 3 Applications of Differentiation

x 1
49. f(x) = ==, 2
f( ) x +1 2 }
(2)—(c) ! :
Tangen:d’r_’_/i,_:_,
s . J.-f'
—0.5 |—= e 2
'f;r"-. J_,-"'-S-ecan[
o

2
In the interval [-1/2,2]: ¢ = —1 + (\/3/2)

_ () a2
f(C)—[—1+(\/g/2)]+l_ NN
Tangent line: y—1+72_6w:§(x-§+1]

J6 2 6 2
y—1+——~),—_+__

3 3 3 3

y:%(2x+5—2\/g)

50. f(x) = x — 2sin x,[-7, )
(a)-(©) 2

T
: L
~2m] 27
‘/-C?'{ /:;,!;ngem
[

(b) Secant line:

_ @) -7
slope = = o) = =

y—ﬁzl(x—ﬂ)

y=x
(© f'(x)=1-2cosx =1
cosx =0
X =c= iz
2
Ve pia
15)-3-
V4 Vg
15)-5
Tangent lines: y — (% - 2) = l(x - %j
y=x-2
y—[—£+2j:1()€+£]
2 2
y=x+2
51. f(x) = Vx,[L9]
(a)‘(C) 3 Tangerl%

3 ‘/ﬁ:‘,

:{/‘gecam

B K S 9
1

(b) Secant line:

FO)-s0) 3-1 1

1 = = =
slope o 3 "
y—lz%(x—l)

=12

P

Y e
© S0 =37 e

x =c¢c=4

f(4) =2

Tangent line: y — 2 = %(x - 4)
y:%erl
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52. f(x) = x* — 26 + 22, [0, 6]

(a)%(c) 1000
o f____ Tangent s
-100
(b) Secant line;
6) - f(0 -
slope = f( ) f( ) = 900 - 0 = 150
6-0 6
y =0 = 150(x - 0)
y = 150x

() f'(x) = 4x® - 6x* + 2x = 150

Using a graphing utility, there is one solution in
(0,6), x = ¢ ~ 3.8721 and fle) = 123.6721

Tangent line: y — 123.6721 = lSO(x - 3.8721)
y = 150x — 457.143

53. s(r) = —4.9/% + 300

3) - s(0 255.9 — 300
(@) Vg = S(z_f)(): ;

(b) s(r) is continuous on [0, 3] and differentiable on

(O, 3). Therefore, the Mean Value Theorem applies.

Wt) = s'(t) = —9.8¢ = ~14.7 m/sec

t = ﬂ = 1.5 sec
-9.8

s4. (1) = zoo(s -5 J
+

S(12) - S(0) _ 200[5 - (9/14)] - 2005 - (9/2)]

= —14.7 m/sec

@ 12-0 12
_ 450
7

9 450

b) S'(f) = 200 =

® S0 [zﬂ)z] ;
1
(@+17 28
2+t:2\/7

t = 27 - 2 ~ 3.2915 months

S'(1) is equal to the average value in April.
55. No. Let f(x) = x* on [-1,2]
f(x) = 2x
/'(0) = 0 and zero is in the interval (-1, 2) but
1) = 1(2)

Rolle’s Theorem and the Mean Value Theorem
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56. f(a) = f(b)and f'(c) = Owhere cis in the interval

(a, b).

@ gx)=f(x)+k
gla) = g(b) = fla) + k
gx) = /'(x) = g(e) =

Interval: [a, b]

.

0

Critical number of g: ¢

Interval: [a + k, b + k]

Critical number of g: ¢ + k

Interval: [ﬂ, —ll
k' k

Critical number of g: /5
i

0, x=0

0<x<1

57. f(x) = {

1-x,

No, this does not contradict Rolle's Theorem. f'is not

continuous on [0, 1].

58. No. If such a function existed, then the Mean Value
Theorem would say that there exists ¢ e (~2, 2) such

that

£(2) - f(-2) _6+2 _
2 - (-2) 4

fe) = 2.

But, f'(x) < lforallx.
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59.

60.

61.

62.

63.

Chapter 3 Applications of Differentiation

Let S(t) be the position function of the plane. If
t = 0 corresponds to 2 P.M., S(0) = 0, 5(5.5) = 2500

and the Mean Value Theorem says that there exists a
time 4, 0 < f, < 5.5, such that

) 2500 — 0
S() = vl0) = 5575

Applying the Intermediate Value Theorem to the
velocity function on the intervals [0, 7] and [z, 5.5,

=~ 454.54.

you see that there are at least two times during the
flight when the speed was 400 miles per hour.
(0 < 400 < 454.54)

Let T(t) be the temperature of the object. Then

T(0) = 1500°and T(5) = 390°. The average

temperature over the interval [0, 5] is

390 - 1500
5-0

By the Mean Value Theorem, there exist a time 7;,

0 < t, < 5, suchthat T'(ty) = —222°F/h.

= —222° F/h.

Let S(t) be the difference in the positions of the 2
bicyelists, S(r) = Si(r) — S,(¢). Because

5(0) = §(2.25) = 0, there must exist a time

ty € (0,2.25) such that S'(1) = v(t,) = 0.

At this time, () = w(fo).

Let t = 0 correspond to 9:13 A.M. By the Mean Value
Theorem, there exists 7, in (0, 3—10) such that
85 — 35
v(ty) = a(ty) = ———— = 1500 mi/h*.
( 0) ( 0) 1/30

il
=N
©
&
w2

|

N
|
28
=
Sl
SIE|
N——
S~
TN
oy
e

7(x)=3 cosz(%j, )

(@ u

by,
I

7

(b) fand f' are both continuous on the entire real line,

() Because f(-1) = f(1) = 0, Rolle's Theorem
applies on [-1, 1] Because f(1) = Oand f(2) = 3,
Rolle's Theorem does not apply on [1, 2].

@ lim f'(x) = 0

x—=37

lim f’(x) =0
¥o3

64. (a) fis continuous on [~10, 4] and changes sign,

(f(-8) > 0, /(3) < 0). By the Intermediate Value
Theorem, there exists at least one value of x in
[-10, 4] satisfying f(x) = 0.

(b) There exist real numbers g and b such that
-10 < a < b < 4and f(a) = f(b) = 2.
Therefore, by Rolle's Theorem there exists at least
one number c in (10, 4) such that f(c) = 0. This

is called a critical number.

; ;
I T S A N

@

(e) No, f'did not have to be continuous on [—10, 4].

65. fis continuous on [-5, 5] and does not satisfy the

conditions of the Mean Value Theorem. = f is not
differentiable on (-5, 5). Example: f(x) = x|

66. fis not continuous on [-5, 5].

/x, x#0
0, x=0

Example: f(x) = {
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67. f(x):x5+x3+x+l
[is differentiable for all x.
f(=1) = =2and f(0) = 1,so the Intermediate Value
Theorem implies that fhas at least one zero ¢ in
[—1, O], fle) = 0.
Suppose f had 2 zeros, f(c;) = f(c;) = 0. Then

Rolle's Theorem would guarantee the existence of a
number a such that

fa) = fle) = fla) = 0.
But, f'(x) = 5x* +3x* +1 > 0 forallx. So, / has

exactly one real solution.

68. f(x) =2x" +7x -1
fis differentiable for all x.
f(0) = —1and f(1) = 8, so the Intermediate Value

Theorem implies that fhas at least one zero ¢ in
[0,1], #(c) = 0.
Suppose f had 2 zeros, f(c;) = f(c;) = 0. Then

Rolle's Theorem would guarantee the existence of a
number a such that

fa) = flea) = fla) = 0.
But f’(x) = 10x* + 7 > 0 forallx. So, f(x) = Ohas

exactly one real solution.

69. f(x) =3x+1-sinx
fis differentiable for all x.
f(-7) = 37 +1 < 0and f(0) =1 > 0,50 the
Intermediate Value Theorem implies that / has at least
one zero ¢ in -7, 0], f(c) = 0.
Suppose f had 2 zeros, f(c) = f(c;) = 0. Then

Rolle's Theorem would guarantee the existence of a
number a such that

f(@) = flea) = fla) = 0.
But f'(x) = 3 —cosx > 0 forallx. So, f(x) = Ohas

exactly one real solution.
70. f(x) =2x—2—-cosx

f0)=-3f(z) =27 -2+1=2x-1> 0.Bythe
Intermediate Value Theorem, f has at least one zero.
Suppose f had 2 zeros, f(c;) = f(c;) = 0. Then

Rolle's Theorem would guarantee the existence of a
number a such that

f'(@) = flea) = f(a)
But, f'(x) = 2 +sinx > 1 forall x. So, f has exactly

one real solution.

0.

71.

72.

73.

74.

75.

76.

71.

78.

79.

fcontinuousat x = 0:1 =5
fcontinuousat x = l:a+1=5+¢

fdifferentiableat x = 1: a =24+ 4 = 6.S0, ¢ = 2.

1, x=0
f(x) = 46x +1, 0<x<1
X H+4dx+2 1l<x<3
6x + 1, 0<x<1
:{x2+4x+2, 1<x<3
Sfeontinuousat x = —1: g = 2

fcontinuousat x = 0: 2 = ¢
feontinuousat x =1:b+2=d+4=>b=d+2
fdifferentiableat x = 0: 0 = 0

fdifferentiableat x = 1: 2b = d

So, b = ~2and d = 4.

f(x)=0
fx)=¢
1@ =s
So, f(x) =5

False. f(x) = 1/x has a discontinuity at x = 0.

False. fmust also be continuous and differentiable on
each interval. Let

i — 4x
x2 -1

f(x) =

True. A polynomial is continuous and differentiable
everywhere.
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80. True

81. Suppose that p(x) = x**' + ax + b has two real roots x, and
p(x]) = p(xz) = 0, there exists ¢ in (xl, x2) such that p’(c) =

n > 0,a > 0. Therefore, p(x) cannot have two real roots.

x,. Then by Rolle's Theorem, because

0.But p'(x) = (27 + )x*" + a # 0, because

82. Suppose f(x)is not constant on (a, b). Then there exists x; and x,in (a, &) such that f(x) # f(x,). Then by the Mean

Value Theorem, there exists ¢ in (a, b) such that

f’(c) - f(xZ) _ f(xl)

Xy — X

# 0.

This contradicts the fact that f'(x) = 0 for all x in (a, b).

83. pr(x) = Ax* + Bx + C, then

pl(x) = 24x + B = f(b) - f(a) _ (46* + Bb + C) - (4a® + Ba + C)

b—a b—a
Ay~ )+ B(b - a)

B b—-a
_ (b—a)[A(b+a)+B:|

b—a

= A(b + a) + B.

So, 24x = A(b + a)and x = (b + a)/2 which is the midpoint

84. () f(x) =x"g(x) = - + x> +3x+2
) =g(-1) =1, £(2) = g(2) = 4

of [a, b].

Let h(x) = f(x) — g(x). Then, h(~1) = h(2) = 0.So, by Rolle's Theorem these exists ¢ € (-1, 2) such that

H(c) = f'(c) - g'(c) = 0.

So, at x = c, the tangent line to f'is parallel to the tangent line to g.

h(x):x3—3x~2,l1’(x):3x2—3:0:>x:c:I

(b) Let h(x) = f(x) — g(x). Then h{a) = h(b) = 0by Rolle's Theorem, there exists c in (a, b) such that

H(c) = f'(c) - g'(c) = 0.

So, at x = ¢, the tangent line to fis parallel to the tangent line to g.

85. Suppose f(x) has two fixed points ¢, and c,. Then, by

the Mean Value Theorem, there exists ¢ such that

f'(c) _ f(c2) - f(c,) _& -4

cy — ¢ ¢y — ¢

=1.
This contradicts the fact that f'(x) < 1for all x.

86. f(x) = % cos x differentiable on (—oo, o).

[(x) = —% sin x
~-;~ < fx) < % = f'(x) <1 forall real numbers.

So, from Exercise 62, fhas, at most, one fixed point.
(x ~ 0.4502)

87. Let f (\) = cos x./is continuous and differentiable for

all real numbers. By the Mean Value Theorem, for any
interval [a, b}, there exists ¢ in (a, b) such that

f() - fla) _
b-a —f(c)

cos b — cos a .

— = —sinc
b—a

cosb —cosa = (-sin c)(b — a)
|cos b — cos a| :[—sin c||b - a|

]cosb — €08 ai < \b - a’ since‘—sin c[ < 1.
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88. Let f(x) = sin x.f is continuous and differentiable for

all real numbers. By the Mean Value Theorem, for any
interval [a, b], there exists ¢ in (a, b) such that

J() - fla) _

b—a f’(c)
sin(b) — sin(a) = (b — a) cos(c)
|sin(b) - sin(a)‘ =b - chos(c)l

lsina - sinb|§|a - b].

89.

225

Let 0 < a < b f(x) = /x satisfies the hypotheses of
the Mean Value Theorem on [a, b]. Hence, there exists ¢
in (a, b) such that

oy L fB) = fla) o -+a
f(c)_z\/Z_ b—a " b-a

SO\/_—\/Zz(b~a)ﬁ<b2_T:.

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

1. (a) Increasing: (0, 6)and (8, 9). Largest: (0, 6)
(b) Decreasing: (6, 8) and (9, 10). Largest: (6, 8)

2. (a) Increasing: (4,5), (6, 7). Largest: (4,5),(6,7)

(b) Decreasing: (-3,1), (1, 4), (5, 6). Largest: (-3,1)

3. f(x):x2—6x+8
From the graph, fis decreasing on (-0, 3) and

increasing on (3, o).

TestIntervals: | —0o < x <3 | 3<x <
Signof f'(x): | /<0 f >0
Conclusion: Decreasing Increasing
3
5. y=—-3x
‘ 4

Analytically, f'(x) = 2x - 6.

Critical number: x = 3

4.

y = —(x + 1)2
From the graph, fis increasing on (—oo, —1) and
decreasing on (-1, o).

Analytically, y' = —2(x + 1).

Critical number: x = ~1
Test Intervals: | —0o < x < -1 | -1 <x <
Sign of y": y >0 Yy <0
Conclusion: Increasing Decreasing

From the graph, y is increasing on (~o0, ~2)and (2, «), and decreasing on (-2, 2).

Analytically, y' = LA i(ﬁ -4) = —:i(x - 2)(x +2)
4 4 4
Critical numbers: x = 2
TestIntervals: | —o < x < -2 | -2 <x<2 | 2<x <
Sign of y": ¥y >0 ¥y <0 ¥y >0
Conclusion: Increasing Decreasing Increasing
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6. f(\) =yt~ 2x?

From the graph, fis decreasing on (oo, —1) and (0, 1), and increasing on (~1, 0) and (1, «).

Analytically, f '(x) = 4x° —dx = 4x(x - 1)(x + 1).

Critical numbers: x = 0, £1.

Test Intervals: | —oo < x < -1 -1<x<0 0<x<l]l | l<x<w
Sign of f"; f<0 f'>0 <0 f >0
Conclusion: Decreasing Increasing Decreasing | Increasing
70 = ——
(x+1)
From the graph, fis increasing on (-0, —1) and decreasing on (1, ©).
Analytically, f'(x) = ;23
(x + 1)
No critical numbers. Discontinuity: x = -1
Test Intervals: | —o <x < -1 | -l <x <o
Signof f'(x): | f' >0 f<o
Conclusion: Increasing Decreasing
x2
8.y = 2x =1
From the graph, y is increasing on (—e, 0) and (1, «), and decreasing on (0, 1/2) and (1/2,1).
Analytically, y' = (2 — 12 —2x2(2) = 2 2; = 2l - 12)
(Zx - 1) (2x - 1) (Zx - 1)
Critical numbers: x = 0,1
Discontinuity: x = 1/2
TestIntervals: | o0 < x <0 | 0<x<1/2 | 12<x<]l|{l<x<w
Sign of y": ¥y >0 y' <0 ¥y <0 ¥y >0
Conclusion: Increasing Decreasing Decreasing Increasing
9. g(x):x2—2x78
g(x)=2x-2
Critical number: x =1
Test Intervals: | —oo < x <1 l<x <o
Sign of g'(x): g <0 g >0
Conclusion: Decreasing Increasing

Increasing on: (1, )

Decreasing on:

(1)
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11.

12.

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

Tx — x°

=2
= 27 — 3x? :3(3—x)(3+x)
=0

h(x)
H(x)
h'(x)

Critical numbers: x = 3

Test Intervals: | —0o < x < -3 | -3 <x<3 | 3<x<ow
Signof A(x): | A" <0 H>0 H <0
Conclusion: Decreasing Increasing Decreasing

Increasing on: (-3, 3)

Decreasing on: (-, -3), (3, «)

16 — x?
~2(x2 - 8) )
Ji6 - V16—«

Critical numbers: x = +2/2

y = Domain: [4, 4]

. (x - Zﬁ)(x + 2\/5)

227

Testintervals: | -4 < x < 24/2 | 22 <x <22 | 22 <x < 4
Sign of y": ¥y <0 ¥y >0 ¥y <0
Conclusion: Decreasing Increasing Decreasing
Increasing on: (—2\/5 , 2\/2_)
Decreasing on: (—4, —2\/5), (2\/5 R 4)
4
y=x+-—
x
, (x-2)(x+2)
Y=
X
Critical numbers: x = 2 Discontinuity: 0
Test intervals: -0 < x < -2 2 <x<0 0<x<2 2<x <
Sign of y": ¥y >0 ¥y <0 ¥y <0 ¥y >0
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (o0, —2), (2, )

Decreasing on: (-2, 0), (0, 2)
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13. f(x) =sinx -1,

14.

15.

0<x<2x

S'(x) = cos x
. 7 37w
Critical numbers: x = —, —
2 2
. T 3 3z
Testintervals: | 0 < x < — | = <x<— | —<x <27
2 2 2
Signof f'(x): | /"> 0 f <0 f>0
Conclusion: Increasing Decreasing Increasing
; 7\ (37
Increasing on: | 0, — |, | —, 27
2 2
. 3
Decreasing on: (E, —”j
22
h(x) = cos =, 0<x<27
1
H(x) = —=sin =
(%) =~ sin 3
Critical numbers: none
Testinterval: | 0 < x < 27
Sign of A'(x): | A <0
Conclusion: Decreasing
Decreasingon 0 < x < 27
y=x-2cosx, 0<x <27
y' =1+ 2sinx
1
/' = 0:sinx = ——
4 2
Critical numbers: x = 7—”, 1—16”—
Testintervals: | 0 < x < Iz | Iz < Hz | 1= < x <2z
6 6 6
Sign of y": ¥y >0 y'<0 ¥y >0
Conclusion: Increasing Decreasing Increasing

Increasing on: [0,

7_”] [E, 2
6 6

Tr 1z

Decreasing on: (— T]

>

6

)
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18.

Section 3.3 Increasing and Decreasing Functions and the First Derivative Test

229

16. f(x) = cos® x — cos x, 0<x<2rw
S'(x) = 2 cos xsin x + sin x = sin x(1 — 2 cos x)
sinx=0=>x=nx
1—2cosx:0:>cosx=l:>x:£,5—7[
2 373
i i Sm
Critical numbers: x = —, 7, —
3 3
. V3 Vs Sm Sm
Test intervals: 0<x<— —<x<7 T <x < — — <x <2z
3 3 3 3
Sign of f'(x): <0 f >0 <0 f>0
Conclusion: Decreasing Increasing Decreasing Increasing
. i j (57: )
Increasingon: | —, 7 |,| —, 27
3 3
. ( 7[) S
Decreasing on: |0, — |, | 7, —
3 3
(@ f(x)=x—4x
fixy=2x-4
Critical number: x = 2
b
® Test intervals: -0 < x <2 2<x<®
Sign of /" f<0 f'>0
Conclusion: Decreasing Increasing
Decreasing on: (—, 2)
Increasing on: (2, o)
(¢) Relative minimum: (2, -4)
(@ f(x)=x"+6x+10
fi(x)=2x+6
Critical number: x = —3
(®) . _
Test intervals: | —o0 < x < =3 B <x<ow
Sign of /" f<0 >0
Conclusion: Decreasing Increasing

Decreasing on: (—oo, —3)
Increasing on: (=3, )

(c¢) Relative minimum: (-3, 1)
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19. (@) f(x) = 23" + 4x +3
fix)=—4x+4=0

Critical number: x =1

b

®) Test intervals: —o0 < x <1 l<x<w
Sign of f'(x): >0 <0
Conclusion: Increasing Decreasing

Increasing on: (—o, 1)
Decreasing on: (1, o)

(c) Relative maximum: (1, 5)

20. () f(x) = ~(x* + 8x + 12)
f(x)=-2x-8=0

Critical number: x = —4
® Testintervals: | —0o < x < -4 | -4 <x <
Signof f'(x): | f" >0 f <0
Conclusion: Increasing Decreasing

Increasing on: (oo, —4)
Decreasing on: (~4, «)

(¢) Relative maximum: (-4, 4)

21. (@) f(x) = 2x° +3x* —12x
Si(x) = 65> +6x-12 = 6(x +2)(x-1) =0

Critical numbers: x = -2,1
® Testintervals: | —o < x <2 | -2<x <l | I<x<w
Signof f(x): | />0 f<0 f'>0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —2), (1, @)
Decreasing on: (2, 1)
(c) Relative maximum: (-2, 20)

Relative minimum: (1, -7)
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22. (a) f(x) =x —6x* +15

f(x) = 3x* - 12x

Critical numbers: x

= 3x(x — 4)
= 0,4

231

(b)

Test intervals:

-0 < x <0

0<x<4 4 <x <

Sign of f'(x):

>0

ff<0 f'>0

Conclusion:

Increasing Decreasing | Increasing

Increasing on: (—, 0), (4, %)
Decreasing on: (0, 4)
(c) Relative maximum: (0,15)

Relative minimum: (4, -17)

23. () f(x)=(x -1 (x+3) =2 +2% —5x+3
F(x) =32 +2x - 5 = (x - 1)(3x + 5)

Critical numbers: x = 1, —%

®)

5
[ee}
<x < 3

f >0

Increasing

l<x <o
/>0

Increasing

Test intervals: -5/3 <x <1

Sign of 7" <0

Conclusion: Decreasing

Increasing on: (—oo, —%) and (1, oo)

Y

(c) Relative maximum: (—%, %)

Decreasing on: (—%,

Relative minimum: (1, 0)

24. () f(x) = (x +2)(x - 1)
f(x) =3x(x + 2)

Critical numbers: x = -2, 0

(b)

0<x<w
f'>0

Increasing

-0 < x < 2 2 <x<0

f>0

Increasing

Test intervals:
Sign of f*(x):

Conclusion:

f<0

Decreasing

Increasing on: (~oo, —2), (0, «)
Decreasing on: (-2, 0)
(c) Relative maximum: (-2, 0)

Relative minimum: (0, —4)
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x> — 5x
25. @) f(x) = :
F@) =2 -1
Critical numbers: x = —1,1
(®) .
Testintervals: | —o < x < -1 -1<x <1 l<x<w
Signof f(x): | />0 ff<o0 f>0
Conclusion: Increasing Decreasing Increasing
Increasing on: (-0, —1), (1, )
Decreasing on: (~1, 1)
. . 4
(¢) Relative maximum: | -1, 3
. - 4
Relative minimum: |1, 3
26. (@) f(x)=x*-32x+4 28. (a) f(x)=x"P -4
fi(x) = 4x* =32 = 4(,\‘3 - 8) fi(x) = %x—lh = 321/3
X
Critical number: x = 2 Critical b 0
ritical number: x =
® Test intervals: | =0 < ¥ < 2 X< ® Testintervals: | —o < x <0 | 0 <x <
Sign of f'(x): "< 0 >0
gnof fx) | / 4 Signof f'(x) | £ <0 >0
Conclusion: Decreasing Increasing Conclusion: Decreasing Increasing
Increasing on: (2, o) Increasing on: (0, )
Decreasing on: (-0, 2) Decreasing on: (~c0, )
(¢) Relative minimum: (2, —44) ) = .
(c) Relative minimum: (0, —4)
27. (&) f(x) = s +1
) 1 | 29. (@) f(x) = (x+2)7
/x - 223 —
f( ) 3 3X2/3 f'(x) _ %(X T 2)—1/3 _ ____2___
Critical number: x = 0 3(x * 2)
) Critical number: x = -2
Test intervals; —o < x <0 0<x <o )
Sign of f’(x): 750 50 Testintervals: | —o < x < -2 | 2 <x < ®
. Sign of 1" "< 0 "> 0
Conclusion: Increasing Increasing tgn of f S < s>
Conclusion: Decreasing Increasing

Increasing on: (—oo, )

(¢) No relative extrema

Decreasing on: (-, —2)

Increasing on: (-2, )

(c) Relative minimum: (-2, 0)
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30. (@ f(x) = (x-3)"

(®)

(b

, 1 —2/3 1
f(x)=§(x—3) :W
Critical number: x = 3
Test intervals: | —oo < x < 3 3<x <o
Sign of f": f>0 >0
Conclusion: Increasing Increasing
Increasing on: (—oo, )
(c) No relative extrema
3. @) f(x)=5—-|x -5
, x—35 , x<5
f(x):_irs]:{—l, x> 5
Critical number: x = 5
Testintervals: | —o < x <5 | 5<x <o
Signof f'(x): | />0 f <0
Conclusion: Increasing Decreasing

Increasing on: (-0, 5)

Decreasing on: (5, o)

(¢) Relative maximum: (5, 5)

33. (a)

®

32. (@) f(x) =|x+3|-1

233

, x+3 , x>-3
4% :]m:{—l, x < -3
Critical number: x = —3
® Testintervals: | —0o < x < -3 | -3 <x < o©
Signof f'(x): | /' <0 f >0
Conclusion: Decreasing Increasing

Increasing on: (-3, «)

Decreasing on: (—w, —3)

(c) Relative minimum: (-3, ~1)

1
x) =2x +—
S0 =24
1 2x* -1
x) = 2 — — =
F=2-4 =2
Critical numbers: x = i—\é——z—
Discontinuity: x = 0
Test intervals: —oo<x<—£ —i—z—<x<0 0<x<£ Iz—<x<oo
2 2 2
Sign of f": />0 f'<0 fl<0 >0
Conclusion: Increasing Decreasing Decreasing Increasing
. V2 V2
Increasing on: | —oo, 5 and > 0

Decreasing on: [

-0
2

)

(¢) Relative maximum: [—:/22, —2\/5]

Relative minimum: (@, 2\/5]

and (0, ﬁ}

2
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34. (a) f(x) = xi ;
(x+3)~x_ 3

S) = r+3) (et

No critical numbers

Discontinuity: x = -3
® Testintervals: | —c0o < x < -3 | -3 <x <
Sign of 1" f1>0 >0
Conclusion: Increasing Increasing
Increasing on: (—oo, —3) and (-3, «0)
(c) No relative extrema
2
35. () f(x) = SR
) (xz - 9)(2x) - (xz)(2x) ~18x
fx) = 2 = 2
of (9
Critical number: x = 0
Discontinuities: x = -3, 3
® Testintervals: | —o <x < -3 | 3<x<0 | 0<x<3 | 3<x<»
Signof f(x): | />0 f >0 f <0 <0
Conclusion: Increasing Increasing Decreasing | Decreasing

Increasing on: (-0, -3}, (-3, 0)
Decreasing on: (0, 3), (3, «)

(¢) Relative maximum: (0, 0)

36. () f(x) = = 4

x
f’(x) _ x - (x + 4)(2x) B ~x% — 8 _ ~(x + 8)
B x* - x* X
Critical number: x = -8
Discontinuity: x = 0
®) Testintervals: | —o <x< -8 | 8<x<0 | 0<x<w
Sign of 1" <0 >0 fl<0
Conclusion: Decreasing Increasing Decreasing

Increasing on: (-8, 0)

Decreasing on: (—»,-8) and (0, )

(¢) Relative minimum: (—8, —%)
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X2 —2x+1

37. (@ f(x)=

x+1
) - (x +(2x -2) - (x; S22+ 1)1) 42 -3 (o 3)x - 1)
(x+1) (x+1) (x+1)
Critical numbers: x = -3,1
Discontinuity: x = —1
® Testintervals: | —o <x < -3 | 3 <x<-1 | ~l<x<l | I<x<eo

Signof f(x): | f' >0 fl<0 <0 f>0
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (—oo, =3), (1, ©)
Decreasing on: (-3, -1), (-11)
(c) Relative maximum: (—3, —8)

Relative minimum: (1, 0)

2 — —
38. (a) f(x) = 173_-"2—4

(x-2)2x-3)- (3" ~3x - 4)1) ¥ —4x + 10

fl(x) = =
( ) (x _ 2)2 (X _ 2)2
Discontinuity: x = 2
b
® Test intervals: —0 < X <2 2<x<w
Sign of f'(x): >0 />0
Conclusion: Increasing Increasing
Increasing on: (—, 2}, (2, )
(¢) No relative extrema
9. () /(%) 4-x x<0
. x) =
—2x, x>0
—2x, x<0
X =
f( ) {—2, x>0
Critical number: x = 0
® . . -
Test intervals: —o<x <0 0<x<ow
Sign of " f >0 fl<0
Conclusion: Increasing Decreasing

Increasing on: (-, 0)
Decreasing on: (0, «)

(c) No relative extrema. (Note: (O, 4) is an absolute maximum)
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2x+1, x< -1
¥ -2, x> -1

40. (2) f(x) = {

2, x< -1
T (v) B {2,\‘, x> -1

Critical numbers: x = -1, 0

(b)

Test intervals:

-0 < x < —1

-1<x<0

0<x<ow

Sign of 1"

>0

<0

>0

Conclusion:

Increasing

Decreasing

Increasing

Increasing on: (~e0,-1)  and (0, )
Decreasing on: (-1, 0)

(c) Relative maximum: (-1, -1)
Relative minimum: (0, ~2)

Ix+1, x<1

5-x%, x>1

41 () f(x) = {

3, x <1

f’(x) - {—Zx, x> 1

Critical number: x =

!
—_

(b)

Test intervals:

—o < x <1

l<x<w

Sign of 1™

/>0

f'<0

Conclusion:

Increasing

Decreasing

Increasing on: (-0, 1)
Decreasing on: (1, «)

(c) Relative maximum: (1, 4)
—x* +1, x<0

42. (a) f (\) = s
X" +2x, x>0
-3x?, x<0

N

Critical numbers: x = 0, 1

—2x+2, x>0

®)

Test intervals:

-0 < x <0

0<x<l

l<x<w

Sign of 1"

<0

f>0

f<0

Conclusion:

Decreasing

Increasing

Decreasing

Increasing on: (0,1)
Decreasing on: (—0,0) and (1, %)
(c) Relative maximum: (1,1)

Note: (0, 1) is not a relative minimum
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$3.@ f(x)=

X
E+cosx,0<x<27r

f(x) = l—sinx =0
2
. 7T S
Critical numbers: x = —, —
6 6
. 7 T /4 S5m
Test intervals: 0<x<— —<Xx < — —<x<2z
6 6 6 6
Signof f'(x): | f'>0 <0 >0
Conclusion: Increasing Decreasing Increasing
. 7T\ (5%
Increasing on: | 0, — |, | —, 27
6 6
Decreasing on: (ﬁ’ 5
6 6
(b) Relative maximum: E,—7{+—6—\@
6 12
. - 5z 57— 63
Relative minimum: | —, ————
6 12
©
-

ogzﬂ

0

44. (2) f(x) =sinxcosx +5 = 5

lsin2x+5,0<x<27r

237

f'(x) = cos2x
Critical numbers: E, 3—7[, 5—7[, iz
4 4 4 4
. T V4 3z 3z Sm S5t Tz Tx
Test intervals: | 0 < x < — —<x<— x> | —<x<— — <x <2z
4 4 4 4 4 4
Sign of 1" f >0 fl<o >0 /<0 f>0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing
Increasing on: | 0, z k 3—”, 37 , 7—”, 27
4 4 4 4
. 7 3z (5% Im
Decreasingon: {—, — |, | — ——
4 4 4° 4
() F

(b) Relative maxima: (ﬁ, E), 5—7[, H]
4 2 4

2
Relative minima: (3—”, 9—), (%, %j

j2n
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45. (@) f(x) =sinx+cosx, 0<x<2r

f(x) = cosx ~sinx =0 = sinx = cos x

Critical numbers: x = z, R
4" 4
Test intervals: 0<x<Z Z < X < R Sz < x <27
4 4 4 4
Sign of f'(x): S >0 ff<0 ff>0
Conclusion: Increasing Decreasing Increasing
. 7\ [ 5x
Increasing on: {0, — || —, 27
4 4
Decreasing on: z, 5z
4" 4
(b) Relative maximum: (—;5, \/Ej
. .. Sx
Relative minimum;: VR -2
(¢) 3
o *‘—“t——'—'——*@- N - 5 o
-3
46. (a) f(x) = x + 2sinx, 0<x< 27
S(x) =1+2cosx =0 = cosx = ~%
Critical numbers: 2—”, ﬂ
3°3
2 2 4
Test intervals: 0<x<Z —7[<x<—7r 4—7r<x<27r
3 3 3 3
Signof f'(x): | />0 f<0 >0
Conclusion: Increasing Decreasing Increasing
Increasing on: | 0, 2z A 4—”, 27[)
3 3
. 27 4%)
Decreasing on: | =—, —
3°3

(b) Relative maximum:
Relative minimum: (%ﬁ, %75 - \/5) ~ (4—”, 2.457)

(© 1
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47. (@) f(x) = cos?(2x), 0<x<2rm
f’(x) = —4cos2xsin2x = 0 = cos2x = Oorsin2x = 0

.. 7 37 5Sx Tn «w 3z
Critical numbers: x = —, —, —, —, —, 7, ——
447 4 42 2

, b4 V3 Vs 3 kY4
Test intervals: 0<x<— —<x <= — <X < — —<x<z
4 4 2 2 4 4
Sign of f'(x): fl<o0 >0 <0 >0
Conclusion: Decreasing Increasing Decreasing Increasing
. T Sm 3z £y Ik s
Testintervals: | £ <x <=2 | == <x <= | &=<x<— | —<x<27m
4 4 2 2 4 4
Signof f'(x): | f' <0 >0 f'<0 f>0
Conclusion: Decreasing Increasing Decreasing Increasing
. 7 7\ (3% 5z T
Increasingon: | —, — | — 7 —, 27
42 4 424
. ( ) (;r 371') ( ] (37[ 7;:]
Decreasing on: LT, —_—
24
T
(b) Relative maxima: (E, 1), ( )
. .. T r
Relative minima:; | —, 0|, 0 | —,0
4 4
©
| IVAVAVAVIN
-1
48. (a) f(x) = 3 sinx + cos x
f(x) = J3cosx —sinx = 0= tanx = /3
Critical numbers: x = -75,4—”
373
Test intervals: 0<x<Z £<x<f‘—z fl—'ﬁ<x<27r
3 3 3 3
Signof f'(x): | />0 f<0 f >0
Conclusion: Increasing Decreasing Increasing

Increasing on: | 0, —) i’—[— 2 )
3 3

Decreasing on: (Z[—, iz
373
(b) Relative maximum: [%, 2)

Relative minimum: (477[, —2)

© ¢

-3
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49. (a) f(x) =sin®x+sinx, 0<x <27

f(x) = 2sin x cos x + cos x = cos x(2sinx + 1) = 0

Critical numbers: x = E, 7—, 3—”, 11—”
26 26
. V.4 V.4 Tz T 3z Iz 11z 11z
Testintervals: | 0 <x < — | = <x<— | Z<cx<= | Zcx<ZL | ZZcx<on
2 2 6 6 2 2 6 6
Signof f'(x): | /' >0 ff<0 f>0 <0 />0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing
Increasing on: | 0, r N 7—”, 3—” N Ez, 2z
2 6 2 6
. 7 T {3z 1lx
Decreasing on: | —, — |, | —, ——
26 26
(b) Relative minima: 7—”, ~l A &[—, —l
6 4 6 4
. . T 3z
Relative maxima: | —, 2 |,| =, 0
2 2
©
0 \ 27
-1
50. (a) f(x) = ——0<x <27
1+ cos” x
cos x{2 + sin’x
f(x) = ( 2 ) =0
(1 + coszx)
.. T 37
Critical numbers: x = =, —
22
. V4 s 3z kY3
Test intervals: O<x< = | S <x<= | Z<x<2rx
2 2 2 2
Signof f'(x): | >0 fl<0 >0
Conclusion: Increasing Decreasing Increasing
. 7\ (3n
Increasing on: | 0, —|,| —, 27
2 2

. w 3x
Decreasing on: | —, —
22

(b) Relative maximum: (g, 1)

Relative minimum: [3—2-, —1)

(c) 2

-2
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51 f(x) = 2xv/9 —- x*,[-3,3]
2(9 - 2x?)

9 — x?

@ f(x) =

(b) A

s
t
-~

~
N
o
t
P

.,ﬁ

k______-
R
S

=

m"’ﬂm
i
~
e

e

-

Lo
S o
+pt—t

2(9 — 2x2
9 —x

32
2

3
Critical numbers: x = *—= = &
V2

(d) Intervals:

) )

5

2 2 2 2
fi(x) <0 f(x)>0 fl(x)y<0
Decreasing  Increasing Decreasing

fis increasing when /" is positive and decreasing
when f'1is negative.

52. f(x) = 10(5 = V¥ = 3x + 16 [0, 5]

5(2x - 3)

A T

®

5(2x - 3)

© ~\/x2 —3x+16

=0

Critical number: x = %
(d) Intervals:

S

2 2

flx) >0 fx)<0
Increasing Decreasing

fis increasing when /' is positive and decreasing
when f”is negative.

53. f(f) = sin 1,0, 27]
() f(t) = fPcost + 2tsint = f(t cost + 2sint)

b

40+

30+ f
20

0T

\W
i ¥

(c) #{tcost +2sint) =0

t =0ort =-"2tant
tcott = -2
¢ ~ 2.2889,5.0870 (graphing utility)
Critical numbers: r = 2.2889, 5.0870
(d) Intervals:

(o, 2.2889) (2.2889, 5.0870) (5.0870, 27)
>0 f)<o fe)y>0
Increasing Decreasing Increasing

fis increasing when f” is positive and decreasing
when f'is negative.

1 1. x
(©) E—Esm§~0
sinle
2
x
2 2
Critical number: x =

(d) Intervals:
(0, ) (7, 4x)
fi(x)y>0 f(x)>0
Increasing Increasing

fis increasing when f” is positive.
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55. (a) f(x) = -3sin %’ [0, 67]

(¢) Critical numbers: x = EZZ’ o

2
(d) Intervals:

031) (3 9m) (9 o,

2 22 2
fl<o f>0 <0
Decreasing Increasing Decreasing

S is increasing when £ is positive and decreasing when £ is negative.

56. (a) f(x) = 2sin3x + 4cos3yx,[0, 7]
f'(x) = 6 cos3x — 12sin 3x

(¢) f'(x) =0= tan3x =

N | —

Critical numbers: x =~ 0.

o

545,1.2017, 2.2489

(d) Intervals:
(0,0.1545) (0.1545, 1.2017) (1.2017, 2.2489) (2.2489, )
f>0 fl<o f >0 fl<0
Increasing Decreasing Increasing Decreasing

fis increasing when f" is positive and decreasing when f” is negative.

2 — 4% + 3x _ (xz - 1)(x3 - 3x)

57. f(x) = . = E— =x* - 3x,x # %l 5"
f(x) = g(x) = ¥ = 3xforall x # *I. 3
-5L2)
S(x) =32 =3=3("-1)x#+]1 = f(x) % 0 N A
—~4-3 f-1 1/2 3 45
fsymmetric about origin 21%-
zeros of f: (0, 0), (i-\/g, 0) T

g(x)is continuous on (-0, w)and f(x) has holes at (-1, 2) and (1, -2).
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58. f(f) = cos’t —sin’f = 1 - 2 sin?¢

f'(t) = -4sintcost = —2sin 2¢
f symmetric with respect to y-axis
zeros of f: +Z

4
Relative maximum: (0, 1)

Relative minimum: (—z, —1), [
2 2

¥

24

AW/\WAS
r \/_‘u\/n

—2d

The graphs of f(x) and g(x) are the same.

59. f(x) = cis constant = f'(x) = 0.

.....

6

/2
—, =

= g(t)

)

63. fhas positive, but decreasing slope

|
EX
M
—+——t—

-2

65. (a) fincreasing on (2, o) because f' > Oon (2, ®)
fdecreasing on (-, 2) because f* < 0on (—, 2)
(b) fhas a relative minimum at x = 2.
66. (2) fincreasing on (o, 0)and (1, o) because
f>0
fdecreasing on (0, 1) because f' < 0

(b) fhas a relative maximum at x = 0, and a relative
minimum at x = 1.

67. (a) fincreasing on (—oo, —1) and (0, 1) because

f'>0
fdecreasing on (-1, 0) and (1, «0) because
/<0
(b) fhas a relative maximum at x = —~land x = 1.

fhas a relative minimum at x = 0.

68. (2) fis increasing on (1, 0) and (0, «) because
/>0
fis decreasing on (—oo, —1) because f' < 0.

(b) fhas a relative minimum at x = -1.

69. (a) f'=0atx=-112
Critical numbers: x = -1,1,2
(b) x = 1is arelative maximum because f' changes
from positive to negative.

x = 2 is a relative minimum because f” changes

from negative to positive. x = —1is not a relative
extremum,
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70. (a) f' = 0at x = -3,1and>5.
Critical numbers: x = ~3,1,5

(b) x = —3is arelative minimum because f’ changes
from negative to positive.

x = 5is arelative maximum because f’ changes
from positive to negative.

x = lisnot a relative extremum.
In Exercises 71-76, f'(x) > 0 on (—o0, —4), f'(x) < 0 on
(-4,6) and f'(x) > 0 on (6, ).
71, g(x) = f(x)+5
gx) = /()
g'(0) = 1'(0) <0
72. g(x) = 3f(x) -3
£() = 37()
g'(-5) =3f(-5) >0

73. g(x) = —f(x)

74. g(x) = —f(x)

; ¢
£'(0) = —f’(O) >0
75. g x) = f(x - 10)

76. g(x) = f(x = 10)

> 0, x < 4 = fis increasing on (—co, 4).
77. f'(x)jundefined, x =4
<0, x > 4 = fis decreasing on (4 ).

Two possibilities for f(x)are given below.
(@ 1
Al

44

24

1
1
)
)
'
[
'
24 i
l
1
i
'
'
)

®

78. Critical number; x = 5
f(4) = -2.5 = fis decreasing at x = 4.

f'(6) =3 = fisincreasingat x = 6.
(5.£(5)) is a relative minimum.
In Exercises 79 and 80, answers will vary.

Sample answers:

79. (a) ¥

(b) The critical numbers are in intervals
(=0.50, —0.25) and (0.25, 0.50) because the sign of

/' changes in these intervals.
fis decreasing on approximately
(~1,—0.40), (0.48, 1), and increasing on

(=040, 0.48),
(c) Relative minimum when x ~ —0.40: (~0.40, 0.75)

Relative maximum when x ~ 0.48: (0.48,1.25)
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80. (a) y

NN
\Y

<

(b) The critical numbers are in the intervals [0, %}, [%, %j, and (377[, S—g—j because the sign of f' changes in these intervals.
fis increasing on approximately (0, %j and (377[, 6%) and decreasing on (g, —3;”—] and (67”, ﬂj,

w

7
7)
£67r

Relative maxima when x ~ T

(¢) Relative minima when x =~ V4

81. s(f) = 4.9(sin 6)*
(a) s'(f) = 4.9(sin 6)(2r) = 9.8(sin O)¢
speed = ls'(f)‘ = |9.8(sin H)tl

(b)
0 ol Z r
4 3

oy
|
\

|9()] | 0| 49v2r | 493t | 98¢ | 49330 | 49v21 |0

The speed is maximum for 8 = %

3t

82. C = —3,1‘ Z O
27 + ¢t
@ Toloes [1 15 |2 25 |3
C@® | 0| 0.055] 0107 | 0.148 | 0.171 | 0.176 | 0.167
The concentration seems greatest near ¢ = 2.5 hours.
(b) 0.25
0 N ois veavearra. 3
Q
The concentration is greatest when ¢ =~ 2.38 hours.
27 + £)(3) — (31)(37
o o 0 - 66)
(27 + #)
3(27 - 27%)
(27 + 7Y

C' = 0Owhent = 3/3/5 ~ 2.38 hours.

By the First Derivative Test, this is a maximum.
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83. f(x)=xg(x)=sinx,0<x<nx
(a)

x 0.5 1 1.5 2 2.5 3

fx) | 05 1 1.5 2 2.5 3

g(x) | 0.479 | 0.841 | 0.997 { 0.909 | 0.598 | 0.141

S{x) seems greater than g(x)on (0, 7).
®)

-2
x > sin x on (0, 7) so, f(x) > g(x).
() Let h(x) = f(x) - g(x) = x —sinx
H(x) =1-cosx > 0on (0, )
Therefore, h(x)is increasing on (0, ). Because h(0) = Oand #'(x) > 0 on (0, 7),
h(x) > 0
X ~sinx >0

x > sin x

f(x) > g(x)on (0, z)

84. f(x) = x,g(x) = tan x

(@
x 1025 |05 075 | 1.0 125 |15
fx) 1025 |05 075 | 1.0 125 | L5
g(x) | 02553 | 0.5463 | 0.9316 | 1.5574 | 3.0096 | 14.1014

g(x) seems greater than f(x) on (0, %)
5
(®) &f

ST

z

0

tan x > x on [O, gj so, g(x) > f(x)
(c) Let h(x) = f(x) - g(x) = tan x — x

H(x) = sec’x —1 > Oon (0, —725)

Because /(0) = 0and /(x) > 0 on (0, %J,

h(x)>0
tanx —x > 0

tan x > x

¢(x) > f(x)on [o, gj
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85. v = k(R - r)r* = k(Rr* - 1)
v = k(2Rr - 37?)
= k(2R - 3r) = 0
r=0or %R

Maximum when r = 2R,

86. P = &22, vand R, are constant
(R + Ry)
dp (R + R,y (vR) — vRR,[2(R, + R,)(1)]
dR, (R + Ry)'
_RR-R) g g g
(R + R,)

Maximum when R, = R,.

87. R = ~J0.001T* — 4T + 100
3 —
@ K = 0.004T° — 4 o
2/0.0017% — 4T + 100

Critical number: 7 = 10°

Minimum resistance: R = 8.3666 ohms

(b) 125 /

/

-100 100

-25

The minimum resistance is approximately
R ~ 837 ohmsat T = 10°.

88. (a) M = 0.03723t* — 1.9931 + 37.9861>
— 282.74¢ + 825.7

(®) 400
1 e
o

0

(c) Using a graphing utility, the minimum is (6.5, 111.9)
which compares well with the minimum (7, 115.6).

89. (a) s(f) = 61 — 2,1 > 0
v(t) = 6 — 2t
(b) v(t) = Owhen 7 = 3.

Moving in positive direction for 0 < ¢ < 3 because

v(r)>00110£t<3.

92. (a) (7

(¢) Moving in negative direction when ¢ > 3.

(d) The particle changes direction at ¢ = 3.

90. (a) s(f) =1 -7t +10,t 20

v(r) =2t -7

(b) v() = Owhen ¢ = 1

Particle moving in positive direction for
P> T because V(t) > O on (2, )

(¢) Particle moving in negative direction on [O, %)

(d) The particle changes direction at ¢ = %

91. (a) s(t) =7 -5 + 4,120

vty = 3> — 101 + 4

+ —
®) () = 0for 1 = 10 _\/1600 48 5 i;/ﬁ

Particle is moving in a positive direction on

{o, 5—_3—@] ~ [0, 0.4648) and

[5+\/1§

3

these intervals.

, oo] ~ (2.8685, o) because v > 0 on

(c) Particle is moving in a negative direction on

(5—\/3 5+ /13
3

3

] ~ (0.4648, 2.8685)

5+4/13

(d) The particle changes direction at ¢ = 3

- 207* + 128t — 280
— 40¢ + 128

3¢
(3t - 16)(r - 8)
0

il

() Wt
w(t

) =
w(t) > 0 for [O 16) and (8, )
)

) =
v(7)
)
when ¢ = —39 8

(© ¥t) < 0for (‘6 8)

(d) The particle changes direction at ¢ = % and 8.

93. Answers will vary.

94. Answers will vary.
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95. (a) Use a cubic polynomial

f(x) = @xX’ + ax* + ayx + ay

(d) f(x) = 3ax* + 2ax + a,

7(0) = 0 ay(0)" + a,(0)* + &,(0) + @y = 0 = a = 0
7(0) = o 3a3(0) +2a,(0) + a; = a =0
f(2) =2 a3(2) + az( ) + a,(2) +ay = 8ay + 4a, = 2
f(2) =0 3a5(2 ) +2a,(2) + a; = 12a; + 4a, = 0
(¢) Thesolutionis a; = a, = 0,a, = %, a3 = —=: (d) 4
(2,2}
fx) = -1 + %xz.
oo \
—4
96. (a) Use a cubic polynomial
f(v) = 3a;x° + ax® + ax + ay
(®) f(x) = 3a3x” + 2apx + a
f(O) = 0 413(0)3 + 02(0)2 + al(O) +a=0> ay =0
£(0) = o: 3a5(0)° + 2a,(0) + a; = 0 = a =0
f(4) = 1000: 613(4)3 + a2(4)2 + a1(4) + ay, = 1000 = 64a; + 16a, = 100
f1(# = o 3ay(4)" + 2a,(4) + @, = 0 =  48ay + 8a, = 0
(¢) The solutionis ay = @ = 0,a, = 3,4, = -12 (@) 1200

f(x) =

125 o+ 375 2

97. (a) Use a fourth degree polynomial

S(x) = ax* + a5x® + ax + ax + ap.

() F(x) = 4a,x + 3a;x* + 2a,x + a
f(O) =0 a4(0) + a3(0) + az( ) + al(O
7(0) = o: 4a,(0) + 3a5(0)” + 2a,(0
f(4)=0: a4 ) + a3(4) + a2(4) a(4) + a
4 = o 4ay(4) + 3a;(4) + 2a,(4
/@) =4 a@) +a) + a2
1) = o 4a,(2) + 3a5(2)" + 2a,(2
(c) Thesolutionis ay = ¢y = 0,4, = 4, a3 = -2,
f(v) =1yt _2x% 4 4x?
(d) J o
2o @ |

=0=
=0
=0=
=4 =

=0=

AA

1000)

©.0

1

~400

Ay

ay

256a, + 64a; + 16a,
256a, + 48a; + 8a,
16a, + 8a; + 4a,

32a, + 12a5 + 4a,

i
S O O o ©
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98. (a) Use a fourth degree polynomial

f(x) = ax* + ax® + ax® + ax + ap.

(b) f(x) = 4ax + 3ax* + 20,5 + @

249

) =2 a®' + o) + o) +a) +a =2 aytataytatay =2
f()=0: 4:14(1)3 + 3513(1)2 +2a()+a =0= 4a, + 3a; + 2a, + a; = 0
S = 4 a1+ a(-1) + () +a-1)+a =4 = ay—ay tay —ay+a =4
£1(-1) = o: 4ay(-1) + 3a5(-1)" + 2a,(-1) + @, = 0 = —4a, + 3a; — 2a, + a; = 0
13) = 4 a3) + @B + @) + a3) + a =4 = 8la, + 27ay + 9a, + a, + a, = 4
7)) =0 4a4(3»)3 + 3a3(3)2 +2a,(3) + a4y =0 = 108a, + 27ay + 6a, + a, = 0

(¢) The solution is g =—28§, a :~%, a, “%’ as —%, ay :—%
No 1413 12 3., 23
f(x) = g+ axt g - sy o+ £

CY S

(3,4

WAAN

I \

99, True. 104. Assume that f"(x) < 0 for all x in the interval (a, b) and
Let h(x) = f(x) + g(x) where fand g are increasing. let x, < x, be any two points in the interval. By the
Then h’(x) - f’(x) + g'(x) > 0 because Mean Value Theorem, you know there exists a number ¢

such that x; < ¢ < x,,and
Sf(x) > 0and g'(x) > 0.
f’(C) — f('xz) — f(xl)
100. False. X — X
Let h(x) = f(x)g(x) where f(x) = g(x) = x Then Because f'(c) < Oand x, ~ x; > 0,then
h(x) = x*is decreasing on (—, 0). f(x3) = f(x) < 0, which implies that
f(x2) < f(x).So, fis decreasing on the interval.
101. False.
Let f(x) = x*,then f'(x) = 3x2 and fonly has one 105. Suppose f(x) changes from positive to negative at c.
critical number. Or, let f(x) = x* + 3x + 1, then Then there exists a and b in J such that f*(x) > 0 for all
f(x) = 3(x2 + 1) has no critical numbers. xin(a, c)and f(x) < O forallx in (c, b). By Theorem
3.5, fis increasing on (g, ¢) and decreasing on (c, b).
102. True. Therefore, f(c)is a maximum of f'on (a, b) and so, a
If £ (x) is an nth-degree polynomial, then the degree of relative maximum of f.
! (x) is n—1. 106. Let x;and x, be two real numbers, x; < x,. Then
S X X, ). Sofisi i
103. False. For example, f (x) = x° does not have a relative = f(“) h f(vz) 0fis increasing on
extrema at the critical number x = 0. (_OO’ OO)'
107. Let x,and x, be two positive real numbers,

0 < x < x;.Then

1 1

f(a) > f(x)

So, fis decreasing on (0, ).
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108. First observe that

sinx  cosx 1 1
tan x + cot x + secx + cscx = + + +

cosx sinx cosx sinx

sin?x + cos?x + sin x + cos x

sin x cos x

1+s1n\+cos,\(smv+cosx—1
sin x cos x ksm;m—cosx—l

(sin x + cos x) -1

sin x cos x(sin x + cos x — 1)

2 sin x cos x

sin x cos x(sin x + cos x — 1)
2
sinx + cosx ~ 1

Let t = sin x + cos x — 1. The expression inside the absolute value sign is

2

f(r)y =sinx +cosx + ———————
sinx + cosx — 1

2

:(sinx+cosx—l)+1+——,—'
sinx + cosx — 1

:r+1+%

. A . T . T
Because sinf x + Z = §In X COS Z + COS X SIHZ

= ——2£(sin X + ¢os x),
sin X + Cos x € [—\/E,\/EJ and
t=sinx+cosx~1¢e [—1 —\/5,—1 + \/ﬂ

f,(r)ZI_Ez,z_z:(r+\/—)£r i)

2 12

(1+\/—):—1+\/5+1+_ 7 \/—+~—\/_—_I

_4-2(V241)_ 42-2+4-2
2—1k\/§+1] 1 -2+

For t > 0, f is decreasing and f(r) > f(—l + ﬁ) =2+3J2

For t < 0, f is increasing on (—\/5 -1, —\/E), then decreasing on (-\/5, 0). So f(t) < f(—\/a) =1-2v2.

Finally, | /()| 2 2v/2 - 1.
(You can verify this easily with a graphing utility.)

Section 3.4 Concavity and the Second Derivative Test

1. The graph of fis increasing and concave upwards: 3. The graph of fis decreasing and concave downward:
f>01">0 f<0,f"<0

2. The graph of f'is increasing and concave downwards: 4. The graph of fis decreasing and concave upward:
f>07"<0 <0, f">0
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5.

6.

y=xt-x-2
¥y =2x-1
yII:2

Concave upward: (—oo, oo)

y=-x +3x> -2
¥y = -3x% + 6x
y'=-6x + 6

Concave upward: (oo, 1)

Concave downward: (I, »)

9. f(x) = +6x*-9x-1
fi(x)=-3x"+12x -9
f(x) = —6x +12 = —6(x — 2)
Concave upward: (—oo, 2)
Concave downward: (2, «)

10.  f(x) = x° + 5x* — 40x>
f(x) = 5x* + 20x° — 80x
£(x) = 20x° + 60x* — 80

20(x* +3x” - 4)

= 20(x — 1)(x + 2)°

1l

Section 3.4 Concavity and the Second Derivative Test

251

7. g(x) =3x" - x°
g'(x) = 6x — 3x7
g'(x) = 6 - 6x
Concave upward: (-, 1)

Concave downward: (1, o)

8 h(x)=x"-5x+2
K(x)=5x* -5
H'(x) = 20x°
Concave upward: (0, o)

Concave downward: (-, 0)

Test Interval: | —o0 < x < -2 2 <x<l1 l<x<wo
Sign of f": fr<o <0 >0
Conclusion: Concave downward | Concave downward | Concave upward

Concave upward: (1, «0)
Concave downward: (oo, 1)
_ M
X+ 12

—48x
(x +12)

~144(4 - x*)

(x +12)

11. f(x) =

1

1

Concave upward: (—oo0, —2), (2, o)

Concave downward: (-2, 2)

2. f(x) = x2x+1
)= =T
(x2 + l)
) = _2(jx2 _31) _ 21+ \/fx)(l - /3x)
(x + 1) (x + l)

Concave upward: —_3’ .i
33

B

Concave downward: 3
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2
1B /) =% i
'V —4x
i
o = 4(3x* + 1)

e}
Concave upward: (—oo, -1), (1, «)

Concave downward: (-1,1)

14,y = 5(-32" + 405 + 135x)

!

Y = gho(-15x* + 12057 + 135)
y' o= —%x(x - 2)(x +2)
Concave upward: (—ow, -2), (0, 2)

Concave downward: (-2, 0), (2, »)

¥ +4
15. =
g(x) 4 — x2
, 16x
g'(x) = a2
(4 - )
16(3x* + 4 16(3x” + 4)

g"(x)

Concave upward: (-2, 2)

Concave downward: (-, —2), (2, o)

16. h(x) = ;i :1
, _Z(xz—x+1)
h(X)_W

h(x)"(x_l)

Concave upward: [—oo, —3

Concave downward: (—;—, oo)

@4-2) -2+

17.

18.

19.

20.

21.

T T
= 2x —tan x, | ——, —
d (2 2]

¥y =2 — sec’x

y" = =2 sec’x tan x

Concave upward: (—%, O]
4
Concave downward: [0, -2—)

y=x+2ccx, (-7 1)
y' ' =1-—2cscxcotx

y' = —2cse x(—csczx) — 2 cot x(—csc x cot x)
= 2(csc3x + csc x cot? x)
Concave upward: (0, 7)

Concave downward: (-7, 0)

f(x) = —x + 2%°
F(x) = 2% + 6x7
(%) = 6x* +12x = 6x(x + 2)
f"(x) = Owhen x = 0,-2
Concave upward: (—co, ~2), (0, o)
Concave downward: (-2, 0)

Points of inflection: (-2, ~8) and (0, 0)

fx) = —x* + 2457
S(x) = —4x* + 48x

F(x) = 1227 + 48 = 12(4 ~ x?) = 12(2 + x)(2 — )

f'(x)=0 for x=-2,2
Concave upward: (-2, 2)
Concave downward: (oo, ~2), (2, ®)

Points of inflection: (-2, 80), (2, 80)

f(x) = X —6x* +12x

fix) =32 —12x + 12

f"(x) = 6(x =2) = Owhen x = 2.
Concave upward: (2, «)

Concave downward: (—oo, 2)

Point of inflection: (2, 8)
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22, f(x) = 20 — 35 — 12x + 5
f(x) = 6x* —6x - 12
f'(x) =12x - 6
S"(x) =12x — 6 = O when x =

Point of inflection: (%, —%)

Cf(x) = xt -2
fi(x) = x° - 4x
VA (.X) =3xr -4

f'(x) =3x* —4 = Owhen x =

Points of inflection: (i-%«, —Ej
309

1
X

+

-

Section 3.4 Concavity and the Second Derivative Test

Test interval: -0 < x < % % <X <o
Signof f"(x): | f"(x) <0 f(x)y >0
Conclusion: Concave downward | Concave upward

253

Sign of f"(x):

2 2
Test interval: -0 < X < _ﬁ _ﬁ < x < % % < X <o
f(x) >0 f(x) <0 f'(x) >0

Conclusion:

Concave upward

Concave downward

Concave upward

However, (0, 3) is not a point of inflection because f "(x) 2 0 forall x.

24. f(v) =2x* ~8x+3
fi(x) =8x -8
S"(x) = 24x* = O when x = 0.
Concave upward: (oo, )

25. f(x) = x(x - 4y’

{30x -

) =
S(x) =
)

)2] +(x -4y

£1(0) = 4 = 20 = 4] + 4w - 4 = 4x - 4205 - )
I

(x — 4)’(4x - 4)

x) =12(x — 4)(x - 2) = Owhenx = 2,4.

+ (x = 4)] = 4(x - 4)(3x - 6)

Test interval: -0 < x <2 2<x<4 4<x<w
Signof f"(x): | f"(x) >0 f(x) <0 f(x) >0
Conclusion: Concave upward | Concave downward | Concave upward

Points of inflection: (2, ~16), (4, 0)

Concave upward: (~

Concave downward: (%, 2}

Points of inflection: E, _L ,(2,0)
2 16

0, —3) and (2, o)

27. f(x) = x~/x + 3, Domain:[-3, o
7 = x@(x S o g

12(x - 4)(x - 2)

3(x +2)
2N x + 3

6x/x +3 = 3(x + 2)(x + 3) "

/() =
3(

4(x + 3)

4(x + 3)

x + 4)
32

f"(x) > 0 on the entire domain of /(except for

x = =3, for which f"(x)is undefined). There are no

points of infl

ection.

Concave upward: (-3, o)
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Y n: 4
28. f(x) = x~/9 —x Domain:x <9 29. f(x) = ——
f'(x) _ 3(6 - x) g
INCEE f@) ==
00 = 3(x — 12) (= +1)
KT () = 8(3x* - 1)
Concave downward: (-0, 9) (xz + l)3
No point of inflection F(x) = Oforx = + ﬁ

W

3
c , V3Y (V3
oncave upward: | —oo, 5 ) —3—-,00

3\/5]

Concave downward: [—T, T

NE

Points of inflection: [—l/—;—, 3} and [T’ 3]

x+1 .
30. = , Domain: x > 0
f(x) N omain: x
woy _ x—1
) = P
_3-x

f”(x) — _2;6_57_2_

Point of inflection: (3, —i-j =13, fl/—g—
3 3

Test intervals: 0<x<3 3<x<w
Signof f"(x): | f" >0 <0
Conclusion: Concave upward | Concave downward

f"(x) = 0 when x = 0,27, 4r.

Point of inflection: (27, 0)

Test interval: 0<x<2rm 2r < x < 4rx

Signof f"(x): | f" <0 f'>0

Concave downward | Concave upward

Conclusion:
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32. flx) = 2csc37x,0 < x <27

f(x) = 3esc 37)6 cot 3%

f(x) = —Z—(csc3 37x + csc 37)‘ cotz%{] # 0 for any x in the domain of /.

Concave upward: (O, 2%[], (47”, 27rj

Concave downward: (—, ?j

No point of inflection

3. f(x) = sec(x - %j, 0<x<dr

/) = sec[x - gj tan(x _ g)

f(x) = sec{x - —;Ej + sec(x - %) tanz(x - —725] # 0 for any x in the domain of .

Concave upward: (0, ), (27, 37)
Concave downward: (r, 2r), (37, 47)
No point of inflection

34. f(x) =sinx +cosx,0<x <27
S'(x) = cos x — sin x

S"(x) = sin x — cos x

3n Tx
"(x) = Owhenx = —, —.
/() )
Test interval: 0<x<§—7£ 3—7z<x<~7~£ 7—7[<x<27r
4 4 4
Signof f"(x): | f"(x) <0 f(x)>0 f(x) <0
Conclusion: Concave downward | Concave upward | Concave downward

Points of inflection: [37”, 0], (77”, Oj

35. f(x) =2sinx+sin2x,0<x <27
f'(x) = 2cos x + 2 cos 2x
f(x) = =2sin x — 4sin 2x = -2 sin x(1 + 4 cos x)
f"(x) = 0 when x = 0,1.823, 7, 4.460.
Test interval: 0 <x<1.823 1823 <x <7 | # < x < 4460 4460 < x < 27
Signof f"(x): | f" <0 >0 /<0 f">0
Conclusion: Concave downward | Concave upward | Concave downward | Concave upward

Points of inflection: (1.823,1.452), (7, 0), (4.46, —1.452)
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36.  f(x) = x + 2cos x,[0, 2]

F"(x) = =2 cos x
7 3z
"(x) = 0 when x = =, —.
f ()v when x )
Test intervals: 0<x<Z Teox<Z 3z <x <2
2 2 2 2
Signof f"(x): | /" <0 >0 <0
Conclusion: Concave downward | Concave upward | Concave downward
Points of inflection: (ﬁ, Ej, [3—”, -3—2]
22 272

37, f(x) = (x - 5) 41 f(x) = 2 - 32> +3

f(x) = 2(x - 5) S(x) = 3x% — 6x = 3x(x - 2)

f(x) =2 f"(x) =6x—-6 = 6(x - 1)

Critical number: x = 5 Critical numbers: x = 0, x =

S'(5) >0 f0) =6 <0

Therefore, (S, 0) is a relative minimum, Therefore, (0, 3) is a relative maximum.
B 10 = (x5 £@)=6>0

f(x) = 2(x - 5) Therefore, (2, 1) is a relative minimum.

f”(,\') — _2

3 _ g2
Critical number: x = 5 2. f (Y) = =S+ Ty
15 <o f(x) =3x* =10x +7 = Bx - 7)(x - 1)

Therefore, (5, 0) is a relative maximum. J"(x) = 6x 10

) Critical numbers: x = Z, 1
39. f(x)=6x-x 3
=6 —2x

f(x) 2x f”(lj =450

1) = =2 ’

Critical number: x = 3 Therefore, (g, ;—3) is a relative minimum.

@)y <o S(1) =4 <0

Therefore, (3’ 9) is a relative maximum, Therefore, (1, 3) is a relative maximum.
40. f(x) =x* +3x-38 43. f(x) = x" —4x* + 2

fi(x)=2x+3 fi(x) = 48 — 12x" = 4x*(x - 3)

f(x) =2 £1(x) = 120% = 24x = 12x(x - 2)

Critical number: x = ~% Critical numbers: x = 0, x = 3

f"(— 3 ) >0 However, f"(0) = 0, so you must use the First

g Derivative Test. f'(x) < 0 on the intervals (-, 0) and
N _i _ﬂ . . .«

Therefore, ( 22 4 ) is a relative minfmum. (0,3); s0, (0, 2) is not an extremum. f"(3) > 0so

(3, —25) is a relative minimum.
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44, f(x) = —x* + 4x° + 8x7
f(x) = —4%° + 1257 + 16x = —4x(x — 4)(x + 1)
SU(x) = —12x% + 24x + 16 = —4(3x> — 6x — 4)

Critical numbers: x = —1,0, 4

S(=1) = 20

Therefore (-1, 3)is a relative maximum.
/7(0) = 16

Therefore, (0, 0) is a relative minimum.
77(4) = =80

Therefore, (4, 128) is a relative maximum.

45. g(x) = x*(6 - x)°
g'(x) = x(x - 6)’(12 ~ 5x)
g"(x) = 4(6 - x)(5x* — 24x +18)
Critical numbers: x = 0, %, 6
g"(0) = 432 > 0
Therefore, (0, 0) is a relative minimum.
g"(%) = -15552 < 0
Therefore, (1—52—, 268.7) is a relative maximum,.
g'(6) =0
Test fails. By the First Derivative Test, (6, 0} is not an

extremum.

46, g(x) = (v + 2(x - 4)

g"(x) =3 +3x - %xz

Critical numbers: x = ~2,1,4
g'(2) =9 <0

(=2, 0} is a relative maximum.
gl) =5 >0

(1, -10.125) is a relative minimum.
g4 =-9<0

(4, 0)is a relative maximum.

257

47. f(x) =xP -3

, 2
I =55

o\ 2
f(x) = YCE

Critical number: x = 0

However, f "(O) is undefined, so you must use the First
Derivative Test. Because f'(x) < 0 on (-, 0)and

S'(x) > 0on (0, ), (0, -3) is a relative minimum.

48, f(x) =/ +1

i — 'x
f(x NEZES
neen 1
Vs (x) = (x2 A 1)3/2

Critical number: x = 0
I "(0) =1>0

Therefore, (0, 1) is a relative minimum.

Il

X +

49. f (x)

Critical numbers: x = +2

f(=2) <0

Therefore, (-2, —4) is a relative maximum.
£(2) > 0

Therefore, (2, 4)is a relative minimum.

There are no critical numbers and x = 1is not in the
domain. There are no relative extrema.

51. f(x) =cosx—x,0<x<4r
fi(x)=-sinx-1<0
Therefore, f is non-increasing and there are no relative
extrema.
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52. f(x)=2sinx+cos2x,0<x <2z

f'(x) = 2cos x — 2sin 2x = 2 cos x — 4sin x cos x

= 2cos x(1 - 2sinx) = O when x =

>

f”(x) = -2sinx — 4cos2x
T
MT=1<0
(5]
T
11| el > 0
2)
5w
11| it < 0
%)
3T
() il > 0
3
Relative maxima: (z, é), 5—”, 3
6 2)\6 2
Relative minima: (Z, 1)5 [i’i, -3
2 2

53. f(x) = 0.2x*(x - 3),[-1, 4]
(@ f(x)= 0.2x(5x — 6)(x — 3)2
F(x) = (x = 3)(4x* = 9.6x + 3.6)
0.4(x — 3)(10x? — 24x + 9)

(b) f"(0) < 0 = (0, 0) is a relative maximum.
f”(%} > 0 = (1.2, -1.6796) is a relative minimum.

Points of inflection:
(3, O), (0.4652, ~0‘7048), (1.9348, —0.9049)

f is increasing when f' > 0 and decreasing when
f' < 0. f is concave upward when f” > 0and

concave downward when f" < 0.

54. f(x) = /6 - 52, [-/6,/6 ]

@ 1) 3x(4 - x*)
a X)) = ————
6 — x?

f'(x) = 0whenx = 0,x = +2,
6(x* — 9x2 + 12
f”(x):(43/2‘"“)'

(6-)

9-+33

F'(x) = Owhen x = 5

(b) f"(0) > 0 = (0, 0) s a relative minimum.
S(#2) <0 = (i2, 4\/5) are relative maxima.

Points of inflection: (£1.2758, 3.4035)

The graph of £ is increasing when f' > 0and
decreasing when f' < 0. f is concave upward
when f" > 0 and concave downward when
f<o.

55. f(x) = sinx — %sin 3x + ésin 5x, [0, 7]

(8) f'(x) = cosx — cos 3x + cos 5x

b4 V4 S5x
(x) = 0whenx = —x = —,x = —.
f( ) 6 2 6
f"(x) = —sin x + 3sin 3x — 5sin 5x
7 Sm
"(x} = Owhenx = =, x = —,
f(x) . p
x ~ 1.1731, x = 1.9685
(b) f(%) < 0= (%,1.53333) is a relative
maximum.

Points of inflection: (16[—, 0.2667), (1.1731, 0.9638),

(1.9685, 0.9637), (5%, 0.2667j

Note: (0, 0)and (7, 0) are not points of inflection

because they are endpoints.

(©
A ” e,
at l\\ I‘\
T 1
24 ,yr\f ,’ \
T 1 LAY
S wa YRl
PN BE - YAN
a7 |E"‘:/ avi
4N
T by
4 g
-6 A
I my
g1 \/

The graph of f is increasing when f* > 0and
decreasing when f' < 0. f is concave upward when

f" > 0and concave downward when f” < 0.
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56. f(x) = </2x sin x, [0, 27]

sin x
V2x

Critical numbers: x ~ 1.84, 4,82

@@ f'(x)= J2x cos x +

COSX  COsX sin x
J2x " \/Z - 2x\/2_x
2 cos x (4):2 + 1) sin x

2x 2x/2x

4x cos x — (4x2 + l) sin x

2x~/2x

(b) Relative maximum: (1.84, 1.85)

—/2x sin x +

/(%)

Relative minimum: (4.82, —3.09)
Points of inflection: (0.75, 0.83), (3.42, —0.72)
© v

3

—4 -

SR

fis increasing when f” > 0and decreasing when f' < 0. f is concave upward

when " > 0and concave downward when f” < 0.

57. (@)

44

34

24

1+
+ + + + x
1 2 3 4

f' < 0 means f decreasing

/' increasing means concave upward

(b) 3

f" > 0means fincreasing

[ increasing means concave upward

58. (a)

(b)

y

f' < Omeans f decreasing

[ decreasing means concave downward

B

1 2 3 4

f' > 0means fincreasing

f' decreasing means concave downward
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59. Answers will vary. Sample answer:
Let f(x) = x*.
F1(x) = 124
7(0) = 0, but (0, 0)is not a point of inflection.

} { 4 !

-3 -2 -1 1 2 3

60. (a) The rate of change of sales is increasing.
S" >0
(b) The rate of change of sales is decreasing.
S >08" <0
(¢) The rate of change of sales is constant.
§=CS8" =0
(d) Sales are steady.
S§$=C,8=08"=0
(e) Sales are declining, but at a lower rate.
S <0,8 >0
(f) Sales have bottomed out and have started to rise.
S >0
61. "

65.

66.

67.

68.

(2,0><4M
N e

NS4 6

(0,0) 2,0)

—]

34

21
14
2, OA(:L 0)
n " f ¥

/N

0,0 2,0

t t . x
-1 1 3
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69. y

SR AN IR
S g

S is linear.
[ is quadratic.
fis cubic.

fconcave upward on (-, 3), downward on (3, o).

7. (a) n =1 n =2
fx) = x -~ S) = (x -2y
S =1 Sx) = 2x - 2)
1) = 0 1) =2

No point of inflection No point of inflection

Relative minimum: (2, 0)

6 3]
-9 9 -9 Z\ 9
[L“T F)=(—2)?
foy=x-2
_6 -6

70. (a) ¢

12+

1 t
10

(b) Because the depth d is always increasing, there are
no relative extrema. f*(x) > 0

(c) The rate of change of d is decreasing until you reach
the widest point of the jug, then the rate increases until
you reach the narrowest part of the jug's neck, then the
rate decreases until you reach the top of the jug.

n=73 n = 4:

S = (-2 @)= (-2
fx) =3(x -2 f(6) = 4fx - 2y
f(x) = 6(x - 2) (%) = 12(x - 2)°

Point of inflection: (2,0)  No point of inflection

Relative minimum: (2, 0)
6

Jo) = (x -2 /
\ P
]/- Point of
inflection

-6

6

\/\\

f@)=(x=2)*

-6

Conclusion: If » > 3 and #n is odd, then (2, 0) is point of inflection. If» > 2 and # is even, then (2, 0) is a relative minimum.

©) Let 7(9) = (x = 2 () = nle ~ 2" 7

S(x) = nn - 1)(x-2)"" 2

For n 2 3and odd, » — 2is also odd and the concavity changes at x = 2.

For n > 4 and even, n — 2 s also even and the concavity does not change at x = 2.

So, x = 2 is point of inflection if and only if » > 3is odd.

7. () f(x) = Yx
r =
f1(x) = 5P
Point of inflection: (0, 0)

(b) f"(x) does not exist at x = 0.
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73, f(x) =a +bx* +ex + d

Relative maximum: (3, 3)

Relative minimum: (5, 1)

Point of inflection: (4, 2)

f(x) = 3ax* + 2bx + ¢, f"(x) = 6ax + 2b
FB3)=27a+9% +3c+d=3
f(5) =125a + 25b + 5¢ + d =1
F(B)=27a+6b+c=0,f"(4) =24a +2b =0

}98a+16b+2c:~2:>49a+8b+c=—1

49g + 86 + ¢ = -1 24 +2b = 0
27a + 6b + ¢ = 0 22a + 2b = -1
22a + 2b = -1 2a = 1

_ 1 - — 45 =
a—i,b— 6,¢c = 2,a’— 24

flx) = %x3 — 6x7 + i‘is—x - 24

74. f(x)=ax’ + b’ +ex + d
Relative maximum: (2, 4)
Relative minimum: (4, 2)

Point of inflection: (3, 3)

ot

F(x) = 3ax” + 2bx + ¢, ["(x) = 6ax + 2b
f(2)=8a+4b+2c+d =4

£(4) = 64a + 16b + 4c + d = 2
F(2) =12a+4b+c=0,7(4) = 48a +8b +c = 0, /(3) = 18a + 2b = 0

}56a+12b+2c:~—2:>28a+6b+c:—1

28a + 6b +c = —1 18a+2b= 0
12a+4b+c¢c= 0 16a + 2b = -1
16a + 2b = -1 2a = 1

a:%,b:—%,c:l2,d:—6

f(x) = %x3 - %xz +12x - 6

75. flx)=ar’ +bx* +ex + d
Maximum: (—4, 1)
Minimum: (0, 0)
(@ [f'(x)=3ax> +2bx+c, [f(x)=6ax+2b
F0)=0=d=0
f(—4) =1= —64g + 16b — 4c =1
f'(—4):0:> 48a — 8+ ¢ =0
-0 =

3

Solving this system yields a = éand b =6a = “

f(\) = 31—2x3 + %xz

(b) The plane would be descending at the greatest rate at the point of inflection.
7(x) :6ax+2b:%x+%:0:> x = -2
Two miles from touchdown.
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76. (a)

(b)

©

@

77. D
DI

Section 3.4

line O4: y = —0.06x
line CB: y = 0.04x + 50

slope: —0.06

slope: 0.04

f(JL) =ax’ + b +ex + d

f'(x) = 3ax? + 2bx + ¢

(~1000, 60):
~0.06 = (1000)° 3a —~ 20006 + ¢

(1000, 90):
0.04 = (1000)" 3a + 20006 + c

60 = (~1000)'a + (1000)*5 — 1000¢ + d

90 = (1000)’a + (1000)°b + 1000c + d

Concavity and the Second Derivative Test

263

1501
ol (1000, 90)
B
(~1000, 60)
A c
(0, 50)
1 t x
—1000 0 1000

The solution to this system of four equations is @ = —1.25 x 1078, b = 0.000025, ¢ = 0.0275,and d = 50.

y =125 x 107%%° + 0.000025x> + 0.0275x + 50

100

R

~1100 1100

-10

-1100 1100

v

-0.1
The steepest part of the road is 6% at the point 4.
=2x* — 513 + 31%7
= 8x* —15Lx” + 6[°x = x(8x* ~ 15Lx + 6*) = 0

15L+-/33L (15 J_r\/33]L

=Qorx
16 16

By the Second Derivative Test, the deflection is
maximum when

S| B=3 L osrse
16
3 2
78, S = 5.755T B 8.5216T + O.65:1T + 0.99987,
108 10 10
0<T <25
(a) The maximum occurs when 7' ~ 4°and
S ~ 0.999999.
b

1.001 +

1.000 3

0.999 +

0,998+

0.997 +

0.996

[75 10 15 20 25 30

79.

80.

(c) $(20°) ~ 0.9982

C = 0.5x> + 15x + 5000
C =5 =050115 4+ 200
X X
C = average cost per unit
ac =05 - 5000 = 0 when x = 100
dx x?

By the First Derivative Test, C is minimized when
x = 100 units.

C = 2x 300,000
X
C'=2- 300,000 = 0 whenx = 100~/15 = 387

x2

By the First Derivative Test, is C minimized when
x =~ 387 units.
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2
g g = S0007
8 + 1
@ Tos |1 15 2 25 3
s | 1515 | 555.6 | 1097.6 | 1666.7 | 2193.0 | 2647.1

Increasing at greatest rate when 1.5 < ¢t < 2

(b) 3000
-
0 3
0
Increasing at greatest rate when ¢ = 1.5.
5000+
g = 22
© 8 + 12
, 80,0007
5() = 20
(8 + )
80,000(8 — 3¢2
5"(t) = ( R )
(8 + ¢t )

S"(ty = 0fort = i\/g So,t = 2\3/6 ~ 1.633 yrs.

2
8. 5 = 100¢

_65+r2’r>0

(a) 100 _

/
OA-——‘———‘—'—'—‘——‘GS

0

() S(f) =

13,000¢
(65 + r2)2
~ 13,000(65 - 3r2)

( o] =0 = 1= 465

S is concave upwards on (0, 4.65), concave downwards on (4.65, 30).

(¢) S'(r) > 0for t > 0.

As t increases, the speed increases, but at a slower rate.
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~,
1l
(™)
S

Ay aN

N~
I
<

83.  f(x) = 2(sin x + cos x),

(
S'(x) = 2(cos x — sin x), f'(
(

ENE
N S
I
|
[\
5

(%) = 2(-sin x — cos x), f"

B(x) = 2v2 + o(x - %] e 2)(x i g s ﬁ[x ) %Jz

The values of f, B, B, and their first derivatives are equal at x = x/4. The values of the second derivatives of fand P, are

equal at x = z/4. The approximations worsen as you move away from x = /4.

84.  f(x) = 2(sin x + cos x), £(0) =2
f'(x) = 2(cos x — sin x), 1(0) =
S"(x) = 2(-sin x — cos x), 7(0) = =2

+2(x - 0) = 2(1 + x)

]
—~—~
=
Ko
Il
[\ [\ [\ N DN [N

+2x = 0) + H(2)x -0 =2+ 2 - ¥ _ef\< f/\/aPZ s

)
)

9=z AVimv,
)

~4

The values of f, R, P, and their first derivatives are equal at x = 0.The values of the second derivatives of f and B are

equal at x = 0.The approximations worsen as you move away from x = 0.

85. f(x)=~1-x, f(0) =1

1 1

f(x) = W 70) =~
1) = ——— 70 =

41 - x)”*

P,(x):1+(—%)(x—0):l—§

, 1

R(x) =~
1 11 2

B() =1+ [—Ej(x o)+ 5(—Zj(x of=1-2oX e

, 1 x f
B (x) = _5 - Z _8 — [, 4

.y 1 S \
B, (v) = _Z )

The values of f, B, B, and their first derivatives are equal at x = 0.The values of the second derivatives of fand P, are

equal at x = 0.The approximations worsen as you move away from x = 0.
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32

Px) =2 + [—#)(,\‘ —2)+ l[%\@](x 2P =2 - 3f(x L) B2 gy
N2 32

R = 224 By
- 25

The values of f, B, P and their first derivatives are equal at x = 2. The values of the second derivatives of fand P, are equal

at x = 2. The approximations worsen as you move away from x = 2.

-1 - 5

= {-bofd] 22l ()
i1 Al )2l

3| =

Point of inflection: (l, Oj
Ve

When x > I/z, /" < 0, so the graph is concave downward.

88. f(x) = x(x — 6)" = x* —12x? + 36x
F(x) = 3x% — 24x + 36 = 3(x - 2)(x - 6) = 0
f(x)=6x-24=6(x-4)=0
Relative extrema: (2,32) and (6, 0)

Point of inflection (4, 16) is midway between the relative extrema of f.
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