=107 = 232 5 28794

11. y

12. y

13. ¥y
)7

I+ (y')2

. T 3
I X} D
n(sin x) {4 p }
1
sin x

COS X = cot x

I+ cot? x = csc? x

37/4
f cse x dx
f4

[ln]csc x — cot xﬂZf

111(\/5 + 1) - m(\/i - 1) ~ 1.763

7
Infcosx), 0<x< =
3
—gin x
= —tan x
cos x

1+ tan? x = sec? x

3
f”/ sec? x dx
0
3
J.O”/ sec x dx

In|sec x + tan xl]g/3

In(2 + \/E) ~ 1.3170

Section 7.4 Arc Length and Surfaces of Revolution 53

= In(ex + :j = ln(e"r + l) - ln(e"' - 1)

14, y ~
et —
4)_1 _ e e et _ 2e
de e+l eF -1 ¥ -1 |-
2 2x
dx 1~ 2e% + g
_ 2™ et 1+ exY
(1 _ eh)z 1 - 62.\‘
2 2x
b n
s= 1+(ﬂ)dx= mlte” g
a dx In2 e’ — 1

3 e* + e 3
=L cix=I12c0thxdv
n

n2 o _ o7

In(sinh(x))]"" = 1n(%) - m(%)

In ~4£ = ln1—6— -~ 21n EJ ~ 0.57536
3/4 9 3

I

i

1 3/2
15, x=~{3*+2)"", 0<y<4
07 +2) y

_‘é‘, _ y(y2 + 2)1/2

dy
B N T
= 0t ) a
4
:{:—3--}-)} :..__}.4:_’_7.§
o 3
16. xzé\/—)j(y~3), l<y<a
x = _:1;())3/2 . 3y|/2)
A _ Lo 1 p
dy 2y 2y
2
dey L bt
1+[dy ~1+4)+4y 5
1 1 LY
:Z(y+2+y—l)=z(\/’;+‘ﬁj
41 1
:J} 5(\/—;;+—\7_;]d))
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17. (@) y=4-x% 0<x<2
.
aﬁ‘f:‘"
}f
R A L S e

/oy y

[ oot

(v) y = 2x

1+ (y’)2 =1+ 4x?

I; N1+ 4x? dx

B~
li

(c) L

Q

>
o>
h
3

18.(a) y=x"+x-2, -2<x<1

i 2 /
i ;
3 B 7
R W / e
Sl
~2
34
(b) ¥y o=2x+1
T+ (V) =1+4x +4x + 1

I~
i

L J2 1 dx + 4y dx

() L ~ 5.653

19.(a)y:~1—, 1<x<3
X

1
H\
1+ \?
AN I S R
k\{l__
%“
® =g
1+(y')2 :1+~L
_\'4

© L~ 2.147

1
20. (a) y = , 0<x<l
1+ x
KK J
\
“\\
.; x
, 1
(b) yo=- >
1+ x)
N2 1
T+ () =14+ —
(1 + x)
1 1
L = 1
L’ (1 + x)4
(¢) L =~1.132
21. (a) y =sinx, 0<x <7
y
1.5
o 1.0+
: 21 2.;
C1sk
(b) y' = cos x
T+ () =1+cos’x
L= JW I + cos® x dx
0
{©) L ~ 3.820
Via Vs
22.(a) vy =cosx, -—<x<—
(@) 2 2
2
A,ar /;* o, ,=, *
P R R
24
(b) y' = —sinx
1+ (y')2 =1+ sin’ x
L= Iﬂ/z I +sin? x dx
-2
(c) 3.820
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23.(a) x=e¢¥, 0<y<2 25.(a) y = 2arctany, O0<x<1
y=-hhx s
12x2¢e? ~0.135 30+
20+ -
A 1o+

o

+—t it
-057] 05 10 15 20
S

"

2 e
1+ -0
: , N

_inl_ g i R 9
B 4 (b) ¥y = T2
! 4
1 L= I+ e gy
() Y= h (1 + )
X
T+ () =1+ L (© L =~ 1871

2
X
1 1 ‘ 26.(a) x =+/36-p*, 0<y<3
L= [, \l+—d
€ X

() L =~ 2221 ,

Alternatively, you can do all the computations with i ——
respect to y. s+ T

(@ x=¢7, 0<yp<2

dx
dy

" 2 S A S
1+ (ﬁ] =1+ e
dy dx _1_

(b) 2 = (36 - y?) " (-2y)
y

- W e
—
P

(b)

I~
H
el
+

«Q
&
<
[
[3]

-y
(¢) L ~ 2221 m

24.(a) y=Inx, 1<x<5

-1 Y
/L“.[o 1+36——y2dy

2+ = jj -——g—— dy
i+ / 0 /36 - 37

‘1_}//1 73 4 s 6 (¢) L =3.142 (n)

ﬁz_f

34 2

2 d 5
, 1 27. ,/1 + | — dx
(b) Yy = '; IO [dx(x2 + l]]
s =5
L+ () =14+

Matches (b)

1
XZ
s | 1 ]
L= J’l 1+ ;? dx ,Lo.s)

(©) L~ 4367
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28.

29.

30.

31.

32.

Chapter 7 Applications of Integration

2
J. i 1+ [i(tan x)} dx
0 dx

s = 1
Matches (e)

(0,0 i

it
el

y=2x [0,4]

(@ d = J(4 -0 + (64 - 0)" = 64.125

® d=J1-0+1=0 +J@ -1+ B -1 +JB -2+ (278 +J(4-3) + (64 - 27)’

~ 64.525
(c) s = J’:«H + (3x2)2 dx = I: N1+ 9x* de = 64.666 (Simpson's Rule, n = 10)
(d) 64.672

)= (2 -4, [0.4]

(@ d = \J(4-0) + (144 - 16)" ~ 128.062

(b)d:\/(1~0 (O =16 + @2~ 1)+ (0-9) + /B -2) + (25 - 0 + /(4 - 3) + (144 - 25

~ 160.151
© s = [ \Jt+[ax(x> — 4] @ ~ 159,087
(d) 160.287

y = 20cosh 2, —20 < x < 20
20
X
" = ginh —
Y 20

1+ (y’)2 = 1 + sinh? % = coshzzi;)
20

L = _[20 cosh 2 dyx = ZJ.N cosh 2= dx = 2(20) sinh X1 =40 sinh(1) ~ 47.008 m
-20 20 0 20 201 ¢

y =31~ 1()(9‘/20 + e—x/ZO)
y’ = ,,%(e,\‘/ZO _ e—.\'/ZO)
1+ (),')2 =1+ %(ex/m _924 e—x/l()) _ B(ex/zo " eq/zO)T

5 = I [ 220 -x/zo] dy = _J‘ Y20 -\/20 de = [10(6,\'/20 _ e—x/zo)]izo - 20(6 B 1) ~ 47 ft

e

So, there are 100(47) = 4700 square feet of roofing on the barn.
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33. y = 693.8597 — 68.7672 cosh 0.0100333x

¥ = ~0.6899619478 sinh 0.0100333x
s= [0 JU+ (-0.6899619478 sinh 0.01003335)" dr
2992239

(Use Simpson's Rule with #» = 100 or a graphing utility.)

3. P 4y =4
/3 :4_x2/3

y = (4 - x2/3)3/2

(4 — )
e Yoo A

In order to avoid division by 0, compute the arc length
for 22 < x < 8, and multiply the answer by 8, as

indicated in the figure.

it}

_\\\ (232, 9312)

) (8,0)
Jv\i bt e X
-8-6™, -2 | 2 % 8
N %
\\_ )/
i
~8.
2/3
2 4 — x
L+ () =1+ i < x<8

=g
s [ 4
§ = 81.23/2 ;’{ﬁ‘dx

8
=16[ 3, ™V v

8

= 16Fx2/3]

2 2302

= 24(4 - 2) = 48

3s. y =9 - x?

¥ -
9 —x2
1+ (y')2 -2

- X
9 3
S CEr R e

2
[3 arcsin f-] = 3(arcsin 2 arcsin OJ
3], 3

il

™

= 3arcsin — = 2,1892

w

1480
36. y=+25~x2
O
25— 2
25
1+ () =
+(y) 25— x?

s = J [ —— dx
25 x? 25 x?
[5 arcsin -:l = 5| arcsin i - arcsm( 3)
515 5 5

= 7.8540

%[m(s)] ~ 7.8540 = s

s

37. y = 3;-;
Vo= x?, [0 3
S = J’ \/1 + x* dy
= Zf (1 2" (ar) ax
3
“[e]
= »’95(82\/? - 1) ~ 258.85
38 y = 2Jx
po b
Yy = Jx [4’ 9]
s =2 2/x LI
4 X
= 47[Lg Vx +1dx
= [§7r(x + 1)3/2]9
3 4

= 8?”(103/2 -~ 53/2) ~ 171.258

© 2010 Brooks/Cole, Cengage Learning




88  Chapter 7 Applications of Integration

39. y

40. y

i

Bluv N~ o=

i

41. y =

3

=

+

I

2x
1

2x2

SR

x? 12
B*z}“ﬂ

3 2
err ir—Jr—l— x—+% dx
L6 2x A 2 2x

5 -
27[[2 i—+i+—L dx
12 3 44

72 6 82 16

MF4f_JT_££
]

42, y=~9-x -2<x<2

%}
i
N
=
Sy
! N
&Y

=

|
=

%Y

I
N
)

iy
(0%
=

i

<1

43. y

)}

45,

i

Il

i

il

Ux +2

1
e [1,8]

2r [ a1+ L
T x T
il lsx'/3\/9x4/3 +1dx

Z [ x4 1) (120) a

[_ﬂ_(gxw . 1)”2]8
27 |
5’%(14&/? - 10:/10) ~ 199.48

9-x% [0,
—2x

27rjjx\/1 + 4x? dx
—ZIOB (1 + 4)(2)1/2 (8x)dx

[—’65(1 + 4)8)3/2}3 - %(3‘73/2 1) » 117.319
0

y:l—~M

2
X

§ =22 x
o rxm dx
= -—ﬂ' NG ) (2x) e
- %;:[%(4 + x) 2}0
= %(83/2 - 4¥7?)
- %(16\/5 - 8) ~ 15318

2x + 5

2, 1£x<4

jf 2mxJ1 + 4 dy

o]
27:\/5(8 - %] = 1557
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47. y =sinx
Y =cosx, [0,7]
S=27zj:sinx 1+ cos? x dr ~ 14.4236
48. y=Ihx
V==
x
N2 x2+1
L+ () ==—— [Lq
X
€ A2 e
S:Zﬂflx Y ;lex=27zJ.l\/x2+1dx
V x
~ 22.943

49. A rectifiable curve is one that has a finite arc length.

50. The precalculus formula is the distance formula between
two points. The representative element is

2
(ax) + (ap) = |1+ (%) Axi.

51. The precalculus formula is the surface area formula for
the lateral surface of the frustum of a right circular cone,

The formula is S = 2zrL, where r = %(rl + rz), which

is the average radius of the frustum, and 7 is the length
of a line segment on the frustum. The representative
element is

2
2 f(d AT + Ay = 2 (d), |1 + (%&] A,

X

52. The surface of revolution given by f; will be larger.
r{x) is larger for f].

53.(a)

AI_A_
(b) yl’ Vo, )’ » Va
© y=1 5= f:\/fdx ~ 5.657

! 3 12 4 9x
o= —X/5 5, = I+ dx = 5759
i) 4 2 .[0 16

, 1 4 x?

V= s = j04/l+—4—dx ~ 5916

' 5 4 25 5

py = X7, sy = I+ —-x’ dt ~ 6.063
T 16 0=, VT

S4. Let y =Inx,1 < x < ey = -l—and
x

e ’ 1
Sl:J‘] l+}—2—dx.
d

Equivalently, x = ¢/,0 < y < |, d—“‘ = ¢’, and
y

Sy = J:Vl +eVdy = JO]\/1+62‘ dx.

Numerically, both integrals yield s = 2.0035.
55, y =— Yy o= -
"2 9
1+ () :1+E:25/16

24
s =27("x ?de:S—”["—} - 201

oV 16 2|2,

56. yzﬁ—)£
-
, h
y o=
p

2 2

N2 P+ h

]+(y) = 2

2 2o
} {M{LH T
0

57, y =9 - x?
y:
I+ y'2=—~—-—
07 = ==
2 3x
S =2n| e dx
[

2 2x
37 IO “‘\/—9—_‘“? dx
[~67£\/9 - x? ]2
0

= 6;:(3 - ﬁ) ~ 14.40

Il

See figure in Exercise 58.
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58. From Exercise 57 you have:

a x
S = 27r"' dx
o J2 2
a  2xdx
=)
12 2

Il
|
N
N
]
~
[
|
=
o
L
a

2 = N1t - a?
27'7[()' - Jrt - az)

27zcvh (where h is the height of the zone)

1

fl

It

59, (a) Approximate the volume by summing six disks of thickness 3 and circumference C;equal to the average of the given
circumferences:

6 6 C 2 3 8
S () = YA 5] ) - X
i=1 o \27

3

47

14

1

Y

(50 + 65.5)2 (65.5 + 70 (70 + 66 (66 + 58 (58 + 51]2 51+ 48)2
+ + + + +
2 2 2 2 2 2
3
An

= 5’_[57.752 +67.75% + 687 + 62° + 54.57 + 49.52| = —(21813.625) = 5207.62in’
2

(b) The lateral surface area of a frustum of a right circular cone is 7rs(R + r). For the first frustum:

12
e (65.5 - 50]2 F_(_)_ . 65.5}
27 27 27

242
(50 + 65.5) (65.5 - 50)
= 9+ .
2 2r

Adding the six frustums together:

e !
el G2 6]
@ s @]

22430 + 208.96 + 208.54 + 202.06 + 174.41 + 15037 = 1168.64

Si

Q

S

Q
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(¢) r = 0.00401y* — 0.1416y% + 1.232y + 7.943

20

/m

-1

@ ¥ = [ wdy ~ 52759in

§ = 018 20r(YW1 + F(y) dy ~ 1179.5in.2

60. (a) y = f(x) = 0.0000001953x* ~ 0.0001804x" + 0.0496x2 — 4.8323x + 536.9270

(b) Area = jo“’" S(x)dx ~ 131,734,582 » 3.0acres (1 acre = 43,560 i)

(Answers will vary.)

© L= ["\Jt+ f/(x) ds = 79498

(Answers will vary.)

b . . . )
62. (a) Area of circle with radius L: 4 = 7/
61. (a) V = ﬂJ‘lb‘]? dx = [—ZEJ = 71'(1 - 1) @ © racius "
X R b Area of sector with central angle 8 (in radians):
: s=24- .-‘?-(;zL?) = Lpg
) 27 2 2
(b) Let s be the arc length of the sector, which is the
' circumference of the base of the cone. Here,
s = LO = 2zr, and you have
) S = ing = l]} L -I—Ls = lL(Zm‘) = zrl.
2 2 \L 2 2
b1 1Y (c) The lateral surface area of the frustum is the
(b) § =27 j > L+ (‘“—5] dx difference of the large cone and the small one.
)1 8§ = an(L + L) - il
= 2”}; T L+ _x_“ dx = anl + xL(r, - k)
p/xt + 1 By similar triangles,
:Z”Ilex L+L I

= = Ly = L(r, - ). So,
4 h

. . 1
© blgrc}a Vo= blgl:l.o ﬂ(l - ;J =7 8 = znl + xL(r, — 1) = anl + xly
(d) Because
NS NS S
—_—
E

x}

7L(1 + 1),

1
=— >0 1

» > Oon [1, b],
you have

J-b NE A

— dx > Lb% dx = [In r]lb =Inbd

X

and lim Inb — o0, So,

b—ow
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62  Chapter 7 Applications of Integration

2 2 64. Essa
63. (1) —+2 =1 Y
9 4 |
2 65. y = -(x¥* - 352 + 2)
Ellipse: y, = 1 - ry 3
2 When x = 0,y = % So, the fleeing object has traveled
X 3
n=2l-
. —i— unit when it is caught.
. 3 p) _[x-1
-5 A AT R UY e
2 2
x -1 +1
1+ (y’)2 = (r - 1) = (r+1)
4x 4x
x? _ _ Lt 12
) y=2[I-%, 0<x<3 =)o UIX—ZJO(A + x7?) dx
- i
AN " 2 = }_quz + 2x'/2] =4 2(3)
PN T 9 213 o 3 3
_ —2x The pursuer has traveled twice the distance that the
= ; \/1 /9 3 \/9 _ 2 fleeing object has traveled when it is caught.

Il

3 X
L= /1+81_9x2 o
(c) You cannot evaluate this definite integral, because
the integrand is not defined at x = 3. Simpson's
Rule will not work for the same reason. Also, the
integrand does not have an elementary
antiderivative.

66. y = lx'/z — ¥
3

ool 3 _ L p 12
y——6-,\ ——z—x —g(x - 9x )

1+ 3}8(,\7"' ~18 + 8lx) = %(x"/2 + 9x'/2)2'

+
—
<
~
<
i

o5
]

0

6 3

1/3
/ a

Il

0

Amount of glass needed: ¥ = %(%) =~ 0.00015 /& ~ 0.25in?

67. x4y =4
Y =4 2B

(4 - x2/3)3/2, 0<xc<8

- o .[]/3( V2 ) 516_()(4/2 N 9x'/2)2 g = 2_71-J-I/3 (_l_xl/2 B x3/2](x"/2 + 9x'/2)dx

fj'“(l ax—0x e = Bl 002 230 = 2 ~ 0116482 ~ 168in2
3 b 3 313 27

}) =
12

TN G A N (i

A

, 4-x" 4
L+ () =l =

o 2P
- ) ~ (4 x ) [aze, 384z
§ =27 (4~ 2/3* an dv = |==={4 - 27) v

[Surface area of portion above the x-axis]
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68. y :Ex(4—x)2, 0<x<4
RN
T
. (4-39V3
ST
N2 (4—3x)2
:1 B -
1+ (y) + T
_48x 16— 24x + 927 (4 +3x) 20
B 48x - 48y
S - ”J-4(4—x)\/;.(4+3x)dx
o J12 /48x
- j 4+3x) dx
= (I6+8v—3x)dx=_{16x+4x ""]4
12 0
69. y = ki’ y = 2kx 71.
L+ () = 1+ 4k
h , 4h?
ho= kw? 3k:W:>1+()’):1+_;vsz
By symmetry, C = 2_[ I+ E{Y— x* dx.
v, h)
W 2
70. C =2 (RIS
0 W
2 2
o i A s
0 700
72.

63

Z (64 + 64 - 64) = 197
12 3
¥ = f(x) = cosh x
y' = sinh x
1+ (y’)2 =1+ ginh? x = cosh? x
Area = L: cosh x dx = [sinh x| = sinh 1
Arc length = ﬂ 1+ (y’)2 dx

/

I

JBI cosh x dx = sinh x]
0 0

sinh £,

Another curve with this property is g(x) = 1.
Area = J. 'dx =t
: 0

Arc length = ¢

¥
(1, cosh f)

1o,

Let (x5, ¥5) be the point on the graph of y? = x*where

the tangent line makes an angle of 45° with the x-axis.

y = xV? y
o= gt =1
Xy = % (xg.¥g)
- (" 9
L = J.O 1+ KX dx
45°
_ 8 -
a 27(2\/5 l) 0,0
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Section 7.5 Work

1. W = Fd = (100)(20) = 2000 fi-Ib 9. F(x) = kx
20 = k(9)
2. W = Fd = (3500)(4) = 14,000 fi-Ib o
9
3. W = Fd = (112)(8) = 896 joules (Newton-meters) wo= (P20 gy = [l_qxz:llz = 160 in-Ib = 40 f.1b
0 9° 9% 1o : 3
- L - .
4. W = Fd = [9(2000)][4(5280)] = 47,520,000 ft-lb 10 F(x) = ke
5 F(x) — /CX' 15 = k(l) = k
5 = k(3) W o= 2j:1Sxdx = [15,\'2]: = 240 fi-Ib
5
k= g 13 Joc? s k
) 1. w=18 = kxdx--——} =L = k=34
F(x) = gx 2 |, 18
; = ["324x dx = [16222] 7 = 37.125 fi-lb
7 75 5 245 . 4 1
W = jo F(x)dx = O—xdx:: gx:" :——-éwm.-lb |
0 [Note: 4 inches = — foot}
~ 40.833 in-lb ~ 3.403 fi-Ib 3
1/6
6. From Exercise 5, F(x) = —§~x. 12, W =75 = w’kxd e? } Sk g = sa0
2 72
15-6 95 5x* | _ 140 = (5405 dx = [27052]7% = 421875 fi-lb
W:Ls 10 '() :ngde*_éw} —— in-lb L/ rax [ x} ’
13. Assume that Earth has a radius of 4000 miles.
7. F(x) = kx
25 Fx) = —Ifz"
250:k(30):>k=«3—- x
k
50 5 = —
W= [ F(x)de (4000)
50 k = 80,000,000
- [ - 255" 80,000,000
w3 6 L F(x) = ——xl’_‘"
= 8750 n-cm 00
_ 87.5 joules or Nm @ W = J.mo 80, ooo 000 . _ [mso,ooo,ooo}
4000 X 4000
8. F(x) = kx ~ 487.8 mi-tons ~ 5.15 x 10° ft-lb
80 4300 80,000,000
800 = k(70) = k = — - bttt bl
(70) 7 ®) w .[4000 x2 e
W o= j " F(x) dx ~ 1395.3 mi-ton ~ 1.47 x 10 fi-ton
0
270 '
- 080 gy = 40X 14, w = [ 80000000
0 7 7 ) 4000 X
= 28,000 n-cm = 280 Nim _ {_80,000,000}”
X 4000
_ ~80,020,000 + 20,000

lim W = 20,000 mi-ton ~ 2.1 x 10" fi-lb

h—son
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Section 7.5 Work

15. Assume that Earth has a radius of 4000 miles,

16.

17.

k
F(x) = —
() =4
10 =k 5
(4000)
k = 160,000,000
160,000,000
F (Y) = 2
X
15,000 160,000,000 160,000,000
(@ W = Lm - dx =[ S J ~ —10,666.667 + 40,000
X x 4000
= 29,333.333 mi-ton
=~ 2.93 x 10* mi-ton
~ 3.10 x 10" fi-lb
26,000 160,000,000 160,000,000 2%*®
by W = LOOO . dx = [ . lm ~ —6,153.846 + 40,000

= 33,846.154 mi-ton
=~ 3.38 x 10* mi-ton

~ 3.57 x 10" fi-lb

Weight on surface of moon: é(IZ) = 2 tons

Weight varies inversely as the square of distance from the center of the moon. Therefore:

k
Flx) = =
(Y) 2
5 - __LT
(1100)
k = 2.42 x 106
1150 2.42 x 106 242 x 105" 1 I
S e e =242 x 108 —— - ——
no X oo 1100 1150

~ 95.652 mi-ton ~ 1.01 x 10° fi-Ib
Weight of each layer: 62.4(20) Ay
Distance: 4 — y

(a) W j; 62.4(20)(4 — y) dy = [4992y - 624)»2]: = 2496 fi-Ib

1

by W

Il

9984 fi-1b

1l

f 624(20)(4 - y) dy = [4992y — 624y"],

65
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18.

19.

20.

21.

Chapter 7 Applications of Integration

The bottom half had to be pumped a greater distance
than the top half.

Volume of disk: 77(2)2 Ay = dr Ay
Weight of disk of water: 9800(4) Ay

Distance the disk of water is moved: 5 — y

w

(5 = »)0800)47 dy = 39,200z (5 - y) dy

72 4
39,2007{5 y - %ji

0

Il

39,2007(12) = 470,400z newton—meters

Volume of disk: 47 Ay
Weight of disk: 9800(47) Ay
Distance the disk of water is moved: y
52
12 y
W= J“m »(9800)(4x) dy = 39,2007{7}

10

39,2007(22)

il

862,400z newton—meters
7V
Volume of disk: 7{5 y) Ay

2
. 2
Weight of disk: 62‘471(5);] Ay

Distance: 6 — y

462.4)r 6
= 2 ay
4 1,T
= {62.4)x| 2y° — =p*
9( )7{ VoY }0
= 299527 ft-b

2
22. Volume of disk: 7[(% y) Ay

23.

2
Weight of disk: 62.47:@-);) Ay
Distance: y

2
(a) W = 4624)x jo yidy

- [3(62,4),,(%};4)}:) ~ 110.97 ft - b
6
b) W = H62.4)x L Vidy
- [3(62,4)4}‘.);4)]? ~ 721077 fi-Ib
,
A
0
4t
171
—— .' { % F
—4-3-2-1 | 1 2 3 4

2
Volume of disk: /r(\/m) Ay
Weight of disk: 62.47[(36 - y2) Ay
Distance: y

W o= 62_4ﬂj“06y(36 ~ ) dy

1t

62.47 I: (36}; — }?3) dy = 6247[[]8}12 - %)’4]

20,217.67 fi-lb

1!
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24. Volume of each layer:

26.

27.

y+3
3

(B)Ay = (y +3) Ay

Weight of each layer: 53.1(y + 3) Ay

Distance: 6 — y

w

= [’53.(6 - y)(y + 3) ay

53.1[03(18 +3y - )y

2 3
s3.0|18y + 22 - L
2 3

= 53.1(1-1—7J
2

3106.35 ft-lb

I

3
0

I

Volume of layer: V'

Weight of layer: #

2C)E) 7 oy
42(24),/(25/4) - »* Ay

i

1l

Distance: % -y

W=7 02045 - (2 - y)dy = 1008[-159— B - a0 B dy}

The second integtal is zero because the integrand is odd and the limits of integration are symmetric io the origin. The first

integral represents the area of a semicircle of radius % So, the work is

w

Ground

= 1008(12—9-)”(1)2(%) = 29,9257 fi-Ib ~ 94,012.16 fi-lb.

2

Weight of section of chain: 3 Ay

Section 7.5 Work 67

25. Volume of layer: ¥ = Iwh = 4(2)\/(9/4) - »* Ay

Weight of layer: W

42(8),/(9/4) - »* Ay

Distance: & — »
2T - (3 - )
S IREREE R W ET)

The second integral is zero because the integrand is odd
and the limits of integration are symmetric to the origin.
The first integral represents the area of a semicircle of

w

11

radius % So, the work is

W= 336(%)7:(1)2(%) = 24577 fi-lb.

2
v
Tractor [
LR g_k.‘_f.‘-.
4 13
3y
24
=N
R -—— VK
i a—
-6 -4 -2 Jz 4 6
-2 4
—i -t

Distance: 20 — . AW = (force increment)(distance) = (3 Ay)(20 ~ y)

w

20
20 yz
= 20 - y)3dy = 320y —~ =—| = 31400 - —
Iy o= spa [y 2}0 [ 2

] = 600 ft-lb
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28.

29,

30.

31.

32.

33.

Chapter 7 Applications of Integration

The lower %(20) feet of fence are raised with a constant

force
W, = 3@20)}(@) =800 g
3 3 3

The top %(20) feet are raised with a variable force.

Weight of section: 3 Ay

Distance: %(20) -y

20/3 {20
W, = _[0 3(—3- - yj dy =

|
w
o
w3
<
|
N [
L
o
<
e

[
o
&

800, 200 _ 1000

W:le'FWZZ T-——“g—“ﬂ-lb

The lower 10 feet of fence are raised 10 feet with a
constant force.

W, = 3(10)(10) = 300 fi-Ib
The top 10 feet are raised with a variable force.
Weight of section: 3 Ay

Distance: 10 — y

10
W, = I;OB(IO ~ y)dy = 31:10y - 1’5} = 150 fi-lb

0

W =W, + W, =300 + 150 = 450 ft-1b

From Exercise 27, the work required to lift the chain is
600 ft-1b.

The work required to lift the 500-pound load is
500(20) = 10,000 ft-b.

The total is 600 + 10,000 = 10,600 ft-1b.

Weight of section of chain: 3 Ay
Distance: 15 ~ 2y

75 7.5
wo=3[ (15-2y)dy = [—%(15 - 2y)2]0
= 3(15)" = 168.75 fi-lb
6 6
wo=3f 02 - 29)dy = [-302 - 20)"]

il

3(12)" = 108 ft-lb

If an object is moved a distance D in the direction of an
applied constant force F, then the work W done by the

force is defined as force times distance, W = FD.

34.

35.

36.

37.

38.

39.

W = Ib F(x) dx is the work done by a force F moving

an object along a straight line from x = ato x = b.

(a) requires more work. In part (b) no work is done
because the books are not moved:
W = force x distance

Because the work equals the area under the force
function, you have (c) < (d) < (a) < (b).

@ W = [ 6dx =540t
(®) W = [ 20dx + [ (~10x + 90) dv = 140 + 20
0 7 .
= 160 ft-Ib
91 , T
© W= [ —xde=>=| =9flb
027 81},
9
@& W= [ fxd = gxﬂ = 2(27) = 18 flb
0 37, 3
(a) Work to pull up the ball:

W, = 50(15) = 750 fi-lb

Work to wind up the top 15 feet of cable:
Weight of section: 2 Ay

Distance: 15 — y
s s
W, = jo 215 - y)dy =30y - »* | = 225 fi-lb
Work to lift bottom 25 feet of cable
w, = 2(25)(15) = 750 fi-lb
W =W, + Wy + W, =750 + 225 + 750 = 1725 fi-Ib
(b) Work to pull up the ball: W, = 50(40) = 2000 fi-Ib
Work to wind up the cable.
40 40
Wy = [ 2(40 - y)dy = [80y - y* | = 1600 fi-Ib

W =W + W, = 2000 + 1600 = 3600 fi-Ib

k
P V
1000 = £
2
k = 2000
W= J~32000 av
2y

i

[2000 In|7 ], = 2000 1{%) ~ 810.93 fi-Ib
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40. p = —Il;—
k
2500 = & = k = 2500
= fszQQ dv = [2500In 7] = 25001n 3 ~ 2746.53 fi-lb
k
41, F(x) =
0= Gl
1
W = II k 2a’x:[ k :’ =k(l-1):3—k~(unitsofwork)
2(2-x) 2-x], 4) 4
42. (a) W = FD = (80007)(2) = 16,0007 ft - Ibs

(0) W = 223[0 + 4(20,000) + 2(22,000) + 4(15,000) + 2(10,000) + 4(5000) + 0] ~ 24,88.889 fulb

(©) F(x) = -16,261.36x" + 85,295.45x% — 157,738.64x% + 104,386.36x — 32.4675

25,000

o
(d) F(x) = Owhen x ~ 0.524 feet. F(x) is a maximum when x ~ 0.524 feet.

2
() W = [ F(x)dx ~ 251805 fi-lo

43. W = [21000]18 ~ In(x + 1)] dr ~ 3249.44 il 45. W = [1100x/125 - 2 dx = 103303 flb
2 _ _ 2 . N
- I:{e = 1} dr 1149 b 46. W = [ 1000 sinh x dx ~ 2762.2 fi-lb

Section 7.6 Moments, Centers of Mass, and Centroids

13—7(“5)+3(°)+5(3)—12—0——i 5 = 2 M) +18) + 1012) + 1(15) + 1(18)
T 7+3+5 15 3 " s T+ 1+1+1+1 -
s o M) +A2)+3(5) +84) 9 4 7 = 12A=6) +1(=4) + 6(-2) + 3(0) + 11(8) — o
Tt 7+4+3+8 BET "= 12+41+6+3+11 N

5. (a) Add 4 to each x-value because each point is translated 4 units to the right.
s _ M7+ 4)+18+4) +1(12 + 4) + 115+ 4) + (18 + 4) 80 6
X = = — =
T+1+1+1+41 5

Note: From Exercise 3, 12 + 4 = 16.

(b) Subtract 2 from each x-value because each point is translated 2 units to the left.
= _I12(-6-2)+1(-4-2)+6(-2-2)+3(0-2) +11(8-2) 66 )
X = = e D ]
12+1+6+3+11 33

Note: From Exercise 4, 0 — 2 = -2,

6. The center of mass is translated k units as well.
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70  Chapter 7 Applications of Integration
7. 48x = 72(L — x) = 72(10 - x)
48x = 720 — 72x
120x = 720
x=6f
8. 200x = 600(5 — x) (person is on the left)
200x = 3000 — 600x
800x = 3000
x=12=32f
0 - 5(2) +1(=3) +3() _ 10
‘ T 5+1+3 "9
52+ 1) +3(=4) 1
a 54+41+3 9
S 10 1
.5 = (53)
B
w T cab
o3y T
e R
.
.
lI13
=T 01, -4)
S (L R R G
10+2+5
. 10(-=1) + 2(5) + 5(0) _
10+2+5
(%.¥) = (0,0)
sl
61 m,
do6e®
ny 24
-4,0) ‘
4 2 Jem ¢ !
2T (1=)
" _ 12(2) + 6(=1) + (9/2)(6) + 15(2) _ 75
) - 1246 +(9/2) + 15 375
= 12(3) + 6(5) + (9/2)(8) +15(-2) _ 72
YT 6+ (O2) 15 315

=5)=(23)

¥

UIJ
°6,8)

o
[
+

@ o
+

my |
-1,5)
24

Illl
°@3)

2
24 e

3(-2) +4(5) + 2(7) + 1(0) + 6(-3) _ 5

12. X = =
3+4+2+1+6 8
—_ 3(=3) +4(5) + 2(1) + 1(0) + 6(0) 13
r= 3+ 4+241+6 16
- 513
(X,Y) = (‘é,‘l‘g)
.
‘ (5’,"52)9 m
mg Aomy 7.1
(—‘3‘0‘) ((),p) Io .
2 |2 46 5
Illl +
-2.-3) |
2x 2T
13. = SZdy = |p—] =
) i L 4]0 p

- M, 3
oMo _pB 1
m p 3
M J-Z x)d p[f}z 4
)':IO x| — Xomm ] :m—p
07 \2 23], 3
;M _4Bp 4
m o 3
- 4 1
&5 =(53)
it (63
2

=2

-8

25
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2
14, m = p_[:(—x +3)dx = p[_% + 3x]

3

0

i1 2 _ P2 _
M, = ,DJ'O‘Z‘(*XJr 3) dx = —2—Io(x -~ 6x + 9)dx =
5= Me %p _,
m  92p
3 x> 3x?
My = pIO x(—x + 3)dx = p':_3_ + _2__]
o
oM _ 92 _
’ m 9/2p
(x.7) = (L)
v
3
2
1.1
g
| I
4
15. m = pf4\/; dy = Fﬁﬁﬂ] _léﬂ
0 3 0 3
4 X x2 4
e = o) de =] = 9
- M, 3 3
Do et o 4| e | =
g’ m P 16pj 4
4
My = pj':x\/‘l'_‘ dv = {p_i_XS/z} - _6_45_,0
o
S M, _s4p(3)_12
m 5 \16p 5
- 12 3
&5 - (23]

Section 7.6 Moments, Centers of Mass, and Centroids

_2
>

1s.

n

=i

71

4 9
= =9 -27+27 ==
o =37
31 2
,00*3*)( dx
ST
9 0
2
-[3.1_(lx2j dy = _/9_ ¥4dx
023 1840
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72 Chapter 7 Applications of Integration

17. m

=i

(¥.7)

18. n

=1

(¥.7)

19. m

|

Il

Il

M, 43p

m  4f3p

s x 2 g x 64 3] 3
Y. -2-2|-2

pfox( 2 4 R N T

3 2 2

0

pﬁ[(—xz + 4x + 2) - (x+ 2)]ch = ~p[£ + ~3«5\—2—]3 -2

A
=)

131\(_"‘2 + 4 +22) ot 2)}[(—)8 +dx +2) = (x + 2)]dx

3
£I3(~x2 + 5x + 4)(~x2 + 3x)dx = ﬂr(f‘ —8x% + 11x? + 12x)abc = g—l:x—; -2xt & Ll;—(—i + 6xzj] =
0

240

290
M, _9p(2)_22
90

m 5 5
3

pj:x[(—xz +dx-2) - (x+ 2)]dx = pI:(_xs + 367 dv = p{_%ﬂ N x;]

M, _27p(2)_3
m 4 \9p 2

0

e
H

ofem
H
+

27p
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20. 7

3

2

1l

2 3 o
] L S N :321—274-36:45,0
216 27 3 2
_ f° 1 _ 2 L,
M, —pfov[\/_x—nkl—gx——l}dx—po(x —u3—x
S M (81/5)p _ l§.)—, _ M, (45/4)p _5
m (92)p 5’ m (92)p 2

o~~~
le
=
"
|
TN
wls
[SERTA
N’

X
i
RN
Sy
=
=
-
S
e
I
f';g—"]
kOO
B
| —
-l
i
o
(=)
A

=i
it
s |x
I
X
P Ty
[ o
N’
1l
L

—
=i
~|

R

|
TN
n
-3
N’

P L 4 Ly 1, 2
T X = - x4 2 - x| de =
ZIO( 3 3 9 Vx 3l

3

1

= pf:[(\/}Jr 1)—(%.” 1)}& = pf;[\/?—~lidx = p[gxm ~'—‘;—}: = p[IS—%) =2

2

2

x:pﬁ\/;+1+(1/3>x+l(ﬁﬂ_%xwljdx=§Ij(¢;+§x+zj(ﬁ-§x)dx

Pl
EJ'O(EX-—EX +2\/;)dx
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74  Chapter 7 Applications of Integration

8 23 3 i 128p
22. rn:2p10(4—x )dx=2p4x——5-x = .
o

5

By symmetry, M, and ¥ = 0. 2T

at
s(4 + x4 3 3 fos12 (0’2)
_ 23 _ 2B = P 7

M, = ZpJO( 5 j(4 x )dv = p|léx 7x . 7
__S12p( 5 y_20 I A
Y E T 28p) 7 N

2
T

2

2{ 4 — y2 8 }’5 256

M, 2:0_“0( ) ]( -y )d)’ = p[IGy - §y3 + 3 = .__15
0

E_ﬁ/f‘__‘;_256p 3)_8
m 15 \32p 5

o

»

]
i

i

By symmetry, M, and y = 0.
— 8

X,y)=|=0

() (5 )

2
24. m = pIZ(Z)f - yz)dy = pl:yZ - 213{1 = fﬁ

<
I
X
|
K3
i
TN
(9%

25, m = ij[(Zy - yz) - (—y)] dy = plﬁi - %.]3 _p

2 i - 3.3
M, = j' [ J ) ( )’)][(2)) _ yz) _ (~y):| dy = "'[2')' 3(}7 _y )(3)} ~ y2) i
5 3 5
:!fz)-j yh - 4y° +3)’)d)’=§[")—;——y“+y3} :*%7({2 " ‘|
0
—f:i‘ﬁ:_zle(i:j RR et
’ m 10 \9p 5 b

4 3
M, = pfof(2y - yz) - ()] = o] (37 - )y = p[ﬁ - L] -2z

oM, _27p(2) 3
) n 4 9p 2

i

© 2010 Brooks/Cote, Cengage Learning




Section 7.6 Moments, Centers of Mass, and Centroids 75

3

2
e _ 1 V[ 9

I

=

2
[ +2) + 7] P2 2 plr+2) 36p
My = p [0 e )=y = B[ 2 -yt | = S - s

oMy _36pf2) 8
m 5 \9p 5 !

=]

2
M= p[ o[+ 2) -]y = o[ (29 + v - )y = p{y2 . ﬁ} =22
1

3 4 1
s M _9p(2) 1
) m 4\9p 2

A = J?%d\‘ = [ln‘xﬂ? =In4d

4
M, = 1 4% dy = l(le = (—l + L _3
’ 29 x 20 x ), 8 2 8

- f(ij =[] =3

X

N

= fj(2x+4)dx = [+ +4xl3) =9+12 =21

i

3 3
M, = ij3(2x+4)2 dx = f(zx2 + 8x + 8) dv = [21\-—+4x2 +8x} =18+36+24 = 78
2do 0 3 .

3
M, = f;(2x2+4x)dx :[2“7‘124 =18+ 18 = 36
0
’ : 22 6 32
S A

2
M, = %fz (J\,z - 4)(4 - xz) dx = L 22 (x4 - 8x% + 16) dx = ~l{i - §f— + 16),} 2

f _[Q%_Ef‘_”z}:_éﬁ

5
M, = 0by symmetry.
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31

32.

33.

Chapter 7 Applications of Integration

m

it

p [ 1053125 - 3 dv ~ 1033.0p
J12 124,375
= pjo (ﬁ—gm——J(lo J125 - x ) i = 50p[ (125 - 2*) dv = 31243750 130,208

X
|

24

M, = pj 10x2\/125 — X dx = —ij V125 - x}(=3x7) d 12500\/—,0 ~ 3105.6p

M,

—2L =30
m
M,
m

Therefore, the centroid is (3.0, 126.0).

=
i
&

126.0

Q

J_/:

400

4
m = pfo xe 7 dy ~ 2.3760p 34, m = pf ~ 6.2832p
M- Jul e 2 (\‘e""/z) dx M. = J‘ ( )[ 8 de
TP 7 N DR 2Ax* + 4 + 4
Pt oo ot ! o
=2 xeVdv = 0.7619 =32p} ———dv =~ 5.14149p
b g L (v + 4y
M, = pj“(;‘xze“x/Z dx = 5.1732p 5 = M, . 08
M m
o Y .
e T 2.2 X = 0by symmetry. Therefore, the centroid is (0, 0.8).
v =M L03 >

Therefore, the centroid is (2.2, 0.3).

3

~1

m=p[" 53400 — x* dr ~ 1239.76p
-20
M, = p[” 53/400 - (5\/400 )dx

-20
_ %/3 J.Qo (400 _ x2)2/3 dx ~ 20064.27

7 =M L1618
m

X = 0by symmetry. Therefore, the centroid is (0, 16.2).

50
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A= %(Za)c = ac

-
Q
3

=]
Il

Sy - 22  dy = ]
cy c? v 2ac

1l
Nl
NS
o

S o
/1

c

€7 - (2]

{(~a,0) {a,0)
A = bh = ac
L1
A ac

=i

i
S:I_.
>

N |-
S 2
N
a o
S

+

=Y
L

|
TN
o fo
~
L
_
&

1 1
= -z—a—c—[abc + azc] = E(b + a)
_Loge [(b b 12
= —— —_ | — d = |
Y ac J.o y{(cy * a) (ch:I Y L 2 }0

®9) - (23]

This is the point of intersection of the diagonals.

It
i b, c) (a+b,c)

0,0) (a, 0y

I\ eel(b—a : b+a :
|z o] (o
4ab  4ab 2] 1[_2a_b2_ggg3‘
b-a b+a
flezer -]
c c

c c 2
___l_j y(_ggy+za]dy=2 (y_.y_de:——_
ac 0 c c 90 c
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37.

38.

Chapter 7 Applications of Integration

A= %(a +b)
L2
A cfa+0)
f:c@imﬁkczax+4}*=c@imﬂ(ﬁiiﬁ+”J”=c@ib{b;%§+%?£
2 [b-ae ﬁcf_ii 2 [2bc* - 2ac® + 3ac2:l _c2b+a) (a+2b)
ofa+b) 3 2 | ela+b) 6 3a+b)  3(a+b)
e et e B 2

1 (b - aT X
== m— +
c(a + b) c 3 ¢ 2

1

a%jlc = !
’ R cla + b)L 3

{(b - a)zc

+ ac(b — a) + azc}

= ——-———-~-~——«!:(b2 — 2ab + az)c + 3ac(b - a) + Bazc]

3c(a + b)

L
=l

_ v _[la+2b)c a® + ab + b?
So, (x,y)*(3(a+b)’ 3(a + b) ]

The one line passes through (0, a/2) and (c, 5/2).1t's equation is y = b

a+ 2b

c

(¢, a + b).It's equation is y =

(0, a)

0,0)

i
b
1

x = 0 by symmetry.

= —xr?

a0
3 e
Y

=
1]

~r r

~2ab + a* + 3ab ~ 3a® + 3a2] =

a® + ab + b?
3(a+b)

- d

5 X + _az_ The other line passes through (0, —b) and
¢

x - b (,?, )7) is the point of intersection of these two lines.

39. X = 0 by symmetry.
1

A = —gab
2
12
A wab
2
;:;LL“GJET?)m
mab 2 -\ a
_ (e, 2 b (a2 _
rab\ a* 3, #a’3 3n
_ 4b
% 7)) =10—
(x,5) (3J

¥

b

A,

-a a
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=
Il

|

Il

(%) =

41. (a)

Section 7.6 Moments, Centers of Mass, and Centroids 79

[Fe R

1
2x——v)]dx—-3j [x—2x +x]dx—3[———-—2«x3+f-4—:|0=%

3.[01—[1—4——(—2)‘7.—i)l[1 (2x -Xx ):]dx = -j [ 2x - x2)2:|dx

57
EJl(l—4x2+4x3—x“)aix=§x_ﬁx3+x4_'__ -1
270 2 3 10

)

¥

17

(_

4’10

X

3 0

' )
|||||

(b) X = 0bysymmetry.

) M, =

Jb
fvﬁx(b - x2) dy = Obecause bx ~ x*is odd.

@ y> g—because there is more area above y = g—than below.

b
b+ x" )b~ x N 5 2 2
(&) M, = J' L“*.)L_“)Y,_f udx:lbzxmi :bz\/[;mf)m@:«tb\/_l;
Vb 2 2 2 51y 5 5
2T b/b b/b
A:j (b—v dv:[bx——-—} N/ AL R LA L
3 4 3 3
yo M _ 4 /bf5 3 2
4 4bf3
42. (a) M, = 0 by symmetry.
Xy
My = [ e x(b = x) v = 0
because bx — x?"*! is an odd function.
b)) y> %because there is more area above y = g—than below.
W oo
© M, = j_%m——za———_dx = I_Z%E(b - x*) dy
&N
_ l b2x B x4n+l _ b2bl/2n _ b(4n+l)/2n _ an b(4n+1)/2,,
2 4n + 1 2y 4n + 1 4n + 1
25
24 2n+1 (2n+1)/2n
4 = J'\/— _ xZn de = 2 by — X =2p. bl/Zn = b - 4n b(2n+l)/2n
2n+ 1y, 2n + 1 2n +1
4n+I /2:1
)_,:M\_4b J@n+1)  2n 41

A

anbP 2 [on 4 1) T an 41
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80  Chapter 7 Applications of Integration

(@ n 1 2 3 4

7 gb gb l_b —%b
5 9 13 17
_ 2n +1 1
e) limy = lim b=-b
( ) n-ym ) n—o dp + 1 2

(f) As n — oo, the figure gets narrower.

43. (a) X = 0by symmetry.

A=2[" r(x)dv = —23%)[30 + 4(29) + 2(26) + 4(20) + 0] = —239(278) - 2260
M= [ / (2x)2 dv = «3-%[302 +4(29)" + 2(26)" + 4(20)" + 0] = %0-(7216) = 12-131-69

M, _ 721603 _ 72160 _
T4 T Tss60/3 5560
(7 7) = (0,12.98)

12.98

) y = (~1.02 x 10‘5))(4 - 0.0019x> + 2928  (Use nine data points.)

M,  23,697.68
4 1843.54
(X, ) = (0,12.85)

() y = ~ 12.85

44. Let f(x) be the top curve, given by / + d. The bottom curve is d(x).

x| 0 0.5 1.0 15 |2

S 120 193 { 1.73 1 132 1 0

050 | 048 | 043 1033 (0

@ Area =2 [f(x) - d(x)]ds
~ 25(%)-[1.50 + 4(1.45) + 2(1.30) + 4(.99) + 0] = %[13.86] = 4.62
w, = [0 )
_ Lf [ 1) - a’(x)z]dx
= 5(%[3.75 + 4(3.4945) + 2(2.808) + 4(1.6335) + 0] = —é[29.878] = 4.9797
y = % = 4;2237 = 1.078
(x,¥) = (0,1.078)
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(b) f(x) = ~0.1061x* ~ 0.06126x> + 1.9527
d(x) = ~0.02648x" — 0.01497x* + 4862

_ M, 49133
(C) y = —
A 4.59998

(7 7) = (0,1.068)

ok

7° s

= 1.068

0

45. Centroids of the given regions: (1, 0) and (3, 0)
Area:d =4+«
- A+ 7(3)  4+3x

4+ 4+ 7
A0 a0)
- 4 + 7 B

4 + 37

(Eﬂ:(4+”ﬁjz@%ﬂ)

y

46. Centroids of the given regions: (1 3), (2, %), and (%, l)

2072
Area: 4 =3+2+2=7

=

Section 7.6 Moments, Centers of Mass, and Centroids 81

_ 3(1/2) + 2(2) + 2(7/2) _ 252 _ 25

14

7 7
- 3(3/2) + 2(1/2) + 2(1) _ 152 15
) 7 7 14
— 25 15
(-X, }’) - [H’ —1—4-)
ol
2 m]
® '"2 my
i ]
Y S
I; % ; s

47. Centroids of the given regions: (0, %), (O, 5), and

01)
2

Area: A =15 +12+7 = 34

~  15(0) + 12(0) + 7(0)

to 34 B

15(3/2) + 12(5) + 7(15/2) 135
34 T34

y =

135

ﬁﬂ:@ﬁﬂz&wﬂ

By symmetry, X = 0.

5 _ (1/9)(7/16) + (287/64)(55/16) 16,569 789
- (7/4) + (287/64) T 6384 304

T)Z) ~ (0,2.595)
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82  Chapter 7 Applications of Integration

49, Centroids of the given regions: (1, 0) and (3, 0 6
given regions: (1, 0) and (3, 0) 54. A= [ 2/x-2dv = S - 2)3/2} =32
Mass: 4 + 27 2 3 2 3
- _ 4(1) + 27(3) _2+3x M, = I; (x)2/x - 2dx = 2jz6x\/A‘ — 2 dx
4427 247
7 =0 Letw =x—2,x =u+ 2,du = dx:

4
(%) = (2 + 37r’ 0) ~ (222,0) M, 2J'0 (u + 2)\/; du

2+ 7 4
= 2.[0 (113/2 + 214‘/2) du
50. Centroids of the given regions: (3, 0) and (1, 0)

4
_ o2 4
Mass: 8 + 7 = 2{—511 + gu i
e 64, 32) 0
?_8(l)+7z(3)_8+37r 5 15
A oM, 704/15 2
(x7) = (8 A 3”,0) ~ (1.56,0) 4 323 s
8+ o
y o= X = _g..
51. r = 5is distance between center of circle and y-axis. “ 1408
’ z
A ~ 7(4)" = 167 is area of circle. So, V =2n1d = 2z ( 5 ]( 3j =~ 294,89

V = 27rd = 27r(5)(167r) = 1607 ~ 1579.14. M

52. V

27rd = 272’(3)(47r) = 24r? (6, 4)

53. A =—(4)(4) =8 i

(D tf, 27 s
y = (-g}z'j‘o (4 + ,\)(4 - ,\)dx = Ig[lﬁ\ - ~3~:| = 3

0

55, The center of mass (JT‘, }) isx = M),/m and
¥ = M./m, where:

1287 . m = m + my+ -+ m,is the total mass of
134.04 the system.
2. M, = mx; + myx,+ -+ m,x,is the moment

about the y-axis.

3. M, =my + myy,+ -+ m,y,is the moment
about the x-axis.

56. A planar lamina is a thin flat plate of constant density.
The center of mass (¥, ) is the balancing point on the

lamina.

87. Let R be a region in a plane and let L be a line such that
L does not intersect the interior of R. If » is the distance
between the centroid of R and L, then the volume ¥ of
the solid of revolution formed by revolving R about L is
V = 2mrA where A is the area of R.

S8 @ Yes. (5.7) = (5 +2) = (o)
(b) Yes. (x,7) = (% 2, TS§) - (%,%)
() Yes. (X,7) = (%, 158)

(d) No
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Section 7.6 Moments, Centers of Mass, and Centroids 83

59. The surface area of the sphere is S = 4+2. The arc
length of Cis s = zr. The distance traveled by the

centroid is
N 47pr?

d=2=
s nr

= 4y,

This distance is also the circumference of the circle of
radius y.

d = 2ry
So, 2y = 4r and you have y = 2r/z. Therefore, the
centroid of the semicircle y = «/r? - x? is (0, 2r/7).

¥

7|

>y

S

60. The centroid of the circle is (1, 0). The distance traveled

by the centroid is 27. The arc length of the circle is also
27. Therefore, S = (2z)(27) = 4x°.

-

n+1 n+1
m:pA:nil
2n+1
MVZEJ‘I("")2 v =22 = 2
290 2 2+l 202n+1)
X"+2 el
M, = x(x")dx = =
’ ,0_[0() [p n+2:L n+2
?m_ﬁﬁ_n+l
’ m n+2
= _ M.,  n+l  n+1
4 m 221+ 1) 4n+2
Centroid: (n + ;, 4" * 12)
n+ n+

As n = o, (¥,7) = (1, %) The graph approaches the

x-axis and the line x = las n ~» oo,

62. Let T be the shaded triangle with vertices
(~1,4),(1,4), and (0, 3). Let U be the large triangle with

vertices (4, 4), (4, 4), and (o, 0). ¥ consists of the
region U minus the region T,

Centroid of T: (O, %), Area = 1

Centroid of U: (0, -2-); Area = 16

Area: V =16 -1 =15
X = 0by symmetry.

57 14) - 1)

157 =

LTI 09 @

\ v, [0
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84  Chapter 7 Applications of Integration

Section 7.7 Fluid Pressure and Fluid Force

1. F = P4 =[624(8)]3 = 1497.6 Ib 9. h(y)=3-y
=92
2. F = PA = [62.4(8)]16 = 79872 1b Ly) = 2( 3" 1)
3. F = PA = [624(8)]10 = 499211b F = 2(62.4) j; (3- y)% + 1) dy
— — o P 3 y2 )
4. F = P4 = [624(8)]22 = 10982.41b = 124.8 J’O (3 _ TJ dy

5. F = 624(h + 2)(6) — (62.4)(h)(6) i 8[3)2 i KT .
= 62.4(2)(6) = 748.8 Ib ' '

2

¥

6. F = 62.4(h + 4)(48) — (62.4)(h)(48)
— 62.4(4)(48) = 11,980.8 Ib

7. hy)=3-y
L(y) = 4 .
3
F =624 (3~ y)(4)dy
10.
= 2496 [ (3 - y) dy
. L(y) = 24J4 -
2
= 249.63y - X-| =112321b 0 —
249 { Y 2 :l() F = 62.4'[_2 (—y)(Z) 4 — y2 dy
¥ 0
g = [62.4(%)(4 - y2>3/ 2L = 332.81b
3 ¥
24
'
'T X
1 2 ; 4 )
8 h(y)=3-y
4
L(y) = =
() = 3
F-64] (3-y)ay|d
= 624) (3-»)\ 3y |d
4
_ g(& 2 I; (v - ) dy F = 2(624) [ (4 = Yy dy
4
;P = 124.8[ (4y"* - )y
= f(62.4)[3i - )—} = 3744 1b ’
3 2 3 gy 2

i

4
124832 2771 1064.961b
3 5

Force is one-third that of Exercise 7. o

¥

44

¢ ' } 4
+ t + +
| 1 2
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Section 7.7 Fluid Pressure and Fluid Force 85
13. h(y) =4~y
L(y) =2
F = 9800[ 2(4 - y) d
0 y)ay

= 9800[8y — »*]. = 117,600 newtons

14. h(y) = (1+3\/”)_y
)

F

L(y (lower part)

L(»)
200 [ 3y 432 )75}

( ) (upper part)

i

3\/—/2 5 33
:19,600[%4\/}“_*} {3\/§y+18y+g__6\/§+1y}
0 3 2 3V2/2
[o(2/2 +1)  9(/Z +1
= 19,600 ( 4 ) * ( ) )J = 44,100(3\/5 + 2) newtons

15. h(y) =12 -

L(y)=6———5~

2y

9
F = 9800 fo (12 - y)(6 - %Ji) dy = 9800{72}» 7 + 2; ] = 2,381,400 newtons
]
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86  Chapter 7 Applications of Integration

16. h(y)=6-y

F = 9800 1(6 - y) dy

2 5
= 9800[6y - %}

0
= 171,500 newtons

17. h(y) =2y
L(y) = 10

F = 1407 (2 - y)10) dy

= 1407[; (2 - y) dy

)2 2
= 1407[2y - Qﬂ = 2814 1b

0

18. h(y) = -y

L(y) = 2(%\/9 - yz)

F=1407 [ ())& - )
= @?ﬂﬁw -y (-2y) dy

- [tontorays - oy

= 33768 1b

19. h(y)=4-y

L(y) =6
F = 1407 [ (4 - y)6) dy

= 8442 (4 ~ y) dy

2 4
= 844.2|:4y - 37] = 6753.6 b

0

il

e TR
L
20. h(y) = -y

21.

Liy)=5+3y

F=1407 " (=y)(5 + 3p) dy
= 1407 [ (-5 - 3y*) by
= u0rf-3 - 7,
= 140.7[4 - 15]
= 105525 1b

N

N é x

24

1 6.-3)

N

Sl

Wy) =~y

L(y) = 2(LW9 - 4y?

= 42 _03/2 (-9 - 4y? dy
582_.[?3/2 (9 - 4);2)1/2(_8})) i
0

22 _
)o - 45?) L/Z 94.5 1b

~xy
|
Gy

i
e
NS
e
b
wo
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Section 7.7 Fluid Pressure and Fluid Force 87
22 h(y)=2-y
L(y) = 2(LW/9 - 4y?
3/2 32 32
F = 42]4/2(% - W9 -4yt dy = 63]_3/2«/9 — 4% dy + %‘lj_3/2«/9 ~ 4y*(-8y) dy

The second integral is zero because it is an odd function and the limits of integration are symmetric to the origin. The first
integral is twice the area of a semicircle of radius %

(Vo - = 2Jlo4) - %)

So, the force is 63(37) = 141757 ~ 445.32 b,

23. h(y)=k -y
L(y) =2t - y?
F = Wf_r,_(k - ) [ _ Yy (2)dy = W[z/( J‘:, [ 57 ay + J:', [2 ¥ (~2y) dy}

The second integral is zero because its integrand is odd and the limits of integration are symmetric to the origin. The first
integral is the area of a semicircle with radius r.

2
F = 11{(2/{)% + 0} = whr?

water level

24. () F = whar® = (624)(7)(r2%) = 174727 1b 26. () F = whkhb

(b) F = whrr? = (62.4)(5)(x3) = 2808x Ib = (24)3)3) = 51481

(by F = wkhb

25 h(y) =k -y = (624)(2)(5)(10) = 26,5201b

L(y) =b
W2 27. From Exercise 25:
F=w J_/,/z (k =)y F = 64(15)(1)(1) = 960 Ib
2 hf2
= wb{ky - }7} = wh(hk) = wkhb 28. From Exercise 23:
—hf2

F = 64015)2(L)" ~ 753.98 1o

¥

water level
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29.

30.

31.

Chapter 7 Applications of Integration

h(y) =4~y

F =624 [ (4 - y)L(y) dy

Using Simpson's Rule with » = 8 you have:
~ 4-0

F = 62.4( ®)
= 30108 Ib

hy)=3-y

Solving y = 5x2/ (x2 + 4) for x, you obtain

X = «/4y/(5 - y).

4y
5~y

_ 3 4))
F = 624(2)f (3 - ) /;_—; dy
- G-y =2y~
= 2(124.8) jo B~y C dy ~ 546.265 b

L(y) =2

L t
-3 -2 -1 12 3

h(y) =15 -y

Ly) = 2(42/3 7 )3/2

F

32
624 ) 2(15 -y - yP)

8213.04 b

¥

Q

)[0 + 4(3.5)(3) + 2(3)(5) + 4(2.5)(8) + 2(2)(9) + 4(1.5)(10) + 2(1)(10.25) + 4(0.5)(10.5) + O]

32. h(y)=15-y

2 16—y

16 16
@ =116 - )
x = % 7(16 - yz)

L(y) = J7(16 - »?)

F = 6247 [ (15 - pJ16 - 3 dy ~ 27,597.631b

¥

33. If the fluid force is one-half of 1123.2 Ib, and the height
of the water is b, then

h(y)=b -y
L(y) =4
|

F =624 (b~ y)4)dy = ~(11232)

b
jo (b - y)dy = 225

5 b
[by - y—} = 225
2 0

2
b* - % = 225

B = 45 = b~ 2,121t
The pressure increases with increasing depth.

34. (a) Fluid pressure is the force per unit of area exerted by
a fluid over the surface of a body.

d
by F=Fw= wj h(y)L(y) dy, see page 510.
35. You use horizontal representative rectangles because you

are measuring total force against a region between two
depths.

36. The left window experiences the greater fluid force
because its centroid is lower.
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Review Exercises for Chapter 7 89

Review Exercises for Chapter 7

3 ol 3 ol _ s 1
I.A:I:slzdx:[_l}:i S.A.«ZJ'O(x x)dx—2[—2—x —~3x:|0—2
by x5
'
’
L 1 T ()
| .0 | iy
: (5.5)
1 5 + 1 leo

6. A4=[[(r+3)-(2+ 1)y

= J'_Z‘(2+y—y2)dy =[2y+%y2 _%yﬂ: -2

-2

1 1 ! V4 Vi n
3. A= J.—l m[[’( = [arctan ,’C]“ = “Z - (-‘-Z) = ‘-2“

1. ¢») /
ol 2,eh)
W
Lol TR | ’w | ‘
-1 i 2 3
4= [[(0"-2)- ()
= [ -2 + )y 8. 4=2[17 (2~ esox)de
_ Jq (-1 dy = {(y - 1)3JI 1 = 2[2x — In|cse x — cot XDZ;
0 3 3 jn
15 o[£ o))
L~ 2
2{7 +In2 - \/E)J ~ 1.555

=15

- - \
i

CyES
Wi
[STEY
ot
>l
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90  Chapter 7 Applications of Integration

54 . . -
0, 4= J‘ ’;/ (sin ¥ — cos x) dx 12. Point of intersection:

/ X ~xt+4x-3=0= x ~ 0.783.
= [-cos x — sin x]f:/'f‘4 0.783
A4 = _[0 (3—~4x+x2 ~x3)dx
1 I
J ( V2 2) = [3x T N
3 4 0
~ 1.189
4

-1

_p (7832, .4804)
(0]
(1 - Vx) dr

J.(:(l —2x2 4 x)dx

e
.
w
S
[

1l

/3 7
10, 4 = js/ (—l-—cosy)dy+ 57//;(cosy~%)dy 4

Saf3 77f3
[—X - sin y} + {sin y - Z]
2 /3 2 Jsaps

i

i
I PN N s
{x 3X + 2x ]0

14. Points of intersection:

xt—2xt = 247

x*—4x* =0 when x =0, 12
11. Points of intersection: 2
A= 2"‘ l:2x2 - (x4 - 2x2)J dx
x2 =8x+3 =3+ 8x — x? 0

2x2 - 16x =0 when x = 0,8 = 2J'02(4x2 - xA)dx

1= [l vse ) (e w3 g0 4] - g - v

I

j:(léx - 22%) dx

I

2 2.3P _ si2
[Sx - 2y ]o = 312 % 170,667

~2 (0,0)
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R e S AT G PR NNy PO P
A= ﬁ[(lntx/m)—(l—mﬂdx

:I_()l2x/x+ldx
y:1~—{:>x=2—~2y

- [lo-02 -2 2

y=x-2=>x=y+2,y=1

=ﬁ%a+ﬁﬁ—ﬂw

2 2
= jo (27 -y = [y2 - %yﬂo =3 4= L:[()’ +2) - (2 - 2y)]dy
Y |
(v ir] -2
0
["(0,0) T
e — N o
-

16 y=x~1=x=y"+1

= x =2y +1

=
i

18. A4 = jo'zdx+ f[z~ ¥ =1 dv

b
I

(l 2
A = .fls[\/x_—_f~f—2:i}dx e 14

P o

5,2

-

A 2 3 4 s
-1

19. (a) Trapezoidal: Area ~ J330 + 2(50) -+ 2(54) + 2(82) + 2(82) + 2(73) + 2(75) + 2(80) + 0] = 9920 2

(b) Simpson's: Area = %[0 + 4(50) + 2(54) + 4(82) + 2(82) + 4(73) + 2(75) + 4(80) + 0] = 10,4131 f?

20. (a) y = 13.2945(1.1539) = 13.2945 %43

200

[} (SR ——— ——— P ]
]

(b) R, = 6+ 13.9¢4

Difference: j;os (y - Rz)dt ~ 17.7 billion dollars
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Chapter 7 Applications of Integration

21. (a) Disk

3
V=7[J‘§x2d\‘=]:£§-} = 97
0

(b) Shell

(c) Shell

2 3

2 3P
vV o= 2ﬁf:(3 - xpdy = Zﬂ[ﬂ- - l—}

(d) Shell

3
V= 2mf (6 - x)rax = 27{3,\'2 - %]

N

0

3

0

= 9

= 36r

22. (a) Shell

2
2
V = 27[.’.() y3 dy == [-7—2[-)74] = 87
0

(b) Shell

2
V= 2;:[() (2- ) dy

2
= 27[]‘; (2)’2 - }’3) dy = 27[[-?—))3 - }—y’{} = %

47 L 3
¥
o
31
3
I T e
(c) Disk
2
2 T 327
V =nx 74(/ =47 = e—
IOJ y [SJ’L 5
ok
3l
24
i
[ S T
(d) Disk

V= ”J‘jl:(yz + 1)2 - l{!dy

2
2 | 2 1767
= ”,ro (y“ + 2)’2)"'}’ = ”[”5“)’5 + ;)’3}0 =5

>
;
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23. (a) Shell 24. (a) Shell
Vo= 4ﬂJ-:x(%)\/l6 - x2 dx Vo= 47r_[ () \/a ~ x% dx
= [3/[(—%)(%)(16 - x2)3/2}4 = 64r —27b J: (az - x2) (—2x) dx

o a

A = [—_4”1)([12 - xz)m] = i7mzb
4T 3a 3
¥
(O‘b)
\J"’ 0)
(b) Disk

2
V= zﬂj [ V16 - vz] dx (b) Disk

374 V =2z z(az—xz)d\”
9;{16 ‘?} = 487 va
2 a
0 = Zﬂf a’x — \3] = —zab®
3 a 3k
4t ¥
22 )’2

i ©. b A

25. Shell

x 2x 2
V =2 ;'\‘4 ‘+ 1 dy = HJ‘O!—X-(-%—dr = {7: arctan(xz)]; = 7[(% - 0] -7

26. Disk
o 2 ,
V = 2| | ———ou| dx = [27 arctan x| :Zﬂz—()jzz—
'[0 RYARS .\‘2} [ ]O (4 2

© 2010 Brooks/Cole, Cengage Learning




94 Chapter 7 Applications of Integration

6
27. Shell: V = 27 L —
+

u=~/x-2
x=u?+2
dx = 2u du
6 X 2(112+2)u
V =21 ————mmee v = 4 A A
J‘21+\/x—2 ”IO 1+u !

2% + 2
”I u u 3

+u

2
du=47rj wW—u+3-
0 1+u 0 1

28. Disk
V = nj; (e"")2 dx

1—2\‘
= ﬂ_[oe Y dx

-2

—31

_dn

ja’u = 47{%1/3 - %uz +3u-3In(1+ u)} =3 (20 - 91n 3) ~ 42.359

0

29. (a) Because y £ 0,4 = —j_ol xJx o+ 1dx.

u=x+1
x=u-1 .
dx = du '

4= -J.(;(uwl)\/; du .
= ~J:; (143/2 - 11'/2) du
= ~[%u5/2 - —%113/2]; -1t

=4
5

(b) Disk

V= ﬂjai x*(x + 1) dx

= ”Jj (x3 + xz)a’x -1

o \,30
= 77| o o
{4 3} it

~1

Fid
12
(c) Shell
u=-Jx+1
x=u* -1
dx = 2u du

Vo= 2x [ 2 x+ L
= 47rJ.; (112 - 1)2112 du

= 47:[(1 (116 — 2t + 112)du

!
= 47[[1117 SR r
70 75 T3 T T0s
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30. (a) Disk:
V = ﬂ_[;(xz + 4)2 dx
(b) Shell: y =x* +4 = x=. /4~y

V = 27[_[:3ydy+27z'|.413y(3—«/y—4)dy

(¢) No. The integral in (a) is respect to x, while those in
(b) are with respect to y.

Note: The volume is 8437/5.

(3, 13)

31. From Exercise 23(a) you have: ¥V = 64r i3
1y _
ZV = 16w

Disk: ﬂjj? '6(9 - y2) dy = lér
$[5 0= =1
-9, =
(9)70 - %y(f) = (~27 + 9)
Yo =27y, =27 = 0

By Newton's Method, y, ~ —1.042 and the depth of the
gasoline is 3 — 1.042 = 1.958 feet.

32. A(x) = %bh = %(zm )(\/gm)
= \/§(a2 - xz)
SR VR P

it
K=

3
= ﬁ(ﬂj
3
Because (4\/503) /3 = 10, you have

& = (5J§)/2. So, a = ,3/—5%—3_ ~ 1.630 meters.

1 /{12_ XZ —3nf

Review Exercises for Chapter 7 95

33, S(x) = £
F) = o
L+ [f0)] =1+~
u=1+-/x
x = (u—1)
dx = 2(u — 1) du

J-: 1+ ~/x dv = 21.]3\/;(11 - 1) du

ZJ': (113/2 - u'/z) du

T
I

it

2[—52—115/2 - %113/213 = —145[113/2(314 - 5)]13

%(1 + 6\/5) ~ 6.076

1

34. =
7 6 2x
o lXQ 1

i

35. y = 300 cosh| —— | — 280, ~2000 < x < 2000
2000

il

, 3 . X
y' = — sinh| ——
20 2000

2
= [0 1| sinh| 2| a
92000 20 2000
1 2000
20 J-2000

[
|

400 + 9 sinh? J-) dx
2000

4018.2 ft (by Simpson's Rule or graphing utility)

36. Because f(x) = tan xhas f'(x) = sec? x, this integral
represents the length of the graph of tan x from
x = 0to x = /4. This length is a little over 1 unit.
Answer (b).
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37.

38,

39.

40.

41.

Chapter 7 Applications of Integration

= 3y
y=7
)
"
2 25
L+ () =—
O =1
4
4 2 X2
S =2 (iv 2 e =[P 2 sy
o4 N 16 8 )2,
N
“.3)
N
L
o
! ; —
y = 2\/;, y' = ~—1—
NE

l+(y’)2:1+%:x

X
8 x+1 8
S:27rf32\/; [ (lx=47rL\/x+ldx
X

8
- 47{%(,\- + 1)3/2} _ 152z

\ 3

Fo=

5 = k(1)

F = 5x
5 522 125

W o= j Sxdy = | = “Zindb ~ 521 ftdb
0 2], 2

F = kx

50 = k(1) = k = 50

W = IIO 50x dx = [25,\'2:110 = 2500 in-lb ~ 208.3 ft-1b
0 0

2
Volume of disk: 7[(%] Ay [diameter = %ﬁ:l

2
Weight of disk: 62.47[(%—) Ay

Distance: 190 — y

62.4x (165
w = 9 L) (190 _y) &
. 2 165
_ 62.47 190y — _y_}
9 | 2 4
_ 62.9475 35,;175} ~ 122,9807 fi-Ib

=~ 193.2 foot-tons

42.

43,

44.

45,

You know that
dv _ 4 gal/min - 12 gal/min _ -8 f3/min
dt 7.481 gal/ft® 7.481
V = ar*th = ﬂ'(l]h
9
a _xdh
dt 9 dt

dh ﬁ(i’K) - ?{_—8) ~ -3.064 ft/min
dt 7\ dt 7\ 7.481

Depth of water: —3.064 ¢ + 165

Time to drain well: ¢ = 165

~ 53.85 min
4

(53.85)(12) ~ 646.2 gallons pumped

Volume of water pumped in Exercise 41:
[1657:(—;-) ﬁS} -[7.481 gal/fi’ | = 430.87 gallons

43087 6462
386353.1  «x

. 646.2
T 430.87
Work ~ 579,435.5 ft-Ib

(386,353.1) = 579,435.5

Weight of section of chain: 4 Ax
Distance moved: 10 — x

o 270
W= 4] (10 - x)dx = 4]:10,\' - —-—}

=t

200 ft-Ib

I

(a) Weight of section of cable: 5 Ax

Distance: 200 — x

W= 5" (200 - x)ds

2 200
5/ 200x — X
2 0

100,000 ft-1b

[

(b) Work to move 300 pounds 200 feet vertically:
300(200) = 60,000 ft-Ib.

Total work: 100,000 + 60,000 = 160,000 fi-lb

W= | F(x) ds
3
80 = J ax? dx _[ax} —ﬁa
3,3
a= ——3(68? =B ags
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46. W = [ F(x)dx

B —2/9)x+6, 0<x<9
Flx) = {—(4/3))( +16, 9 < x <12

W= [(-2x+6)dx + [NE 16) dx
= [—%xz + 6x]z + I:—%xz + 16x:|]92

= (-9 + 54) + (96 + 192 + 54 ~ 144)
= 51 ft-lbs

4. 4 = jo (f - \/E)2 dv = j’o(a - 2Jax"? + x) dx

-
[ox QNION

=
[

|
I
/"""\

1 4
} i
a* )2 o

(\/— - \/;)2 dy = %j:(ax - 2WJax? + xz) dy = g

= —%—Jﬂ ( — 425V 4 Gax — 4207 4 xz) dx

Review Exercises for Chapter 7 97

- é_[ B 0 TR ~§-a'/2x5/2 +—1~x3T - a x
a’ 5 3, 5
S a a
(xa)’)~(5,5)
3
3 I 32
48, 4 = 2x + 3) - x? dx=x2+3x-—~x3J ==
[llor 9= war = e 20 -2
r_3
A 32
~ 3
¥ = (2r+3—x)dx=ir(3x+2x2—x3)dx=i~3—x2+-2—x3~_—1~x4} =1
327~ 327-! 3212 3 4 1,
_ (3)1p : 1.3 .
yu(S—ZJEJ'_I[(2x+3) —x]dr—64 (9+12x+4x —x)dx
3
=_§—9x+6x2+ix3—lx5 _
64 35 ], TS

(%7) = (1, 151)
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Chapter 7 Applications of Integration

49, By symmetry, x = 0.

50.

A

21(;(02 - xz) dx = 2{a2x - i;ijl: = 4_a3

3

4a

3\ e
(E)EJ‘“" (a2 - x2)2 dx

|-

=
Il

= §—6a—3~ :(a4 - 2a%x% + x*) dx

8
4= Jar = |3 -] -
s 4 s
1.3
A 16
8
Fo Sk(xz/s___x) _i[?’_xsn 13] 10
16% 2 68 6 |, 3

8
7 = (i)ljg(xm LI A l(i) I L
16270 4 2016 )17 12 4,

24

_ 40
21
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51. y = 0 by symmetry.
For the trapezoid:

m = [(4)6) - ()6)]p = 18

=pf K—-x + 1) - (—éx - 1)]dx = pj;(%xz + Zdex = p[i;i + le) = 60p

For the semicircle:

m = (—;—)(7[)(2)2 p = 2mp

=l {\/4 (x - 6) (\/4 (x - 6) )Jdr:ZpI:xmdx

Let u = x — 6,then x = v + 6 and dx = du.When x = 6,u = 0.When x = 8y = 2.

- 2pf02(u + 6)\/;'_*”2 du = 2PIOZUV4 —u? du + lZpJ.:\/4 —u® duy
2 2
NN S P T solt + o)
=2 —— = la — 2 _ lep i
pﬂ 2)(3)( ) :L ' 12/)[ 4 } 3 T 3

X
{

=
1

So, you have: T y=dael
r 6,2)

#(18p + 27p) = 60p + Ap(4 + 97) 1 \\
1

5o 180p+4ap(4+97) 1 29z + 49) NRERES y
3 2009+ ) 3w +9) >

, 6,~2)
ol

The centroid of the blade is M, 01 "

3(r +9)

52, Wall at shallow end:
2P
= 62. 4j 20) dy = [(1248) 2} = 15,600 Ib
0

Wall at deep end: ¥
F = 624 5(20)dy = [(624)y*]" = 62,400 Ib o
Side wall:

Fy = 62.4[) (40) dy = [(1248),°] = 31,200 b

)

5 5 :: =
62.4."0 (10 - y)Sy dy = 62.4.[0 (80y - 8y2) dy —-5 5 I() 15 20 25 30 35 40 45 )

F=FKF+F =72801b

1

83. Let D = surface of liquid; p = weight per cubic volume.

F

Il

P[0~ WI0) - gly)] v i
AL 200 - 500 [0 - s 0] I

d [DU0) - )]
_ d) -
A L0 - st @] o [[/0) - 80)] @
p(Area)(D - 7)

p(Area)(depth of centroid)

i

1
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100 Chapter 7 Applications of Integration

54. F = 62.4(167)10 = 99847 Ib

Problem Solving for Chapter 7

1 1 2 37
‘-T=§c(cz)=553 3.R:J‘;x(l-x)dxz[fz—~1§—l=%—%:%
R = r(cx - xz) dx = |:—cﬁ - x—3]L = G = < Let (c, mc) be the intersection of the line and the

0 2 3|2 3 6 ’
parabola.
o . %c3 Then, mc = c(l —c) = m=1-corc=1-m
R IR T (1) e
o —2—(—6) = L) (x - xt - mx) dx
2. (a) By symmetry, M, = Ofor L 1 |:_x_2 s mﬁ]lw
(b) Because 12 2 3 24,
(M), for L) + (My for A) = (M}, for B), C(-m)y (- ,,,)3 B (1= m)
you have 2 3 2
(M, for L) = (M, for B) ~ (M, for 4) = 6(1—m) -4 -m) - 6m(l ~ m)’
(¢) M, for B = 0,because B is a circle at the origin =(1- m)2(6 - 4(1 - m) - 6m)
Ford, X = /iwy = M, = r(m‘z) = 7’ =(1- m)2(2 ~ 2m)
rea 1 3
So, (My for L) =0 -2 = -7’ 2 (t=m)
(d) ¥ = 0 by symmetry. (‘1«)‘/3 =1 —m
~  M,of L —r o 2
YT Areaof L 4m? - a3 =1 (“1“)!/3 ~ 02063
So,y = 0.2063x.

1

1@ W= e ) ol - V=)
el W )
87 j;ﬂ dy  (Integral represents 1/4 (area of circle))
= 87{%] =2 = V = 4z’
) (x= R +y? =2 = x = R+JrP = )7
710 [”(R N (SN )2}1)/ = 7 [ AR =57 dy = a(aRy = xR

V = 27%°R

1
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+|x]\/1 - x
4 /2
05
0.25 4
ok 5
-025+
~05+
For x > 0, ) 1 — 2x
1 —x2
1 - 2x?
S = 27[ 1+
I \/ 2\/_\/1 - x? )
N LNEY
3

6. V = Z(Zﬂ)f\r/m x~Jrt = x? gy
2 y2 ]
= ~27r[—— r? - x? }
3( ) 2 —(112/4)

3 8

{\ +y2=r2

2
o

[}

7. By the Theorem of Pappus,
V = 2nrd

= Zﬁ[d + %\/ wh o+ 12] hw

_ 3 3
= _,4.”{“]_1,} = % which does not depend on »

Problem Solving for Chapter 7 101

8. (a) Tangentatd: y = x*, 3 = 3x?
y-1= 3(x—1)
y=3x-2
To find point B:
¥ =3x-2
¥ -3x+2=0

(x-1D’(x+2) = 0= B = (=2,-8)

Tangentat B: y = x°, ' = 3x2

y+8=12(x +2)
y =12x + 16
To find point C:
o= 12x + 16

2 -12x-16=0
(X+2)2(X“4):0:>C:(4,64)

Areaof R = jlz(x3 - 3x + 2)a’x = ~227~

Area of § = fz(lzx +16 — x*) dr = 108

|

Area of § = 16(area of R) [area S 16}
area R

(b) Tangent at A(a, a3): y—a =3d(x - a)
y = 3a’x - 24°
To find point B: x* — 3a%x + 24° = 0
(x - a)z(x +2a) =0
= B = (-2a,-84°)
Tangentat B: y + 84’ = 12a*(x + 2a)
y = 12a%x + 164°
To find point C: x° — 120%x — 164® = 0
(x + 2a)°(x - 4a) = 0
= C = (4a, 64a°)

Area of R = I:;a[x3 —3a%x + 2a3J dx = 12[—4—7«514

Area of § = j“z (1242 + 160 - x*) dix = 108a*
Area of § = 16(area of R)

9 f’(x)2 = e
f(x) = e
f(x) =2e7 + C
f0)=0=C=-2
flx) =27 -2
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102  Chapter 7 Applications of Integration

_ Ix [ (+ f’(1)2 dr 11. Let p, be the density of the fluid and p, the density of
“ the iceberg. The buoyant force is
, ds 2
@ () =7 =1+ /() F=pgl Aly)d
() ds =+Jl+ f’(x)2 dx where A(y)is a typical cross section and g is the

leration due t ity. The weight of the object is
(ds)2 - [l + f'(x)z}(a’x)z acceleration due to gravity. The weight of the object i
w = Pogj y dy.

{1 + (Z}tj }(dv)2 = (dv)’ + (dy)’ F=W

L—h
pre | Ay dy = pog | A(y)dy
() s( I ( ‘/2) di = J’Ix /1 + 2 ar
4 Po _ submerged volume
2 9 oy total volume
d) s{2) = /1 + =t dt
@ () L 4 092 x10°

= 222X 0.8930r89.3%
327 1.03 x 10
8 9
=21 2
27 4

1

2 g5 13
= 22022 - 213 ~ 2.0858
27 27

This is the length of the curve y = x¥2 from
x =1tox =2

12. (a) y = 0 by symmetry

61 17’ i
m—ZI [—7}:% 1 i N,

| AN ZEERE
et e[ :

(b) mzzj"%dx:bz !
My:zj'sl b~1)
Y:(b(zb:l))//:2 - bzfl (%5 ):(%’Oj

(¢) limXx = lim

=2 (53)=(0)

b bow b + 1
13. (a) y = 0 by symmetry
6 1 6 1 35 ¥
M, = 2.[1 '\7 dr = 2,[1 ;;dx = 36 3l
24
111—2614dx:£ 14
X 324 ‘ o
- 35/36 63 o - 5
g o036 6B g5 (8, ‘
215/324 43 43 it
;3_’_
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1 b~
:Zledxz b2

1 2p* -1
zzledx _(ET—)
-
26’ - 1)/36°
_ 3b(b+1) _3 o
_2(b2+b+1)—2 (x,y)—(

®) M,

]

14

=

=1
|

SR s
=

14. =area =2+4+6 =12

area=3+(l+1)+2+%:7

L
2

15. Point of equilibrium: 50 — 0.5x = 0.125x

x =80,p =10
(R, xo) = (10, 80)

Consumer surplus = I:O[(SO - 0.5x) - IO] dx = 1600

80
Producer surplus = IO (10 - 0.125x) dx = 400

16. Point of equilibrium: 1000 — 0.4x? = 42x

X =20, p = 840

(B, Xp) = (840, 20)
Consumer surplus = L)ZO{(IOOO - O.4x2) - 840] dx

2133.33

it

20

Producer surplus IO (840 ~ 42x) dx = 8400

18. (a) Answers will vary.
Alx) = 6(x - x2)
h(x) =

(b) £, arc length ~ 3.2490
J> arc length =~ 3.3655

% sin(7x)

Problem Solving for Chapter 7 103

17. Use Exercise 25, Section 7.7, which gives F = wkhb
for a rectangle plate.

Wall at shallow end
From Exercise 25: F = 62.4(2)(4)(20) = 9984 Ib

Wall at deep end
From Exercise 25: F' = 62.4(4)(8)(20) = 39,936 Ib

Side wall
From Exercise 25: F} = 62.4(2)(4)(40) = 19,968 Ib

5

624 (8 - »)(10y) dy

i

4
4 2 ~ , Y
624)’0 8y - y*)dy = 624[43; - -;}
0
= 26,624 1b

Total force: /i + F, = 46,592 Ib

(c) See the article by Professor Larson Riddle at http://ecademy.agnesscott.edu/~Iriddle/arc/contest.htm

One such function is

fix) = Loy x*  (arc length =~ 2.9195)
r
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