31.

32.

33.

34.

35.

36.

@ dr dr(;ﬂr ) A
When r = 2, % = 4m(2)* = 167 cubic feet of
r

volume per foot of radius.

(b) The increase in the volume is

%77(2‘2)3 - -‘327(2)3 ~ 11.092 cubic feet.
For t > 0, the speed of the aircraft in meters per second
3600 sec 1 km
after ¢ ds is == -
er ¢ seconds 1s t Multiplying by ———— 1000 o'

we find that this is equlvalent to 8t kllometers per hour.
Solving 8¢ = 200 gives £ = 25 seconds. The aircraft takes
25 seconds to become airborne, and the distance it travels

during this time is D(25) =~ 694.444 meters.

Let v, be the exit velocity of a particle of lava. Then
5(t) = vyt — 16 feet, so the velocity is % =y, — 32t.

Solving % =0 gives t = ;—g. Then the maximum height, in

v, V, v \2 _ v, 2
tis s 0} =y (10 RORR
fe: L is s(32> V0(32> 16(32> o . Solving
—‘;4 = 1900 gives v, =~ *348.712. The exit velocity was

about 348.712 ft/sec. Multiplying by —ros 3600 sec |

1 mi
, we
5280 ft
find that this is equivalent to about 237.758 mi/h.

By estimating the slope of the velocity graph at that point.

Since profit = revenue — cost, the Sum and Difference

. d d d .
1 2, =2 -
Rule gives . {profit) (revenue) dx(cost), where x is

the number of units produced. This means that marginal

profit = marginal revenue — marginal cost.

(a) It takes 135 seconds.

(b) Average speed = TI; = % = 75—3

= (.068 furlongs/sec.

(¢) Using a symmetric difference quotient, the horse’s

speed is approximately

AF_ 4-2 _2 1
A 393 16 1 0.077 furlongs/sec.

(d) The horse is running the fastest during the last furlong
(between 9th and 10th furlong markers). This furlong
takes only 11 seconds to run, which is the least amount
of time for a furlong. '

(e) The horse accelerates the fastest during the first furlong
(between markers 0 and 1).

Section 3.5 87

37. (a) Assume that f'is even. Then,

Fi(=x) = Jim fCx + h) Sf(=x)
h-—)O
= lim £& = —f(x)

, and substituting k = —h,
h—0

= lim S+ k) —f&x)
-0 —k
hmf(x + k) f(x) — f (x)
k—0
So, f' is an odd function.

(b) Assume that fis odd. Then,

F1(3) = tim FEEE B =AC)
h%O
— Jim T ) @)

h—0 h
and substituting k = —h,
= im S+ B+ &)
k=0 —k

= Im f(x+k) J&) = ')

k0

So, f' is an even function,

38. L(fgh) = Lif(gh] = - L(gh) + gh - L (1)

,=f(g &b )+hdf

= (& (i ()

B Section 3.5 Derivatives of Trigonometric
Functions (pp. 134-141)

Exploration 1 Making a Conjecture with NDER

1. When the graph of sin x is increasing, the graph of
NDER (sin x) is positive (above the x-axis).

2. When the graph of sin x is decreasing, the graph of
NDER (sin x) is negative (below the x-axis).

3. When the graph of sin x stops increasing and starts
decreasing, the graph of NDER (sin x) crosses the x-axis
from above to below.

4. The slope of the graph of sin x matches the value of
NDER (sin x) at these points.

5. We conjecture that NDER (sin x) = cos x. The graphs
coincide, supporting our conjecture.

S
e

[—2m, 27] by [—4, 4]
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6.

‘When the graph of cos x is increasing, the graph of
NDER (cos x) is positive (above the x-axis).

‘When the graph of cos x is decreasing, the graph of
NDER (cos x) is negative (below the x-axis).

When the graph of cos x stops increasing and starts
decreasing, the graph of NDER (cos x) crosses the x-axis
from above to below.

The slope of the graph of cos x matches the value of
NDER (cos x) at these points.

‘We conjecture that NDER (cos x) = —sin x. The graphs
coincide, supporting our conjecture.

Ealu

e

[—2m, 2] by [—4, 4]

Quick Review 3.5
1 135 - = 3T < 2356
180° 4
2,178 = (ﬁ) ~ 97.403°
o w
3. sin T = ﬁ
T3 2
4. Domain: All reals
Range: [—1, 1]
5. Domain: x # %T for odd integers k
Range: All reals
6. cosa= V1 —sina=xV1 (-1 = +V0=0
7.Iftanag = —1, thena = —34£ + kar for some integer &, so
. 1
sing = F——,
V2

10.

I—cosh __ (1—cos Hd +cosh _ 1-— cos? h
h h(1 + cos h) h(1 + cos h)
_ sin® i
h(1 + cos h)

L y'(x) = 6x% — 14x

y'3) =12

The tangent line has slope 12 and passes through (3, 1), so
its equationis y = 12(x — 3) + 1, or y = 12x — 35.

a(t) =v'(f) = 6t> — 14¢

a(3) =12

Section 3.5 Exercises

1.

2.

3.

4.

%(1+x-—cosx)=0+1—(-sinx)=1+sinx
d . _ 2
E(Zsmx—tanx)——Zcosx—sec X
i(l-l-Ssinx):-—i2+5cosx
dx\x x

i—_(x secx) = x%(sec x) + sec x%(x)

=xsecxtanx + secx

16.

11.

i %(4 — 2ginx)= %(4) - {xzi—c(sm %) + (sin x)%(xz)]

= 0 —[x%cos x + (sin x)(2x)]

2

= —x”cos x — 2x sin x

: %(3;: +xtanx) = %(3;5) + l:x%(tan %) + (tan x)%(x)]

=3+ xsec’ + tanx

dx

—d—< 4 )= d(4secx)=4secxtanx
dx\ cos x

d d
_l.. | pu— — +
(1 +cosxy—(x) — x dx(l COS Xx)

i X —
T dx 1+ cosx (1 + cos x)?
_ 1+cosx+xsinx
(1 + cos x)?
(1 + cot x)j—(cot x) — {cot x)ii—(l + cot x)
d _cotx _ dx dx
“dx 1+ cotx (1 + cot x)?
_ (I +cot x)(—csc? x) — (cot x(—csc?x)
(1 + cotx)?
— csc?x - csc? x sin? x - 1
(1 + cot x)2 (1 + cot x)? sin® x (sin x + cos x)?
(@ + sin x)L(cos x) — (cos x)-2(1 + sin x)
d _cosx _ dx dx
dx 1+ sinx (1 + sin x)?
_ (1 + sin x)(—sin x) — (cos x)(cos x)
(1 + sin x)?
. —sinx— sin®x — cos®x
(1 + sin x)?
— —( +sinx)
(1 + sin x)?
__ 1
1+sinx

y'(x) = %(sin)‘c +3)=cosx

y(m)=cosm = —1

The tangent line has slope —1 and passes through
(r, sin 7 + 3) = (m, 3).

Its equationisy = —1(x — o) + 3,ory = —x + 7 + 3.



12. y'(x) =

13.

14.

15,

d d
—(tan x) — —
tam x x—(tan x) — tan x—(x)

4
dx x x*

_ xsec’x—tanx

A TV -1
(r\ A _ 87— 16
U

The normal line has slope —

2 77.2

7T =
gr—16 16 — 87

tan(z) 4
and passes through %, —= = (ﬂ _)‘
4

Its equation is y =

7 T 4
X~ —1+ —,0r
16 — 87 4 T

a? 7

= X —
16 — 87 64 — 327

y
Using decimals, this equation is approximately
y = —1.081x + 2.122.

1] d 2 2 d,. . d 2
= = gy + —
y'(x) E(x sinx) = x dx(sm x) + (sin x)dx(x )
= x2 cos x + 2x sin x
y'(B)=9cos3 + 6sin3

The tangent line has slope 9 cos 3 + 6 sin 3 and passes
through (3, 9 sin 3). Its equation is

y=(9cos3 + 6sin3)x — 3) +9sin3, or

y = (9 cos 3 + 6 sin 3)x — 27 cos 3 — 9 sin 3. Using
decimals, this equation is approximately

y = —8.063x + 25.460.

. +h -
lim cos (x + h) —cosx
h—0

= lim (cosxcos h —sinxsinh) —cosx
B0 h

= im &8 x(cosh — 1) —sinxsin h
B0 h

= lim((cos P e IZ— L (sin x)sn; h)
1

h—0

= (cos x)( fim <282 =1 1) — (sin x)(lim sinh h)
10 h W0 B

= (cos x)(0) — (sin x)(1) = —sinx

AL in 1) — (sin x-S (cos &
d sinx (cos x)dx(smx) (smx)dx(cos X)

d = =
@ E tan x = dx cos x (cos x)2
_ (cos x){cos x) —~ (sin x)(—sin x)

COSZX

_ cos?x +sin®x 1 _ 2
= 5 = —5—=sec"x
cos”x cos“x

Section 3.5

401y~
o (cos x);x—(l) (l)dx(cqs x)

(b) %secx=i

dx cos x (cos x)2
— (cos x)(0) — (1)}(—sin x)
cos?x
sin x
= 75— =secxtanx
cos“x
d d cosx
16. (a) —cotx = —
@ dx . dx sinx

(sin x)%(cos x) — (cos x)%(sin x)

(sin x)?

_ {(sin x)(—sin x) — (cos x)(cos x)
sin®x

_ —(sinzx + cos®x)

sin® x

d d 1
b) % =4 1
®) o=y

(sin x)%a) - (1)%(5111 %)

(sin x)?

— (sin x)(0) — (1)(cos x)

sin?x

COS X __
———5— = —¢sC X cotx
sin” x

89

17. ?j; sec x = sec x tan x which is 0 at x = 0, so the slope of

the tangent line is 0. % cos x = —sin x whichis Q at x = 0,

so the slope of the tangent line is 0.

18. L tan x = sec?x = —12—, which is never 0.
dx cos“x
4 cotx = —cse?x = —— 12 , which is never 0.
dx sin”x

19. y'(x) = %(\/i cosx)=—V2sinx

T . p 1
—1=— —==V2—=|=~—
y ( 4) 2 sin 2 \/—(\/5> 1
The tangent line has slope —1 and passes through

(%, V2 cos %) = (%, 1), so its equation is
y= ~1<x—%) +1l,ory= —x+%:-+ 1.

The normal line has slope 1 and passes through (%, 1), S0

its equation is y = 1<x——1£> +lory=x+1 —%,
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20.

21.

22.

1 _d — 2
X) = —tanx = sec” x
') ;

Y =S =2

seclx =2
secx = +V2
1
cosx = £—r
V2
On (—g, %), the solutions are x = ig. The points on the
T T
——, —1}and|{— 1}.
e (2, 1) o (3.1

y'(x) = %(4 + cotx — 2 csc x)
=0 — csc® x + 2 csc x cot x

= —csc?x + 2 ¢sc x cot x

(a) y(g)

The tangent line has slope —1 and passes through

~csc2Z +2csc Leot
2 2 2

Il

—12 4 2(1)(0) = 1

P(g,'z). Its equation is y = —l(x - g) + 2, or
=-x+Z+2,
y x 2
) Y& =0
—csc?x+ 2cscxcotx =0

1 2 cos x
2 + 2 =0
sin” x sin” x

,12 (2cosx—1) =0
sSm- X

WV

The coordinates of Q are (?’ 4 — \/§>

The equation of the horizontal line is y = 4 — V3.

y(x) = %(1 + V2 ese x + cot x)
=0+ \/5(—csc x cot x) + (—csc? %)

= —V2cscxcotx ~ csc?x

(a) y’(%)

~V2ese Lcot L —csc2 T
44 4

~Vav2 - (V2

=-2-2=-4

Il

The tangent line has slope —4 and passes through
P(%, 4). Its equation is y = —4<x - %) + 4, or

y=—4x+7+4

(®)

y'@) =0
~V2cscxcotx —csclx =0
_\/Ecosx_ i =0
sin? x sin® x
~—L (VZcosx+1) =0
sm” x
1
CoOsSx = ———
3\/5
x = I'tpointQ
37 37 37
=1+ 2T 4 cot 2
y(4) 14+ V2esc 2 cot .
=1+V2(V2) + (-1)
=2

The coordinates of O are (3:, 2).

The equation of the horizontal line is y = 2.

23. (a) Velocity: s'(f) = —2 cos t m/sec

Speed: |s'(5)] = |2 cos 4 m/sec
Acceleration: s"(£) = 2 sin t m/sec?
Jerk: s"(£)= 2 cos ¢ m/sec’

(b) Velocity: —2 cos % = —V2 m/sec

©

24. (a)

Speed: ]—\/_2_| = V2 m/sec
Acceleration: 2 sin% = V2 m/sec?
Jerk: 2 cos% = V2 m/sec3

The body starts at 2, goes to 0 and then oscillates
between 0 and 4.

Speed:

Greatest when cos t = *1 (or t = kir), at the center of
the interval of motion.

Zerowhencost =0 (ort= %”, k odd), at the
endpoints of the interval of motion.

Acceleration:

Greatest (in magnitude) when sin ¢ = *1

(or £ =47, k 0dd)

Zero when sin t = 0 (or ¢ = kw)

Jerk:

Greatest (in magnitude) when cos ¢ = *1 (or ¢t = k77)
Zero when cos 1 = 0 (or t= %’T, k 0dd>r

Velocity: s'(f) = cos ¢t — sin ¢ m/sec

Speed: ]s’(t)] = ]cos t — sin tl m/sec

Acceleration: s"(f) = —sin ¢ — cos ¢ m/sec?
Jerk: s"(f) = —cos £ + sin ¢ m/sec’



(b) Velocity: cos —E - sin% = () m/sec
Speed: 0] = 0 m/sec
Acceleration: —sin% — cos —741 = ~V2 m/sec?
Jerk: —cos % + sin% = 0 m/sec’

(c) The body starts at 1, goes to V/2 and then oscillates
between =V/2.

Speed:

Greatest when t = —3271 + kar

Zero when t = % + kar

Acceleration:

Greatest (in magnitude) when 1 = %:— + kmr
Zero when t = —34£ + kar

Jerk:

Greatest (in magnitude) when ¢ = %%T— + kmr

Zero when t = L 4 kar

/I\

R B

25. (a)

[—360, 360} by [—0.01, 0.02]

The limit is %0 because this is the conversion factor

for changing from degrees to radians.

LN

()

N

[—360, 360] by [—0.02, 0.02]
This limit is still 0.

© %sinx=lim sin{x + A) —sinx

h—0 h
. sinxcosh+cosxsinh — sinx
= lim
h—0 h
. sinx(cosh— 1)+ cosxsinh
= lim ( )
h—0 h

= (lim sinx)(lim M) + (hm cosx)(lim smh)
h—0 h—0 h h—0 h0 R

= (sin x)(0) + (cos x)(ﬁm

w
= —C08 X
180
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@ —l-l—cosx=1im cos(x + h) —cosx
dx

h=0 h
.. cosxcosh—sinxsinh —cosx
= lim
h—0 h
= him (cos x)(cosh — 1) —sinxsinh
h—0 h

= (hm cos x)(lim —C—(ﬁﬁ—:—l-) - (lim sin x)(lim s h)
B0 0 h h—0 0k

= (cos x)(0) — (sin x)(ga)

=—" sinx
180

a . d T T
(e) Psmx=——cosx=——(——smx)

dx 180 180\ 180
’lT2 .
= _W SIn x
—d3—sinx=i _W_zsinx = _77_2 L.casx
x> dx\ 180° 1802\ 180
3
= —% Cos x
d? d T a7
—zcosx=~(—-—smx = ————cosx
dx dx\ 180 1801180
N ;
= --1%)7 cOos X
d—300sx=i ——Zz—cosx = - m -7 _sinx
a3 dx\ 1807 1802\ 180
3
= 1507 sin x
26. y’ =%cscx = —cscx cotx

y" = =~(—csc x cot x)

SO

—(csc x)%(cot x) — (cot x)fx-(csc x)

I

—(csc x)(—csc2 x) ~— (cot x)(—csc x cot x)

= ¢sc x + csc x cot? x

27,y = %(9 tan 6)
= 0L (tan 0) + (tan 6)-2-(0)
dao de
=@sec? 9+ tan 6
y'= %(0 sec? 0 + tan )
= 0-L(sec O)(sec O)] + (sec? ) 2(9) + (tan 6)
de de dae
d d 2
= - + —
6[(sec G)de(sec 6) + (sec O)de(sec 0)] + sec” 6 +
sec? 0
=20 sec? 0 tan § + 2 sec? §
= (26 tan 8 + 2)(sec? 6)

or, writing in terms of sines and cosines,

_2+20tan6
cos® 8
- 2cos @+ 20sin 0
cos’ 6§
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28.

29.

30.

31.

32.

Continuous:

Note that g(0) = im g(x) = lim cos x = cos (0) = 1, and
x—0* 207

lim g(x) = lim (x + b) = b. We require im g(x) = g(0),
x—0" 107 207

so b = 1. The function is continuous if » = 1.

Differentiable:

For b = 1, the left-hand derivative is 1 and the right-hand

derivative is —sin (0) = 0, so the function

is not differentiable. For other values of b, the function is

discontinuous at x = 0 and there is no

left-hand derivative. So, there is no value of b that will

make the function differentiable at x = Q.

Observe the pattern:

d .
——€0S X = —sinx

2
Z—xicosx= —COS X
4 .
&Fcosx=smx
d4
Ecosx=cosx

5
6

7
wcosx= sin x

8

Ex—gcosx=cosx

Continuing the pattern, we see that

dn
dx"
k.

cos x = sin x when n = 4k + 3 for any whole number

999
Since 999 = 4(249) +3, 4555 cos x = sin x

Observe the pattern:

isinx=cosx
dx
2
ijsinx= —sin x
3
Fsinx= ~COS X

4
Esinx=sinx

& .

Fsmx= oS x
X

45 . .

Esmx= —SsSmx
7

Esinx= —cos x
8

Esinx=sinx

Continuing the pattern, we see that

dﬂ
dx"
k.

sin x = cos x when n = 4k + 1 for any whole number

5
Since 725 = 4(181) + 1, B sin X = CoS x.

The line is tangent to the graph of y = sin x at (0, 0). Since

y'(0) = cos (0) = 1,

the line has slope 1 and its equation is y = x.
(a) Using y = x, sin (0.12) =~ 0.12.

(b) sin (0.12) = 0.1197122; The approximation is within

0.0003 of the actual value.

d .
FCOSJC= —Ssmx

d
Fcos X = —COS X

33. L sin 2x = L2 sin x cos x)
dx dx
= 2%(sin X COS X)
= ol (sin 2L (cos a4
2[(sm x)dx(cos x) + (cos x)dx(sm x)]
= 2[(sin x)(—sin x) + (cos x)(cos x)]
= 2(cos® x — sin’ x)

. =2cos2x

34. 4 cos 2x = L (cos x)(cos x) — (sin X)(sin x)]
dx dx
= [(cos x)%(cos x) + (cos x)d%(cos x)] -

[(sin x)dix(sin %) + (sin x)%(sin x)]

= 2(cos x)(—sin x) — 2(sin x)(cos x)

I

—4 sin x cos x

—2(2 sin x cos x)

1

—2 sin 2x

(cos h — I)(cos h + 1)
h(cos h + 1)
cos?h— 1
T im0 Bcos B + 1)
_ —sin’ h
a0 Meosh+ 1)

- —(lim §mh)(ﬁm sin h )
o R ro cosh+ 1

ofy-o

36. y' =di(Asinx+Bcosx)=Acosx-Bsinx
X

35, lim (cosh—1) - lim
730 h 10

i

"

y =%(Acosx—Bsinx)=—Asinx—Bcosx
Solve: ' Yy —y =sinx
(—Asinx — Bcosx) — (Asinx + B cos x) = sinx
—2Asinx — 2B cosx = sinx
Atx=12T—,thisgives —24 =1, soA=—»;—.
Atx = 0, we have —2B = 0, so B = 0.

Thus, A = —% and B = 0.

B Section 3.6 Chain Rule (pp. 141-149)

Quick Review 3.6
1 f(gx) =Ff@% + 1) =sin (x* + 1)

2. flg((x))) = f(g(Tx) = f((Tx)* + 1)
= sin [(7%)* + 1] = sin (49x% + 1)

3. (go M@ = g(h(x)) = g(Tx) = (71" + 1 =49x" + 1
4. (ho)®) = h(g() = h(x> + 1) = TG + 1) = Tx> + 7

g0\ _ P+ _ . X+
5 f(h(x)) f( Tx ) s Tx




6.
7.

8.

9.
10.

Vcos x + 2 = g(cos x) = g(f(x))

V3 cos? x + 2 = g(3 cos 2 x) = g(h(cos x)) = g(h(f(x)))
3cosx+6=3(cosx+2)=3Vcosx + 2y

= h(Vcos x + 2) = h(g(cos x)) = h(g(f(x)))

cos 27x* = F27x") = fBGxY) = F((3x%)) = Fh(H(x))
cos V2 + 3x* = cos V3x? + 2 = f(V3x* +2)

= f(g(3x%) = f(g(h(x)))

Section 3.6 Exercises

L % < sin (3% + 1) = [cos (3x +1)]—d—(3x +1)
= [cos (3x + D](3) =3 cos 3x + 1)

2. % = Zi' sin (7 — 5%) = [cos (7 — 5x)]——(7 — 5%)
= [cos (7 — 501(=5) = —5 cos (7 — 5%)
dy _ d _ . d

3. o cos (\/gx) = [—sin (\/gx)]—(\/gx)
= [—sin (V301(V3) = —V3 sin (\/§x)

4. % % tan (2x — x%) = [sec? (2x — x3)]%(2x -2
= [sec? (2x — ¥ — 3x%) = (2 — 3x%) sec? (2x — x°)
dy _d 2] _

5. 2= E[S cot( ﬂ [ 5 csc? ( )] oxh

10 2 {2
=5 csc” (=
22 (3)

dy _ d sin x 2:2 sinx \d{ sinx
“dx  dx\l+cosx 1+ cosx/dx\1+ cosx

I
)

d
sin x (1 + cos A,)Ex‘
1+cosx - (1 +cos x)?

2( sin x )((1 + cos x)(cos x) — (sin x)(—sin x))
1

+ cos x (1 + cos x)2

sin x — sin x%(l + cos x))

il

=9 sin x cos x -+ cos? x + sin” x
1+cosx (1+cosx)2
2( sin x (1+cosx
1+cosx (1+cosx)2
sin x
1+cosx 1+cosx
- 2sinx
(1 + cos x)*
dy d’ . . d , .
L = - cos (sin x) = [—sin (sin x)]— (sin x
D = £ cos (sin2) = [—sin (sin - (sin)
= —gjin (sin x) cos x
dy _ d
i Esec (tan x) = sec (tan x) tan (tan x)—(tan x)

= gec (tan x) tan (tan x) sec? x

10.

- 1L

12.

13.
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dy _ d - _3d
et =20+ L x+
2= V) 2 + V%) e V)
- 1
= 20 + V%) 3(1 + )
2Vx
% %(csc x+ cotx) 1
= —(csc x + cot x)—z?j—x(csc x + cot x)
= 1 s(—cotx csc x — csc? x)
(csc x + cot x) ‘
_ fesc x)(cot x+esex) csC X
(cscx + cot x)2 cscx + cotx
% = Tic—(sin_5 x — cos® x)
= (-5 sin~® x)%(sin x)— Q@3 cosz'x);‘:;(cos x)
= —5sin"®xcosx+ 3 cos? xsinx
D= L0 2x - 5
= O dex -5+ @e- L6
= ()@ (2x — 5)3%(275 =5) + (2x — 5Y'(3x%)
= (A)@(2x — 572 + 3x*2x — 5)*
= 8x3(2x — 5)° + 3x%(2x — 5)*
= 5%(2x — 5)°[8x + 3(2x — 5)]
= x2(2x — 5)3(14x — 15)
% = %(snﬁ x tan 4%)
.3 . d d,. 3
= — + —
(sin x)dx(tan 4x) + (tan 4x)dx(sm x)
= (sin® x)(sec? 4x)%(4x) + (tan 4%)(3 sin? x)% (sin %)
= (sin® x)(sec? 4x)(4) + (tan 4x)(3 sin* x)(cos x)
= 4 sin® x sec? 4x + 3 sin® x cos x tan 4x
2% % (4Vsec x + tan x)
=4.»——————1 —d—(secx+tanx)
2Vsecx + tan x dx
2

= (sec xtan x + sec? x)
Vsecx +tanx

secx-+tanx
=2secx

Vsec x + tan x
=2secxVsecx + tanx

o
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S TR
dx  d\\ox + 1
Vox + 1)%(3) - 3%(\/21- 1
- (V2x + 1?2

(V2x+ 10— 3(2\/2175

)%(2;: + 1)

2x+1

e
2+ 1

3

—(2x+ DV2x + 1

=-3Q2x+ 17

& EViTe
VTP e — oV + )

B (V1 + 22
(\/m Y1) — 1(

6. dy _ d

)

1+x2

Vita- x(2 \/11+_xz)(zx>

1+ x%
1+ x) — 2
T A +AVI+ D

=(1+x5)7"

17. The last step here uses the identity 2 sin a cos a = sin 2a.

z—dxsm (Bx—2)
= 2 sin (3x — 2):1; sin (3x — 2)
— 2 sin (3x — 2) cos (3x — 2)%(3x -2
= 2 sin (3x — 2) cos (3x — 2)(3)
= 6 sin (3x — 2) cos (3x — 2)
= 3 sin (6x — 4)
dy

18. == = (1 + cos 2x)? = 2(1 + cos Zx)%(l + cos 2x)
= 2(1 + cos 2x)(—sin 20)-%(2x)

dx
= 2(1 + cos 2x)(—sin 2x)(2)

= —4(1 + cos 2x)(sin 2x)

19. &
dx

20.

21.

22.

23.

24.

25.

26.

= %(1 + cos? 7x)°

= 3(1 + cos? 7x)2%(1 + cos® 7x)

= 3(1 + cos? T2 cos 1)L (cos T2)

= 3(1 + cos® 72)%(2 cos Tx)(~sin 7 L(7)
= 3(1 + cos? 7x)%(2 cos Tx)(—sin 7x)(7)

= —42(1 + cos? 7x)* cos 7x sin Tx

—tan 5x

2 \/ ‘tan 5x 9% -

1

= (sec? 5x)—(5x)
2V'tan Sx dx

=__1
2\/tan 5x

-5 sec? Sx

2Vtan SJL

(Vtan 5x) =

Bi&
Bl

(sec? 5x)(5)

(tan 5x)" 12 gec? 5x

% = —[t cos (7 — 41)]
= (t) [cos (i — 4] + cos (7 — 4t)—(t)
= {[—sin (7 — 4t)]a(frr — 48 + cos (m — 49(1)
= t{—sin (7 — 4H)(—4) + cos (7 — 4f)

= 4t sin (7 — 4f) + cos (7 — 4)

ds _df4 4
as — + =
& dt( sin 3¢ o cos 5t>
d
= 317(005 3t)dt(3t) + 5( sin St)E(St)
=2 (cos 30)(3) + (—sin 51)(5)
3ar S

=icos3t—isin5t
aT T

= il () e (1)
= oon ()5L55) - an (250

_ 37 37 Tar sin T
=—2C0 t t
2 (2 ) 4 (4>

dr_4d —0) = sec? (2 — 1 %o ~
0 tan (2 ~ 6) = sec” (2 e)de(z )]
= sec? (2 — 0)(—1) = —sec* (2 — 6)

ar o —(sec 26 tan 20)

de

_ d
= (sec ZB)E(tan 26) + (tan 20);15(860 26)
= (sec 20)(sec? 29)%(20) + (tan 26)(sec 20 tan 29)%(20)

= 2 sec® 20 + 2 sec 20 tan? 20



27. % ‘Zv(asme

) —(0 sin 6)

2V sin 6 d@
1 . d

= 0— 6) + (sin 6)-2(9

] 060 )+ Gin 0) ¢ )]

———(9 cos 6 + sin 6)
2V sin 6

0 cos 6 + sin

T 2Vesine

28. % = —(29\/s?c— 0)
= (2612 (Vsec 6) + (Vsec 0)2(20)
. \/Sgc_)——(sec 6) + 2Vsec 6 |
(29)(2 \/;;__)(sec 0 tan 6) + 2Vsec §
= 6(Vsec 6)(tan 0) + 2Vsec 0
= Vsec 6(6 tan 0 + 2)

= (26) (

2

29.y' = —tanx = sec“x

&[&&I'@u

sec? x = (2 sec x)—(sec X)
= (2 sec x)(sec x tan x)

=2sec’xtanx

cotx = —csc? x

“-]u.&h.

30, y'

y" ( csc?x) = (=2 csc x)—(csc x)
= (—2 csc x)(—csc x cot x)

=2csctxcotx

3Ly =% cot Bx — 1) = —ese? (3x — 1)—(3x -1

ﬁ*

= —3csc? Br— 1)
y' =213 esc(3x ~ ]
= —3[2 cse (3x — 1)]% ese (3x — 1)
= —3[2csc 3x — 1] -
[—cse (3x — 1) cot (3x — 1)]%(3)5 -1)
= —3[2 cse (3x — Di[—cse (3x — 1) cot (3x — DIG)

=18 csc? Bx — D cot 3x — 1)
r . d - 2(x\dfx
2.y dx[g fan (3>] 9 see (3)&(3)

—3sec2<x)'
sy
= e 5] s (5)mn i 5

o e
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33. f'(w) = ———(u +1)~5u
) __\/‘ _ 1
F@ =g Vo= o
(Fo ') = FeW)g' (D =F'Dg'(h) = 5)3) =
=81 — =gy 2= L
34.f(u)—E(l u y=u )
F@ =21 -7 =~ -9
(] — 2]y =L
=~ =D D =t

(Fo /(1) = £/~ D)g'=D) = ()’ D)
= (4)(%) =

, d, u\ _ o fmu d{mu
35. f'(w) = I (cot 10) csc (lo)du( 10)
csC

ST sc? (T
10 10

80 =45V =

(fe &'M) =f"(gW)g' (M) ="’
(a1
Eofl =

36. f'(u) = %[u + (cos )2

=1 — 2(cos u)_3i cos u
du
2sinu
C()S3 u

80 = (m0) =
cf°g>'(l) = F'6(0g (%)

= (5 )

1+ v (m)
s
= 5
2 0L — (2
5 f()—— . (u +1)2-(2) = (2u) du(u2+1)
: du u* + 1 w?+ 1)2

_ @A )R~ Quew) _ —2u”+2
(u + 1y @+ 1)
g'x)= a;(IOx +x+1)=20x+1

(f8)'(0) = f'(g(0)g'(0) = f"(1)g'(0) = (OX1) =
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o) -Enlis)

u+ I)E(u —1) = (u~ 1)%(14 1)

=2(u—1\
u+1) (u + 1y*
2(u—1\(u+1)— -1 _ 4u—1)
u+1l) @+ 1P @+ 1)°

g0 =S -1 = -2
(fo9)'(=1) = F'g(~1)g'(~D)
= f(©)g'(~1)
= (-9H® = -

dy du

du dx
d d

= —(6x + 2
du(cos u)dx(6x )

39. (a) % =

= (—sin u)(6)

= —6sinu

i

—6 sin (6x + 2)

) _ dy du
du dx

=4 4
= du(cos 2u)dx(3x + 1)

) 2 =

Il

(—sin 2u)(2) - (3)

—6 sin 2u

Il

—6 sin (6x + 2)

4 _dydu

dx  du dx
d . d, »
=—sin(u+ 1D—x
sin (u + D207

40. (a)

=cos (u+ (1) -2x

=2xcos(u+1)

=2xcos(xZ+ 1)
dy _dydu

dx du dx
d, . d,»
= — —x“+ 1
du(sm u)y—(x )

(b)

= (cos u)(2x)
=2xcosu

=2xcos (x> + 1)

41.

42.

43.

44.

dx

- dt(2 cos £) 2sint

dy _ d .
~—=—2sinf)=2cost
dt t( )

The line passes through (2 cos =, 2 sin ) = (\/_ \/—)

and has slope —cot% = ~1. Its equation is

y=-x=V2)+V2o0y=—x+2V2

% = —(sm 2arf) = (cos 2m)—(27rt) = 247 cos 2t
& _d _ sin 2 0mt) — — 2 i
" dt(cos 2art) = (—sin 27r1) dt(?.m) 297 sin 27t

The line passes through (sin %EG’ cos 2—”) = ( - —)
and has slope —tan i—w =V3.Its equation is

y=\/3_(x+«£—> —,ory= \/§x+2

‘Z (sec t—1)=(2sec t)—~(sec )]
= (2 sec f)(sec t tan £)
=2sec?ftant
& _d 2 tant = sec® s
dr  dt
& ,
dy _dr __sectt 1 .
dx .dx  2sec’ttant 2 '
dt
The line passes through

(sec2 (—%) -1, tan( 4)) (1, ~1) and has

1 T ..
slope —cot | — = ——. Its equation
P 2 ( 4> 2 q 18

—%(x—l)—l,ory=—%x—1

E.
& _ ii—sect—— sec ttan t
dr dt
ﬂ 4 tan ¢ = sec? ¢
dr dt
dy
dy _ @ _ sec? t _sect 1
dx dx secttant tant sint oset
dr ‘
. 2 1
The line passes through (sec 1, tan E) = (—, ~—) and
6 6/ \V3Vv3
has slope csc T=21s equation is y = 2<x - i) + L,
6 V3 V3

ory=2x—\/§.



46.

47.

48.

A _d,
dt dt
dy _d ;1
dt dt 2\/;
dy
dy _ @ _ U@V _ 1
dx & 1 2Vi

. 1 1\ _{(11
The line passes through (Z’ \/a = (4, 2) and has slope

= 1. Its equation is y = 1(x - %) +Lor

2\[1 2’
4
1
=x+—
Y 4
=20+ 3) =4
dt
D= Dty =4
dr dt
dy
dy _dt 4 _
dx dx 4
dt

The line passes through (2(—1)2 +3, (—1)4) =(5,1) and

has slope (— 1)? = 1. Iis equation is y = 1(x — 5) + 1, or
y=x—4

idz=£(t—sint) =1—cost
dt dt
dy _ d .
—~ =—1—cost)=sint
dt dt( )
ay
&y _ar_ _sint
dx dx 1-—-cost
dt
The line passes through

T esinT 1 -cos )= E_ﬁ,l and has slope
3 3 3 3 2°2

sin (13’~)

1 — cos (77) =V3.Tts equation is

y=\/§(x——§+ﬁ)+l,or

2 2
T
y=\/§x+2——.
V3
g=icost=——sint
dt dt
d—y=-d~(1+sint)=cost
dr dt
i
d_y=£=°_°_s,t_.=_cott
de dx  —sint
dt

The line passes through (cos g, 1+ sin %) = (0, 2) and

has slope —cot(%) = 0. Its equation is y = 2.
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49. (a) %=g;(t2+t)=2t+1
iy_=d

—sinf =cost
dt dt
dy
dy _ a _ cost
dx & 2u+1
dt
dfdy\ _ d cost
®) dt(dx) dr 2t +1

1+ 1)%(008 f) — (cos t)%(Zt +1)

@t + 1)?

_ @+ 1)(—sin #) - (cos 1)(2)
@+ 1

(2 I(sinf) +2cost
@+ 1)

dy
t =
(c) Letu

ﬂ:ﬂﬂfsod—”=ﬂ4—ETherefore
dt  dxd’ dx dt dt’ ’

df{dy\ _ dfdy\  dx
dx\dx di\ dx dt
_ @+ 1)¥sin#) + 2cost
TEE 2+ 1D
_ (2t + 1)(sing) +2cost
@+ 1

Then

(d) The expression in part (c). '

50. Since the radius passes through (0, 0) and (2 cos ¢, 2 sin 1),

it has slope given by tan . But the slope of the tangent line

&
is bt _Zgo,s_t = —cot t, which is the negative
dx dx —2sint -
dt

reciprocal of tan ¢. This means that the radius and the
tangent line are perpendicular. (The preceding érgument
breaks down when = %1, where k is an integer. At these
values, either the radius is horizontal and the tangent line is
vertical or the radius is vertical and the tangent line is
horizontal, so the result still holds.)

—dsdf _-d a8
ST wma w0

-_— —_ = —_— = .3_,71-‘ =
When 0 = ) ddt S’d ( sin 2)(5)
52, Dbl _dio g gH
dt dedt dx . dt
dx
= +
2x 7)(dt>
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53.

54.

55.

56.

Since the range of the function f{x) = % cos % is [-—%, %],

the largest possible value of % is ;—

dy
dx
The desired line has slope y'(0) = m cos 0 = m and passes

= %(sin mx) = (cos mx)%(mx) = m cos mx

through (0, 0), so its equation is y = mx.

2 mx\d [mx
2
=T sec? [Tl =T 2 —
y' (1) 5 Se¢ (4) 2(\/5) .
The tangent line has slope 7 and passes through
(1, 2 tan %) = (1, 2). Its equation is y = #(x — 1) + 2, or
y=mx—a+2.
The normal line has slope — and passes through (1, 2). Its
ar
equation is y = -—l(x —D+2ory= ——1—x + 1 + 2.
i w au

Graphical support:
I
A

i

[~4.7,47] by [-3.1, 3.1]

@ S12(1 =21
Atx = 2, the derivative is 2f(2) = 2(%) - %

() {16 + 8091 =F'() +8'()
At x = 3, the derivative is f'(3) + g'(3) = 2= + 5.

() %[f(X) - 8] = f()g' (%) + gx)S ')
At x = 3, the derivative is
f3)g'(3) +gB3)f'(3) = 3)G) + (—H(2m)
=15 — 8=.

4 f&x) . g0)f'®) —fxg'®)

d
@ dx g(x) g1

At x = 2, the derivative is

1
D= — B)(—3
wore e 78" OY

t@F @7
4
-3 _3
4 6

© - £(09) = £ (8()g' ()

®

(2

(a

~

57. (a)

)

-t

At x = 2, the derivative is
flg@Ng' @) =1'"Dg' ) = (l

3)(—3) =-1.

L _d.._ fw
ZVR«S dxf(x) 2%

£ Vfe =

At x = 2, the derivative is
1

'@ 3 I
WFD  2V8 sV 12Va
d 1 _dpova oeoaesd o280
e b {g()] 2[g)] 50 o
At x = 3, the derivative is
_2e 2 10 _ 5
RO (-4 —64 32

1
da/ _———d
E fz(x) + gZ(x) = o\ /f?’(x) + gZ(x) E[fz(x) + gZ(x)]
1
= VP e O + 280 Lg()]
B FO)f' () + g(x)g'(x)
VP + 8w
At x = 2, the derivative is
®(3) + @3

Q') + 8@)g'@)
VFA2) + g%2) V8? +22
_10 10

3 __3 ___s
Ves  2V1T /o

%[Sﬂx) ~ ()] = 5£'() — g’
At x = 1, the derivative is

1] ) — __1____ _gz
SFI() — g'(D) 5( 3) <3) 1

L0808 + £ @)

= FOBE* g0 + 8°0" ()

= 3f(0)g* (g’ (%) + £2@)f ')

At x = 0, the derivative is 3£(0)g%(0)g'(0) + g3(0)f'(0)
= 3(1)(1)2@) + (1%G5) = 6.



) + 11 — f- e + 1)
( L 10 __ & i
dx g(x) +1

[g) + 11

_ e + 11F'®) ~ F0e'®)
[gG) + 117

At x = 1, the derivative is

1 8

4+ D3] - ®) —

5 + 17 — fE'D) _ (=5)-(-3)
[g(1) + 117 (—4+1y7

1l

O |
i
[

@ 2 flgl) = (2()g')

At x = 0, the derivative is

FEO)E'® =78 ® = (=53] =

© < 5(6) = g (NS

At x = 0, the derivative is

&' (FONS'©) = (V'O = (—§)<s> -2

® L (g0 + 7172 = ~20g0) + F091 > 18 + 09

_ 2w+

[g() + fOI
At x = 1, the derivative is
. Lof 21
P IPZCV R e)) N S S S
(=4 +3) ]

) + FOF
® L [+ g0 = £ + g0) 1l + )]
=G+ gL + /()
At x = 0, the derivative is
1O+ gO)(1 +g'@) =f'0 + 1)(1 + %)

=f'<1)(§)

(3
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58. Fory = sin 2x, y' = (cos Zx)%(Zx) =2 cos 2x and the
slope at the origin is 2.
Fory = —sin %, y = (—cos %)de«(%) = —% €08 % and the
slope at the origin is —%. Since the slopes of the two
tangent lines are 2 and —%, the lines are perpendicular and
the curves are orthogonal.

A graph of the two curves along with the tangents y = 2x

andy = ——;—x is shown.

va y\x%

[—4.7,47] by [-3.1,3.1]

59. Because the symbols ﬂ, ﬂ, and du are not fractions. The
dx du dx

individual symbols dy, dx, and du do not have numerical

values.

60. Velocity: s'(7) = —2mbA sin (2mbt)
acceleration: s"(f) = —47°b%A cos (2arbt)
jerk: s"(f) = 81°b3A sin 27b1)
The velocity, amplitude, and jerk are proportional to &, 2
and b3, respectively. If the frequency b is doubled, then the
amplitude of the velocity is doubled, the amplitude of the
acceleration is quadrupled, and the amplitude of the jerk is
multiplied by 8.

6L (a) y'(H) = % 37 sin [%(x - 101)} + —5;(25)

365

= 27— 27
= 37 cos {365(36 101)] 265

=147 s [Z—W(x - 101)]
365 365

= 2 A L
= 37 cos [365 x 101)] dx[ (x 101)} +0

Since cos u is greatest when u = 0, =277, and so on,
N 2ar

y'(f) is greatest when 3E(x —101) =0, or

x = 101. The temperature is increasing the fastest on

day 101 (April 11).

(b) The rate of increase is

y'(101) = ;4?757 = (.637 degrees per day.
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62. Velocity: s'(f) = %\/1 Yar=—>t 444

2V1 + 4 dt

4 2

2V1+4 V1i+d4

At t = 6, the velocity is 2= %m/sec

V1 + 4(6)

Acceleration: s"(f)= 4 _2
dt 1+ 4

Vitate) -2 dViva
B (V1 + 42

1 d
-2 L1+ 4
= (zw + 4t)df
1+ 4r

—4
V1i+4r _ 4
1+4r (1 + 4032

_._.___.___....4 =
[1 + 4(6)1*

63. Acceleration = & = 2 & (Z—:)(v) = [%(k\/;)](k\/;)

= (ZL\/J(]C\/;) = %2, a constant.

At t = 6, the acceleration is — —% m/sec?

64. Note that this Exercise concerns itself with the slowing

down caused by the earth’s atmosphere, not the acceleration

caused by gravity.

Given: v = k.

Vs
on = & = dvds _ (dv\ o fdv
Acceleration = o ds dt ( ds)(v) (v)( ds)
_ (L)i L
Vs/ds Vs

\/55;(1:) —k %\/E
B (?%)( (Vsy? >

—k
- (_’&) @V
Vs s
2
= —k—, s=0
252

Thus, the acceleration is inversely proportional to s2.

ion = & = 0 _ &) dx _
65. Acceleration = o & b F@fx)

- (j%)(-;-)(km =kn o=

67. No, this does not contradict the Chain Rule. The Chain
Rule states that if two functions are differentiable at the
appropriate points, then their composite must also be
differentiable. It does not say: If a composite is
differentiable, then the functions which make up the
composite must all be differentiable.

68. Yes. Note that d% fg(x) = f'(g(x))g' (x). If the graph of
y = f(g(x)) has a horizontal tangent at x = 1, then
F'(g(1g’ (1) = 0, so either g'(1) = 0 or f'(g(1)) = 0. This
means that either the graph of y = g(x) has a horizontal
tangent at x = 1, or the graph of y = f(u) has a horizontal

tangent at u = g(1).

69. For h = 1:

17a\NV/aN
NG

[—2,3.5]by [—3, 3]
For h =0.5:

VANNA
VARY

[-2,3.5] by {3, 3]
Forh = 0.2:

A
J W

[—2,3.5] by [3, 3]

As h — 0, the second curve (the difference quotient)
approaches the first (y = 2 cos 2x). This is because

2 cos 2x is the derivative of sin 2x, and the second curve is
the difference quotient used to define the derivative of

sin 2x. As h — 0, the difference quotient expression should
be approaching the derivative.
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70. For b = 1: 72.£=% Vuv=%\/x(x+c)=%\/x2+cx

/{\ _ 1 d 2 _ 2x+cec _xt@x+o
= - ¢ + = =
?&\-\“‘awv\ . 2V + ox X @ ) 2Vt +ex 2Vax(x + ¢)
)l u+v

[=2,3] by [--5, 5]
Forh=0.7:

B Section 3.7 Implicit Differentiation

: (pp. 149-157)
;& /ﬂr

'\“Q;U Exploration 1 An Unexpected Derivative
Y 1. 2x — 2y — 2xy' + 2yy’ = 0. Solving for y', we find that
dy .
[—2,3] by [5, 5] E) =1 (provided y # x).
For i = 0.3: 2. With a constant derivative of 1, the graph would seem to be

a line with slope 1.

m ﬂ\\ { 3. Letting x = 0 in the original equation, we find that
f y = *2, This would seem to indicate that this equation
RY \vf

defines two lines implicitly, both with slope 1. The two
linesarey=x+2andy=x— 2.

[=2,3] by [-5, 5] 4. Factoring the original equation, we have
As h — 0, the second curve (the difference quotient) [G=»-2l[c—-»+2]1=0
approaches the first (y = —2x sin (x?)). This is because ax—y—2=00ax-—y+2=0
—2x sin (x?) is the derivative of cos (x2), and the second ny=x—2ory=x+2
curve is the difference quotient used to define the derivative The graph is shown below.

of cos (x%). As k — 0, the difference quotient expression

should be approaching the derivative. // /

1. (a) Let f(x) = Jx]. / /
/]

[—4.7,47] by [—3.1,3.1]

i —_ i — £ ﬂ = i _d_u — U . . . dy __ e
dx]u! I f@ =f"(u 2 (du M)( dx) l”l u. 5. At eac'h point (x, y) on elthejr line, e 1. The conflmon
The derivative of the absolute value function is +1 for y # xis true be.:cal}se t,’°th hnf:s' are parallel.to the line
y = x. The derivative is surprising because it does not
positive values, —1 for negative values, and undefined depend on x or y, but there are no inconsistencies.
at 0. Sof’(u) — -1, u<0 QuiCK Review 3.7
]., u>0. 2
1 x—y* =
But this is exactly how the expression ﬁ evaluates. x =92
U
*Vx =y
o td 2 ¥-9 _ @2 -9 =V y.= —Vx
b =|=(@x - . = y X, Y, x
O F0=| -9 55 =2 1 =Vay,

§'0) =L (hlsin ) < T
= lxl %(sin x) + (sin x) %ix] \“*-.,____

= bl cos x + 1 ' [~6, 6] by [4, 4]

Note: The expression for g’(x) above is undefined at

x = 0, but actually

£'(0) = lim g0+ 1m—~80 _ 4 | sinh _ 0.
h—0 h h—0 h

Therefore, we may express the derivative as

[x[cosx+x8inx x#0

g = Wl

>

x=0.
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2. 42+ 9y =36
9y* = 36 — 4
S =36 4x*

9
y=t% 9 — x?

= 2~/0 = = -
y1_§9 -xz,yz—' -

N
N

[—4.7,471by [—3.1,3.1]

3. -4yt =0

(r+29)(x — 2y) =

|
=

I
I+

y

!ffﬁ -\\
[—6, 6] by [—4, 4]
4. x* + y7' =9

Y =9 —

y=i\/§——X2
L =V9-iy,=

an
N

L~

[—4.7,4.7 by [—3.1, 3.1]
5. x2+y? =2x+3
y2 =2x+3-x°

y=:*:\/2x+3~x2

¥ = \/2x+3—-x2,y2=

N
N_/

[—4.7,471 by [—3.1,3.1]

6. xzy’—2xy =d4x—y

2y =dx—y+ 2xy
4x —y + 2xy

32

[ —

= g{9 - xz)

-Vo — )’2

9 —x*

—V2x + 3 — 32

7.y sinx—xcosx =xy’ +y
y' sinx —xy’ =y+zxcosx

(sinx —x)y’ =y +xcosx
, _ytxcosx

y : -
sinx —x

8. x(¥* —y') =y'(*~y)

» =y'e* -y +x)

b9

A2~y+x

3
9. \/)_c(x - \/J—C) = x12(x — x93y
— x1/2x _ xl/2x1/3
= 32— 506
3
x+ Va2 x4+
=R
/3 X
X
o4 E
P77

Il

y

10.

= 12 4 =56

Section 3.7 Exercises

1L dy =d om_9 om-1_9, 54
ax do i
2. W _d s 3 -am -1 3 -85
" 5 5
3. D _dy_dan_Lam-1_1 -
dx dx dx 3 3
& _dds_d o _lam-1_1 -3
4'dx_dx\/— = =7 =7
a
5. 2= dxt 5= x5BT
= —E(Zx +5)732) = —(2x + 5y
&y _d 2/3
L= -
6 T dx( 6x)
= %(1 - 6x)(2/3)_1%(1 — 6x)
2 - S
=20 - )7%(=6)
= —4(1 - 6x)"1?
7. @ -—(x\/x + 1)
dx dx
x \/x +1+VxZ+1 —(x)

= xzx—(x + D724 2+ 2
=x- 262+ D7) + 62+ D7

— x2(x2 + 1)—1/2 + ()CZ + 1)1/2
2%+ 1

\/x2+1.

Note: This answer is equivalent to

(21-1-5)



smmmee | cmececssveses

—————— .

(x +1)1’ X (x + D2

_d
dJC\/x2+1 x+1

x %(x2 + 1)722x)

&

(xz + 1)1/2 =
- ?+1

— 2+1-x%
o2+ 1P+ 12

_ 1
- (xl + 1)3/2

=(x2+1)—3/2
x7‘y+xy2=6
42+ Loy =L
L) + 23 = 2(6)

d ' a
P+ 320 + )+ y2(1) =

Zdy + 2xy =-Qo+y)

Syt xz)a = —(2xy +9)
&y __2y+y
dx 2y + x*

10. %2 +y® = 18xy
d d d
260+ 2 0% = 2(180)

32+ 322 = 182 + 18y (1)
)’ xdx y

3y 2—— 18x =18y — 3x?

By* — 18x)a = 18y — 3x?

dy 18y —3x*
E_Syz—lfix
dy_6y—x2
dx_yz—.ﬁx_
2 _x—1
11 y_x+1
do_dx=l
dxy Brt 1
2 _ e+ D = @— DM
dx (x+1)?
o 2
d (x+ 1P
dy 1
dx yx+1)?

103
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12. x2=x—y
x+y
deoy_d*X7Y
( )= dex+y
@+w@——) e-ol1+2)
@ +y°
d d B d
[x—xy+y—yay]—[x+xay—y—yay]
&= G+
2y — dy
a (x+y)2

dy
x(x+y)2 =y—xE

dy 5
.~ =y — + v
* =Y x(x +y)

dy — x(x + y) 2
2= 07N = (x+
S B . (x+y
Alternate solution:
x* = o
x+y

2x+y)=x—y

x3+x2y=x—y
dz.3 d 2. d d
sl + — — i i
L) + Lty = 2@ — 50

a; d
3x2+x2—y+y(2x)=1—zx}i

0% +1)—=1 3x% — 2xy

dy__l—3x—2xy

& 2+l
(1 — x1212

2124 12
%) dx( x77)

=
&&
I

1/2)—1/2 _lx—uz ;
2 ¢
12)-112, =112

1—x

—-i(l —X

Il
PR
-

Il

dy a —1/2. —1/3
L B
14 32x "4+ 1)
= (Zx—l/Z 1)—4/3 d(zx—lll 1)

- "'(2)6—1/2 k2 1)—4/3(_x—3/2)

- x_3/2(2x_-1/2 ER 1)—4/3

= E(csc x)Y 2(—csc X cot x)

= —%(csc 22 cot x

[



i
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16. Friab [sin (x + 5)]
= %[sm &+ 5)]“4 sin (x + 5)
= %[sm (@ + 51" cos (x + 5)

17. x=tany
dey_d
) = 7 tany)

1 = sec? yﬂ
dx sec? y y
18. x=siny
2 = L(siny)
dy
1 = —e
cosy - 4
dx cosy
19. x+tamxy=0

d a _d
£ +L(anm) =-L0)
1+ sec? () () =

1 + (sec? xy)[xd—y + GXD] =0

(sec? xy)(x——— ~1 — (sec y)(y)
dy__—l—ysecxy
dx  xsec?xy
O . P
A
0. x+siny =xy

L+ ;;é(sm ) =)

1+ (gos y)— = x— + (D

;' d
— —2 . == e _I_
(cos y — x) 1+y

& TLry -y
dx cosy—x x—cosy

{
(@) IEf6) = 2x*3 — 3 then

1
‘,\ fl(x) — x—1/3 andf"(x) — _%x—4/3
|

2s
») I f(x) 9 %53 — 7, then
A J F@= 3 2 and f"(3) =~

| which matches the given equation.

|
|
j
|
|
|

which contradicts the given equation f"(x) = x~ /3,

(¢) Differentiating both sides of the given equation
F'G) = x7 1P gives fr(x) = —=x 43
that f"() = ~2x 4%,

, 80 it must be true

(d) IF'(x) = %x% + 6, then f"(x) = x~ '3, which matches
the given equation.

Conclusion: (b), (), and (d) could be true.

22. (&) If g'(f) = 4V/t — 4, then

g = %(41‘1/4 —4) =M= %, which matches the

given equation.

(b) Differentiating both sides of the given equation
g'h = 3—,4 = 173" gives 'O = -4t =7/ which is not
. 4
consistent with g"(f) = ———.
Vi
© g =t—17+ lﬁ-ﬁ"* then g'(f) = 1 + 4t and
g == t3’4’ which matches the given

equation,
it
@ Kg'@= —t“‘* then g"(f) = "3’4, which
contradicts the given equauon.

Conclusion: (a) and (c) could be frue.

x2+y2—1

d, o d, 2 d
2 + =142
Lo +Leh < 4q)
2x + 2yy' =0
2yy' = —2x

y' =

-
y
"=i
dx

— (Y)(l) — ®0"

Since our original equation was x2 + y> = 1, we may

substitute 1 for x% + y2, giving y" = —y%,



24, 2P+ 93 =1

doopy o doasy 4
dx(x )+dx()’ ) dx(l)

2

3 1/3+ y—1/3/__0

k.

Y\’ — 6O
x 2

1/3
@)

3 1413}12/3

1 x2/3 1/3

3 4I3y2/3

2/3 + y213

3364/3y 13

Since our original equation was x> + y?3 = 1, we ma:
gimai eq y y

1

substitute 1 for x*3 + y??, giving y" = EWERTER

25, yYP=xP+u

d, d, 2 d
— =—(x7) + —(2
Lo =260 + 429
2yy’ =2x + 2
; _2x+2 _x+1
y =TT
y y
0 d(x+1
Y dx\ y

=D - G+ 1y
2
y
+1
— @+ D
e+ )
¥
_Y -G+’
¥
Since our original equation was y? = x> + 2x, we may
write y* — (x + I)ZT(x2+2x)—-(x2+2x+ y=-
which gives y" = ——;.

y

26.y> +2p=2x+1

—(y2 +2y) = —_(2x +1)

@y +2y' =2
P |
Y y+1
”:i.—.l
dxy+1
=-@+17?
- 1
= —(y + 2of b
o+D (y+1)
1

o+’

Section 3.7

27. x+xy— y=1
L6 + L) - 267 =2)
2 4 52 +(y)(1) yiiX=o

(x—2y) =-—2=y

_ —2x—y _2x+y

22)+3
Slope at (2, 3): ﬁz— =%

(a) Tangent: y——(x—2)+30ry —Z— -

(b) Normal: y = —g(x*2)+3ory= —%x+%

28. Z+yr=25
L3 + L67 = 205

n+@@—o

dy =
dx
Slope at (3, —4): —

W
-Pl \<]><
B w

3 3 25
. - —
(a) Tangent:y 4(x 3+ (—4dory R

(b) Normal: y = —%(x —3)+ (—4)ory = _gx

29, xy? =9
d, 20 _ d

Loty =£0)
L + 670 =0

dy 2
ity = —
YT TR
dy 29y
dx 2_x2y x

Slope at (~1, 3): —_il =3

(a) Tangent: y=3(x+ 1) +3o0ry=3x+6

(b)Normal:y=—%(x+1)+3ory=—%x+§«
30. y—2x—4y—1=0
Ay G Qg 4y =4
9% ~ L9 ~ £ ~ (1) = 2O
B 5 qW =
" 2 4dx 0=0
I
@-42=2
dy_ 1
dac  y—2

Stope at (=2, 1): = ~1

(a) Tangent:y=—(x+2)+lory=-—-x—1
(b) Normal: y =1(x +2) + lory=x +3

105
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31 62+ 3xy + 22+ 17y~ 6 =0
; d d d d

L6 + L 30) + L@D +L1Ty) ~ 2(6) = 4(0)
12x + 3x 4 (By)I) + 4ydy + 17 —0=0

dy dy dy -
A 4y 4 178 = 125~
xdx ydx e 2x — 3y

Grtay+ N2 = —12: -3
X
dy _  —12x—3y

dx  3x+4y+ 17
~12(-1)—30) _ 12 _ 6

Slope at (=1, 0): 3 = G 17~ 14 7

(2) Tangent: y = ~—(x +1D+0ory= —x + g
(b) Normal: y = —z(x+ 1)+ 0ory= —Zx—z
6 6 6
32. x? - \/gxy +2y2 =5
d d d d
00 = V) + 2507 = E(S)
2% — \/§(x) \/_ 30)(1) + 4ydy =
—-x\/_ 3+ 4y)—~ = y\/_ - 2x
il)_’ — y\/_ —2x
V34 4y
Slope at (\/5, 2): M =
~V3V3 + 4(2)
(a) Tangent:y =2
(b) Normal: x = V3
33. 2xy + rsiny = 2w
d d,. _d
ZE(xy) + ﬁa(sm y = dx(27r)
dy dy _
Ly + &=
Zxdx 2y(1) + wcosy o 0
dy
+ L=~
(2x + 7 cos y)dx 2y
by
dx - 2x+arcosy
2w/2) T

L N L ) B
Slope at (1, 2)' 2(1) + 7 cos(w/2) 2

(a) Tangent: y = ——E(x -1+ % ory= _.”zlx +

(b) NOITIlalZy=g(x-1)+Eory=£x-—£+£
T 2 T [

34. x sin 2y =y cos 2x

35.

36.

%(x sin 2y) = %(y cos 2)
(x)(cos Zy)(Z)% + (sin 2y)(1) =
O)(~sin 22)(2) + (cos 2x)<ﬂ)
(2x cos 2y)— (cos 2x) y = —2y sin 2x — sin 2y

ﬂ___ _ 2ysin2x + sin 2y
dx 2x cos 2y — cos 2x

z(g)sin (g) + sin ()
Slope at (4 2) 2(-:{-) cos () — cos (-721)

__@mm)+0

EERN

(a) Tangent: y = 2(x -

Ty 4+ 7 =
4) 5 ory=2x

1
(b) Normal: y = —E(x—%)+zory= L

2 2 8
y = 2 sin (7x — y)
%=5—x-251n(7rx—y)
%=Zcos (77x~y)(77—%)

[1+2cos(mx— y)]ﬂ 21 cos (mx — y)

§“

dy _ _2mcos (mx —y)
de 1+ 2cos(mx—y)

27 cos T _
1+ 2cosa

2qr(—1)

Slope at (1, 0): T+ 2-1)

=21

(a) Tangent:y =2mw(x — 1) + Oory = 27mx — 2

—x 1
27 2

(b) Normal: y = —ZL(x —1)+0ory=
7

x*cos’y —siny=0

d, . d

"(Sln = —(0)

(xz)(2 cos y)(—sin y)( ) + (cos? M(2x) — (cos y)dy =0

i(x2 cos?y) —

—(2x? cos y siny + cos y)di = —2x cos’ y

dy _ 2x cos? y
dx  cosy+ 2x*cosysiny

_ _ 2xcosy
1+ 2 siny

20)cosm  _
1+ 2(0)? sin 7
(a) Tangent: y = 7
(b) Normal: x =0

Slope at (0, )



37. (@) yt =y — x?
et den _do
dx(y) dx(v) o
3dy _ 5 4y _
4 e Zydx 2x
3 _ o - _
(4y Zy)dx 2x
&y __~2x %
& 4P -2 y-2
At(}@.,ﬁ):
47 2
Vi
Sk = ‘
OPE—ﬁ—zﬁ?,
>~ 4%)
V3 4
4 M _ 1 _
Vi_3Vs 4 2-3
2 4 V3
V31
A5 a)
V3 V3
4
Slope=1 . i:ﬁ:\@

(b)

[—1.8,1.8] by [—1.2, 1.2]

Parameter interval: ~1 =¢=<1
38. (a) Y2 —x) =%
L~ 21 = 267
OA-D + @ =~ D =322
2y(2 ~ x)% =32+

dy _ 3+
dx 22 —x)
30+ (1Y
2D - 1)
Tangent: y=2(x — 1)+ lory=2x—1

Slope at (1, 1): = % =2

Normal: y = —%(x—1)+1ory=—*%x+%

(b) One way is to graph the equations y = *

X

2—x
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39. (@) (—1)°(1)? = cos () is true since both sides equal —1.
®) x*y* = cos(my)
257y = cos (my)
@)L+ (6AEE = (~sin m)(m)L

(szy + 7 sin W)% = —3x2y2

oY

dy o 3
dx 23y + r sin ry

iy VM -3 3
Slopeat (=1, 1) =5 =5 ¥ pomm =2 2
The slope of the tangent line is %
40. (a) When x = 2, we have y3 —2y=-—1,0r
y® — 2y + 1 = 0. Clearly, y = 1 is one solution, and
we may factor y° — 2y + 1 as (y — 1)(y* +y — 1). The

solutions of y?> +y — 1 =0 are

—1xVaP 4D _~1=V5

y= . Hence,
21)

. L —1-V5
there are three possible y-values: 1, — and
—1+Vs

T
() Y —x =1
des_do 4o
dx(y ) dx(xy) dx( Y]
3yl —xy' = ()(1) =0
Gy —xy' =y
= Yy
Y 3y2 —x
o d Y
Y T &=
= B =00~ O)Eyy — 1)
@3y — x)?
_y—xy =3y
By* — x)?

Since we are working with numerical information,
there is no need to write a general expression for y” in
terms of x and y.

To evaluate f’(2), evaluate the expression for y' using

x=2andy=1

To evaluate f"(2), evaluate the expression for y" using

x=2,y=1,andy =1:
" = 2() — 3(1)? —4
f(2)—(1) 21 ~ 3D _ _
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41.

42.

Find the two points:

The curve crosses the x-axis when y = 0, so the equation
becomes x> + 0x + 0 = 7, or x> = 7. The solutions are
x= i\/i so the points are (:*:\/';, 0).

Show tangents are parallel:

Ptxy+yr=17

4o+ 4 4oy =4
£68) + 209) + 07 =20
2+ 32+ o)D) + 2 =0
@+ 2L = —x+y)
oty
dx x+ 2y
Slope at (\/'79 0): _M =-=2
V7 +2(0)
Slope at (—\/';, 0): —MLO = -2
—V7+2(0)

The tangents at these points are parallel because they have
the same slope. The common slope is —2.

x2+xy+y2=7

d, 2 d d,o _ d
L2y + Loy + L7 = 27

2%+ x%er o)D) + 2;% =0

x + Zy% =—2x+y)

& _ =ty
dx x+ 2y

(a) The tangent is parallel to the x-axis when
dy Tty _
dx x+ 2y
Substituting —2x for y in the original equation, we have

0,ory = —2x.

x? + xy +y?=7

2+ @2+ (-2 =17

-t =T
3x2=17 =

x =+ [~

3
The points are (—\/i 2\/2) and (\/Z —2\/j>.
3 3 3 3
(b) Since x and y are interchangeable in the original

equation, % can be obtained by interchanging x and y

in the expression for ﬂ. That is, & —M. The
dx dy x+ 2y
tangent is parallel to the y-axis when —Z-{ =0, or
'y
x = —2y. Substituting —2y for x in the original

equation, we have:

) x2+xy+y§=7
2y + (=200 +y° =7
4y2—2y2+y2=7
3y =7

3

The points are(—Z \/Z \E) and (2 \/—Z— - \/Z)

Note that these are the same points that would be
obtained by interchanging x and y in the solution to’
part (a).

43. First curve:

2+ 3y =5
d n 2 d,n 2 d
£ +4£ =2
(2 + 3y =15
@ _
+ 6y— =
dx+ 6y =0

L

dx 6y 3y

Second curve:

3

y=x
4d2_4d.3
o &
dy _ 2.2
252 =3
Yy, =3
dy _ 32
dx 2y

At (1, 1), the slopes are —% and % respectively. At (1, —1),
the slopes are % and —% respectively. In both cases, the
tangents are perpendicular. To graph the curves and normal
lines, we may use the following parametric equations for
—T=t=1

. _ 5 _ 5.
First curve: x = \/;cos t,y= \/gsmt

3

Second curve: x = \/t_z, y=t

Tangents at (1, 1): x=1+3,y=1—-2¢
x=1+2t,y=1+3¢

Tangents at (1, —1): x=1+3y=-1+2¢
x=1+2t,y=—1-3¢

=

N
N4

[—2.4,2.4] by [—1.6, 1.6]




44, v(t) = s'()) = %(4 + 6032 = %(4 + 60V%(6)
=9(4 + 61"

a)=v'() = %[9(4 +61)"2]
= 2+ 607V%6) = 274 + 6)71”

At t = 2, the velocity is v(2) = 36 m/sec and the

acceleration is a(2) = %41 m/sec?,

45. Acceleration = 7": 418 — 2 + 1

—12{as _
=4(s—1) (dt 1)
=4 - -1)
=4 — 0BG~ 2+ 1) - 1]
=32s — ) (s — '

= 32 ft/sec?

46. y4~4y = x* — ox?

d, s _dyo_d. 4 dg2
E;()’) dx(4)’) (x) dx(9x)

4D g dy = 45> — 18x
dx
ﬂ: 4% - 18x _ 22° — 9x
dx 48 -4y
263 -903) _ 27
Slope at (3, 2): 207 —42) 8
PPN G il Got-) Y 14
Slope at (—3, 2): 202° — 42) 8
DN ol ) N 1)
Siope at (=3, —2): AP —4-2) 8
oy 230 -93) 2T
Slope at (3, —2): 2A=27 —4(-2) 3
47 (a) x3+y3_9xy=0
Aoy ey 0l =4
%) + 0% — 9,00) = 20

2 24y _ .4y _ =
322 + 32 — 0,2 — 96)(1) =0

(3y2 - 9x)% =0y — 3x?

dy _ 9y — 3x%

dx 3yt -9
32 - _ -10_5

3y —x?

: —3x
Slope at (4, 2): 27 =3 mraialy
3@)—-PF _ 8 _4

Siope at (2, 4): @r-32) 10 5

48.
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(b) The tangent is horizontal when

&y _3y—x

=0,0ory=
dx Y2 —3x Y

u_‘ =

2
Substituting % for y in the original equation, we have:

x3+y3—9xy=0

2.3 2
A (2 - 9x(x_) 0
3 3

©+E —3x
27
2oa_ =
27(x 54) .
3
x=00rx=\/54=3\3/5
Atx =0, Wehavey———O which gives the

point (0, 0), which is the origin. At x = 3\/5 we have
y = —(3\/—)2 (9\/_) = 3\/2 so the point other
than the origin is (3\/_ 3\/_) or approximately
(3.780, 4.762).

(c¢) The equation x% + y® — 9xy is not affected by
interchanging x and y, so its graph is symmetric about
the line y = x and we may find the desired point by
interchanging the x-value and the y-value in the answer

. o aad 3
to part (b). The desired point is (3\/Z, 3\/5) or
approximately (4.762, 3.780).

x2+2xy—-3y2=0

d d _ Ao _ 4
—0) +25) — 2 3y) = O

dy dy _
+ 2w+ — 6y =
2x Zxdx 2(y)(1) 6ydx 0
— 6D = —2x —
(2 6y)dx 2x — 2y
dy 22—y xty
dx 2x — 6y 3y—x
At (1, 1) the curve has slope it =Z=1 so the
P3n-1 2 7

normal lineisy = —i(x — 1)+ lory= —x + 2.
Substituting —x + 2 for y in the original equation, we have:

%+ 2xy — 3y2 =
x4+ 2(—x+2) = 3(=x+2?>=0
=22 +4x— 3% —dx+4) =0
—4x% + 16x— 12 =0
—4x - Dx—3)=0
=lorx=3
Sinee the given point (1, 1) had x = 1, we choose x = 3
and so y = —(3) + 2 = —1. The desired point is (3, —1).
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49.

50.

w+2x—y=0
d d ') — _fi_ 1) = ..d_
E(Xy) + 2;(2%) dx()) dx(O)

dy _dy
2oy +2 0
P =
(x 1)! 2-y

Since the slope of the line 2x + y = 0'is —2, we wish to
find points where the normal has slope 2, that is, where

the tangent has slope —;: Thus, we have

S~

+
1—x

22+y)y=1—x

<

SRR

4+2y=1—x
x=-2y—3

Substituting —2y — 3 in the original equation, we have:
xy+2x—y=0
(=2y =3y +2(-2y—-3)~y=0
~29% -8y —6=0
=200+ Dy +3)=0
y=—lory=-3
Aty=-1,x=-2y—-3=2-3=—1.
Aty=-3ix=-2y—-3=6—-3=3.
The desired points are (—1, —1) and (3, —3).
Finally, we find the desired normals to the curve, which are
the lines of slope —2 passing through each of these points.
At (—1, —1), the normal lineisy = —2(x + 1) — 1 or
y = —2x — 3. At (3, —3), the normal line is
y=-=-2x—3)—3o0ory=—2x+3.

2

xX=y
Ay =402

@) =207
dy

=y

1 ydx
& _ 1
dx 2y

The normal line at (x, y) has slope —2y. Thus, the normal
line at (b2, b) is y = —2b(x — b®) + b, or

y = —2bx + 2b* + b. This line intersects the x-axis at"

W +b

y=22To
2b

greater than—;«ifb # 0.

=p2+ %, which is the value of a and must be

The two normals at (b2, *+b) will be perpendicular when

they have slopes *1, which gives —2y = *1 or

y= :':% (or b= i%) The corresponding value of a is

2, 1 _ /1N, 1_3 )
b +5_ (—2~) +5— T Thus, the two nonhorizontal

normals are perpendicular when g = %

51. (a)

()

52. (a)

[§

2
X A
S+ 5 =1
a »?

b2x2 + a2y2 — a2b2
d 22 d, 22 d, 22
L F) @y = ah)

d
2% + 202 = 0
T

2

dy _ _2b% _ b
dx 2a% a’y
K b*x
The slope at (x,, y,) is ~—-~.
a yl
. b2, .
The tangent line is y — V== x,). This gives:
. a*y,
azyly - azyl2 = -—blex + blez

azyly + blex = azyl2 + blez.

But azyl2 + blez = ¢*b? since (*;, ¥;) is on the

ellipse. Therefore, a’y,y + b%,x = 4®b?, and
dividing by a®b? gives x—l; + };i =1.
a
2 2
XYy =
a’ b 1
b2 — a%y? = o%?

dygaa d, oo _d, 29
L) @) b))
22y — 2.4
x — 2a°y 0

. ble
The slope at (v, y,) is ——
“h b
The tangent line isy — y, = az—;(x —x).
1
This gives:
azyly - azyl2 = blex - ble2
blez - azyl2 = blex - azyly
But b2x12 - azyl2 = ¢%p? since (xl, ¥ is on the

hyperbola. Therefore, blex - azyly = 4°b?, and
[ A

dividing by a?b? gives );—2 T 1.
Solve for y:
y? = Z_z(xz — g2
y = ié x* — g?
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B Section 3.8 Derivatives of Inverse

Trigonometric Functions (pp. 157-163)

Exploration 1 Finding a Derivative on an

Inverse Graph Geometrically

1. The graph is shown at the right. It appears to be a one-to-
one function

)

;

/

[—4.7,471by [-3.1,3.1]

2. f'(x) = 5x* + 2. The fact that this function is always
positive enables us to conclude that fis everywhere
increasing, and hence one-to-one.

. The graph of f ™! is shown to the right, along with the
graph of f. The graph of f 1 is obtained from the graph of f
by reflecting it in the line y = x.

I
/

[—4.1, {1.7] by [—3.1,3.1]
. The line L is tangent to the graph of f =1 at the point (2, 1).

_.-'—""f

(2,33
_}_’L_,_,_;; ’,__d-.'.,,_-—ﬂ'
_p—P‘_‘-f_

[—4.7, 471 by [-3.1,3.1]
. The reflection of line L is tangent to the graph of f at the
point (1, 2).

j o,

|

[—4.7,47 by [-3.1,3.1]

6.

7.

Section 3.8 {11

The reflection of line L is the tangent line to the graph of
y= x5+ 2x— latthe point (1, 2). The slope is % at

x =1, which is 7.

The slope of L is the reciprocal of the slope of its reflection

. Ay Ax .1
ce —Z gets reflected to bec = Itis=.
(sm e Axgesrc ected to become Ay) is -

~3|—=

Quick Review 3.8

1.

Domain: [—1, 1]

i
Range.[ x 2]

T
Atl.2

. Domain: [—1, 1]

Range: [0, 7]
At1:0

. Domain: all reals

Y
Range.( > 2)

.7
Atl.4

. Domain: (—, —1] U [1, )

Range: {0, E) U (E, frr}
2 2

At1:0
5. Domain: all reals
Range: all reals
Atl:1
6. fx)=y=3x—8
y+8=3x
_y+8
3
Interchange x and y:
i x+8
3
Fliw =2t

7. fx)=y = \/3x+5

y3 =x+5

x =y3——5
Interchange x and y:

y = P©-5
Fe) =25
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8
8. fo=y=-
X
_ 8
x=2
)7
Interchange x and y:
_ 8
y =2
X
“ly =38
F® B
3x—2
9. f) =y ==
X
xy =3x—2
o= 3w=—2
-2 __2
-3 3-y
Interchange x and y:
2
Y 3—x
-1y — 2
F® 3,

10. f(x) = y = arctan —2»

X ka w
tany = =, _E<y<3

3
=3ty T <y<Z
x an y 7 <Y <3
Interchange x and y:

y=3tanx, —Z<x<Z
2 2

F 1) =3 tanx, —§<x<g

Section 3.8 Exercises

ORI RS R/ P |
d 1—\/"r)2
dy d . -1
4, = =— 1-H)=—
dt dtsm ( ) \/1_1_t)2dt
1
 Vu_ g

5.

10. ==

12.

% = (;isec_1 @s+1)
3 Ay
L —(2s +1)
i2s+ Vs +172 -
= ——““—(2) =1
P25 + 1| Vds® + 4s 25+ 1| Vis? + s
dy _ d -1 1 d
—==.—gec S§=—-"T———(55) =
ds ds . ISSI 4 /(Ss)z 1 ds
% = 5; esc™! (o + 1)
-- L+
2+ 1[\/ o2+ 172~
- (x2+1)vx +2x2 (x +1m +2

S S
ls| V2552 — 1

Note that the condition x > 0 is required in the last step.

dy _ d —1{x .__1_
8. %~ =—csc =
dx dx (2)
-2
W Vi 4
o B _d
dt d

g

l—t2

d

) -

Y

=gt

Note that the condition ¢ > 0 is required in the last step.

1=
11.Q=ico_l\/;= 1 2—‘1 t
dt dt 1+(\/;) dr
_ 1
Wi+ 1)
dy_d -1 1 d
—==—cot t—1=
dt dt 1+ (‘\/t_ 1)2 dt

—Vt—1



1394
d.

14.

15,

16.

= >( )( —29) + (V1= (D) -
i)™ ’

sV1- &)+ ;%(cos—ls)

2

S

= - +V1-5 -~
V1- s 1-&
_ -1
Vi- ¢
_ 2s%
V1-s?
Ay _d\[TT] D!
Ay sc—1 dssec s
1
‘———(ZS)
2 -1 15]\/.\:2-—1
_ s = 1
|sl\/s2—1
l:d 14/.2 _ d, -1
o E( X 1)+dx(csc x)
=L L We-n-——=
1+(\/x—)2dx x2—1
1 1
1L oy-——
2 \Vx2—1 kVx2-1

X

=0

Note that the condition x > 1 is required in the last step.

2

x*—1

2+1

1
VA1

=0,x#0

The condition x # 0 is required because the original
function was undefined when x # 0. ‘

(xsin—lx)—i-gx— V1-x%

\/1——F> + (sin~ ! (1) + 2—\/11_—__-)‘—2 (~2%)
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L N
18. £ =~ sin” ()]

= —[sin"~ 1(2x)]_ —sm_1 (2x)
1
= —fsin” @] ;T2 @

2 -
[sin~! @OIPV1 = 442

oAy 2 o1 27\ =
19. (a) Since » sec” x, the slope at (4, 1) is sec (4) 2.
The tangent line is given by y = Z(x - %) +1,0r

=2x—Z +1.
2

. dy 1 7). 1 1
b) Since = = . the slope at [ 1, —] is =,
®) Since =T33 P ( 4)1 1+ 2

The tangent line is given by y = %(x - 1)+ %, or

1 1 ™
=2+ I
YEF T,

20. (a) Note that f'(x) = 5x* + 6x* + 1. Thus f(1) =3 and
1) =12.

(b) Since the graph of y = f(x) includes the point (1, 3) and
the slope of the graph is 12 at this point, the gtaph of
y = f‘l(x) will include (3, 1) and the slope will be
L Thus, £713) = 1and (7Y ®) = 5 (Wé have
assumed that £ ~1(x) is defined and deferenhable at
x = 3. This is true by Theorem 3, because
o= 5x% + 6x% + 1, which is never zero.)

21. (a) Note that f'(x) = —sinx + 3, which is always between
2 and 4. Thus fis differentiable at every point on the
interval(—oo, o) and f'(x) is never zero on this interval,
so0 fhas a differentiable inverse by Theorem 3.

(b) f(0) = cos 0 +3(0) = 1;
£(0) = —sin0+3=3

(¢) Since the graph of y = f(x) includes the point (0, 1)
and the slope of the graph is 3 at this point, the graph
ofy=f ~1(x) will include (1, 0) and the slope will be
%. Thus, £~1(1) = 0 and (F 1) (1) = %

22.
AN

N

[=2m, 27] by [—4, 4]
(a) All reals

o[
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22. continued

(c) At the points x = kg, where k is an odd integer.

) y

2+

(e) f'») =

d . —1,.
I sin~! (sin x)
=1 4 s

V1 —sin’x &
= Cos x
V1 —sin®x
which is +1 depending on whether

cos x is positive or negative.

_dr 1 .
23. (a) v = g which is always positive.
dv 2t Lo .
®) a@r) = = = —m which is always negative.
a
©

24. ﬁ;cos_l(x) = %(g - sin_1x>

25. Lcot7lx=

26. %csc_l x) = —i—(g — sec™! (x))

7.@y=7

®y=-7

(¢) None, since i— tan”lx = ﬁi # 0.
28. (@) y=0

M) y=m ; .

(¢) None, since - cot™lx = T3z *0

29. (a) y =§

=T
b)) y= ) :
. d -1
(c) None, since —sec™ ' x = ——— % (.
& BV =1

30. (a) y=10

(b)y=0 .

(¢) None, since diix_ escTlx = ————— =0,

Va2 —1

31. (a) None, since sin~1x is

undefined for x > 1.

(B) None, since sin ! x is undefined for x < —1.

(¢) None, since 4 sin~lx= 1
dx 1/ 1— xZ
32. (a) None, since cos ~! x is undefined for x > 1.
1

#0.

(b) None, since cos ' x is undefined for x < —1.

(¢) None, since % coslx=— 1

33. (a) .
AAd.llE

X

a = cos“lx,,B =gin lx

Socos !x+sin " lx=a +B =§'

a=tan lx, B=cot™x

Sotan lx + cot lx = +B=

INPE]

1

M

The “straight angle” with the arrows in it is the sum of the
three angles A, B, and C.

A is equal to tan ™! 3 since the opposite side is 3 times as
long as the adjacent side.

B is equal to tan ™! 2 since the side opposite it is 2 units
and the adjacent side is one unit.

Cis equal to tan™ ! 1 since both the opposite and adjacent
sides are one unit long.

But the sum of these three angles is the “straight angle,”
which has measure 7r radians.



35. s
N T
N
AN
~ Fold 1
N
N
N
N
________ e b
Fold2 N /\T
N - [3
/><Zy i
/// \\ 2
Fold 3 \"‘(l

4L

If 5 is the length of a side of the square, then

tan o = :1,soa=ta.n_11and

tan 8 = =2,so,3=tan_12.

Wl [w @l

From Exercise 34, we have

'y='n'—a~,6=fn'—tan_11—tan_12=tan_13.

B Section 3.9 Derivatives of Exponential
and Logarithmic Functions (pp. 163-171)

Exploration 1 Leaving Milk on the Counter

1. The temperature of the refrigerator is 42°F, the temperature
of the milk at time ¢t = 0.

2. The temperature of the room is 72°F, the limit to which y
tends as f increases.

3. The milk is warming up the fastest at ¢ = 0. The second
derivative y" = —30(In(0.98))%(0.98)’ is negative, so y’ (the
rate at which the milk is warming) is maximized at the
lowest value of z.

4. We sety = 55 and solve;
72 — 30(0.98) = 55

(=17
0.98) =

£1n (0.98) = In (—11)

30
17
()
In (0.98)

The milk reaches a temperature of 55°F after about
28 minutes.

=~ 28.114

53
_ s t =
301n (0.98) - (0.98). Att =1 =roes

d—y =
‘d

B 0.343 degrees/minute.
Quick Review 3.9

Ing8
s
2, 7= eln7 — ex1n7

1. log, 8 =

3. In (%) = tan x

x+2)x—2)

4. In (x* — 4) —- =
x+2 x+2

Inx+2)=

=In(x—2)

5. log, (8 %) = log, (2% 5 =1log, 2" 1 =3x — 15
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1 15
og,x” _15log,x _ 15 _ 5
) log4x12 12log,x 12 4

7.3mx—In3x+ (123 =Inx* — In 3x + In (12x?)

In (x )(12}6 ) =1n (4x4)
3x

8. ¥ =19
In3* =1In 19
xIn3 =In19
_ni19 _
x = o3 2.63
9, 5In5 =18
5t=L8_
Ins
5 =%
In5

tlh5 =In18—-In(n5)
_hi8-I(n5)

t — ~ 1.50
10. 3t = 9%
1n3x+1 =In?2*
x+1)In3 =xmI2
(I3 -2 =-mn3
% =#n_im—3z—z.71

Section 3.9 Exercises

@ % = —;—x(Zex) = 2¢*

& _4a = x4 — 9,2
2.2 dx(eh) e —2x) = 2¢
By _d x_ sy
3 & o e dx( X) e
(DD =5 55 L5y = _5pm58
kf}‘)dx dxe e dx( 5x) Se
d_yzi.lesz w3 d(2x\ _ 2 2x3
S wt C dx(3) 3¢
6. D o d it pmxa df X\ 1 -
dx  dx dx\ 4 4
7. % = %(xez) - %(ex) =¢? — &
d d
8. Ey E 2¢%) — —(xe")
62 Co) N (eM(2x) — [(D)(e™ + (D]
= x%* + xe* — &
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'11 dy

Lag——— | d_}’:i : + = 1 __‘f'_-.{. = -
(x) TX 25.dx o In(x+2) x+2dx(l 2) x+2,x> 2
-dy _ d. 14V 1+V2-1 _ dy _ d 2
. + 1+ . = =—1In(2x + 2
12 2 = LG1VE = (1 4+ Vo 1+ VaxV? 26 > =—In@x+2)= 2
d d : =_1 L x> =1
13D = L mVao /o Ve x+1
dx dx
dy _d 1
27. Y=L - =1 do_
14 ﬂzixl_e:(l_e)xl‘E"I:(l_e)x—e dx dx (2 COSX) 2 — cos x dx( cos x)
“dx dx . _ sinx
4 i 2~ cosx
15. 2= L g =¢mng
dx dx dy _ d _ d. 2 2x
) ) ) 28.dx In@E-+1) +1d)ﬁ(x 1) T
16. =2 97 =97%1n 9)%(~x) = =9 *In 9
dx  dx dx .29.iln(lnx)=ii]nx=i-l= 1
4 J dx Inx dx Inx x xlnx
17. 2= & gosex = gesexy 3)—(csc x)
v dx 30.ﬂ=i(x1nx—x)=()(l)+(1m)(1)—1
= 3%°%(In 3)(—csc x cot x) dx  dx . *
=]l+nx—1=Inx
= —3%*(In 3)(csc x cot x)
‘ dy _ 4 ydlnx”_d|f 2
18. 2 = 4 geotx = gootx(gp 3) Lot ) M T w8 T g dx[(1n4>(]n )]
oa = _2 1__2 _ 1
=3COtx(ln3)(_CSCZX) In4d x xIn4 xln2
1
= —3%"%(In 3)(csc’x) dy _d _dlx® _ g 3P*
32'2;—3(105"5\/;)_3 5 dr Ins
19. Use logarithmic differentiation. _ 1 d (Inx) = 1 1_ 1 x>0
y:xlnx 2In5 dx 2In5 x 2xIn5
Iny =nx"* 3. LD Brry=—~t Lay41
Iy =Ixlx « o PR DTG e a D
i(ln ):i(lnx)?. =(3x+l)ln2’ ~§
8 o - da d 1d
1dy _ 1 4y & n_14;y
;,d.x__(zml)(;) 34. 2= Log (x+ D =2 Liogy o+ 1)
dy _2yinx 11 de v
o x PRTTETS TR Al e TR
dy _ 2™ Inx
Y2 BX dy _ d 1\ _ 4 1
S_-:.._. —_— = —=(— == — >
dx x ) 3 n d.xIOgZ(x) dx( logzx) xlnz,x 0
20. Use logarithmic differentiation. 3. -4 1 _ 1 ) d, (log, %)
inx dx  dx log,x (log, x)* dx
y =X 1 1 _ 1 or — In2 "
Iy =In i (log, %% xIn2 x(In 2)(10g2 %) Cx(tnx)?
37. 2= L2 . log, ) = (n 2% (log, x
lny__Llnx A C T gpn2 - log, x) = (In 2)--(log, x)
Inx 1 1
= - >
lny=1 (mz)(xan) = 0
y=e _ﬂ:il 1+xn3 1 4
; B T ety = e T En3)
L “{=0,x>0 _ In3 N SRS
dx Q+xn3Hm3 1+xm3’ In3
dy 2 2 1 2
21. _:_m( )—_ (x):._(Zx):_. dy _ d o d _ _Ine
dr 2 o 39, dx———x(log10 e")—dx(xlogme)—logwe——mlo
dy _ d 2 _ 2lnx =~,_l :
22. —«——(lnx) ——21nx—(1n x) = . In 10
) dy . d K
23, %—Eln(x_l)———( I )———x>0 40.dx ‘dxlnlo" dx(xhllO) In 10

24, Q=—1n———(1n10 mx=0-1=-Lx>0
dx x X



41 :/The line passes through (a, %) for some value of g and has

’ slope m = ¢%. Since the line also passes through the origin,
the slope is also given by m = —i—:—_——g and we have

et = %:, so a = 1. Hence, the slope is e and the equation is

y = ex.

0. i:‘or y = xe*, we have y' = (x)}(e¥) + (")(1) = (x + 1)¢, s0
the normal line through the point (g, ae®)

has slope m = — and its equation is

_ 1
(@ + e

1 —(x — a) + ae®. The desired normal line .

Y= @ e

includes the point (0, 0), so we have:

0=—2L"(0-a)+ac
(a + 1)e? .
— a a

= +
(a+ e

0= a( 1 + e“)
(a + 1)

a=00f—L +ef=0
N ) 2

The equation + % = 0 has no solution, so we

1
@+ et

need to use @ = 0. The equation of the normal line is

1 0
= ] - + =X
Y= o T T O 0oy =
43. y = (sin x)*
Iny = In (sin x)*
Iny = x1n (sin %)
d _d T
5, oy = e ln (sin 0]
1dy _ (x)(,L)(cos %) + In (sin x)(1)
y dx sin x
% = y[x cot x + In (sin x)]
% = (sin x)"Tx cot x + In (sin x)]
44. y =x®*
111 y = 11'1 (xtan .X:)

Iny = (tan x)(In x)

L ny = < {(tan x)(1n )]

ldy _ (tan x)<l) + (tn x)(sec? x)
y dx x
% = y[tai" + (In x)(sec? x)]

&y _ tan x[__taz * + (In x)(sec? x)]
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45 _sle—3%a?+ ) _ (= e+ DA
' Y @x+ 57 @+ 57

_ 2V 2 1/5
ny=1n (x 3)(x-3f-1))
. (2x +5)
_1l. =32 +1)
A T
lny=%[41n(x—3)+ln(x2+1)~31n(2x+5)]
d 4 d |
— - — -+
dx(lny) deln(x 3)
1d .2 _34d
5dxln(x +1 5dx1n(2x+5)
ldy _4 1 1 1 301
ot AR A S et -2
yde 5x—3 5x2+1(2x) 52x+5(2)
dy _ 4 2x - 6
,___y _|.. 5 —_
dx 56—3) S5GE+1)  52x+5)
&y _ (=32 + D\P
dx ©2x + 5y

( 4 2x 6 )
+— -
56—3) 5(2+1)  5Q2x+3)

— Va2 +1 _ x(x? + 12
@+ @+
&2+ 72

(+ 1P

46.

Iny=Ih

Iny =1nx+%1n(x2+:1)—§1n(x+1)

d d 1d 2 24d
£ =4 & -4
dxlny dxlnx 5 dxln(x +1) 3 dxln(x-l- ()]

tdy _ 1,1 1 2 1
ydx x 2x2+1(x) 3x+1(1)
dy :y(l + 2x _ 2 )
dx x x*+1 3x+1
dy _xV2+1(1 x 2
& E+DP A x 2+1 3+
dA o d 1\
4. =% dt<2)
=90 4 91140
dt
_ ~4/140 daf ¢
0@ )in 2)dt( 140)
— (7 —1/14D 1
202 )(In 2) 120
_ _(2_21140)(]1] 2)
7
At ¢ = 2 days, we have
~1170
dA _ _@7n2) _ 098 grams/day.

dt 7

This means that the rate of decay is the positive rate of

approximately 0.098 grams/day.

8. @) Loy =+ Lix=F=1
dx kx dx kx  x
®) Lin (o) = L (ink + n®)
i p
d i
= 4+ = = —
0 dxlnx "
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49.

50.

51.

52.

53.

(a) Since f'(x) =2 2,7 (0)=2"1n2 =In2.
(b) f’(O) hm f(h) ~fO hm -2° = lim 2" -1
0 R =0 kR

(c) Since quantities in parts (a) and (b) are equal,

ho__
lim 21
0 R

=1In2.

(d) By following the same procedure as above using

! 7.

ho_
g(®) = 7%, we may see that lim 7
0 R

Recall that a point (a, b) is on the graph of y = ¢* if and
only if the point (b, ) is on the graph of y = In x.

Since there are points (x, ¢*) on the graph of y = ¢* with
arbitrarily large x-coordinates, there will be points (x, In x)

on the graph of y = In x with arbitrarily large y-coordinates.

(a) The graph y, is a horizontal line aty = a.
(b) The graph of y, is always a horizontal line.

a 2 3 4 5

¥3 10.693147 | 1.098613 | 1.386295 | 1.609439

Ina|0.693147 | 1.098612 | 1.386294 | 1.609438

We conclude that the graph of y, is a horizontal line at
y=Ina

d . . Y.
(¢) —a*=a"ifandonlyify, =22=1.
)dx yity; =7

1

Soify, =Ina, then%a" will equal &* if and only if
Ina=1,ora=e.

=4 x_

@ y,="-a" =

onlyiflna=1,ora=e.

a” In a. This will equal y, = a” if and

Al L2 gp)= —xandi(lnx +¢) =1
dx\ 2 dx x
Therefore, at any given value of x, these two curves will

have perpendicular tangent lines.

(a) Since the line passes through the origin and has slope

1. . . x
—, Its equation is y = =
e e

(b) The graph of y = In x lies below the graph of the line
y= £ for all positive x # e. Therefore, In x < Z for afl
e [4
positive x # e.

(c) Multiplying by e, elnx <xorInx® <ux.
(@) Exponennatmg both sides of In x* < x, we have
X < , or x° < ¢* for all positive x # e.

(e) Letx = 1 to see that 7° < e”, Therefore, €7 is bigger.

B Chapter 3 Review Exercises
(pp. 172-175)

24l Lo Ll g 141
& dx g 4 g
2.9 = 43733 4 337y = —21x% + 2158
v dx
3. % —gx—(2 sin x cos x)

= 2(sin x)Z;(cos x) + 2(cos x)%(sin x)
= —2sin’*x + 2 cos?x

Alternate solution:

dy _ d =4
I (2 sin x cos x) dxstx (cos 2x)(2)
=2 cos 2x
4 ﬂzin (2x——1)(2)—(2x+1)(2):__ 4
Tdx dx 2x 1 C(2x — 1) (2x — 1)?
ds _ d
S'E Ecos(l—Zt)———sm(l—Zt)( 2)=2sin(1-20
6.8 =L oor[2) = —cse? (24 2) = —cse? (2)(-2
dt dt t ta\ ¢ th 2
=%2csc2%
dy _d 1\_d, 1» —172
D=V 1+ ==L :
7.2 dx(\/i 1 \/;) P+ 121
=L~ 1 -3p_ 1 1
2 2 Ny 2P
Do deAx+ 1) = V2r +
8. = dx 1) (x)( \/_)(2)+( 2% + 1)(1)
_aF @+l _ 3x+1
V2x +1 V2x+1
9.:—;=:sec(1+36) sec (1 + 36) tan (1 + 36)(3)
=3 sec (1 + 36) tan (1 + 36)
ar _d 20— g2
10. o =—5tan” (3 = 6%
=2tan(3—-92)d%—tan(3—92)
=2 tan (3 — 6%) sec? (3 — 6%)(—26)
=—40 tan 3 — %) sec’ (3 — 69
11. @ =i(x2 csc 5x)
dx dx
= (xz)(-csc 5x cot 5x)(5) + (csc 5x)(2x)
= —5x2 csc 5x cot 5x + 2x csc 5x
dy _ d 1 d 1 1 1
2.9 = pve=t 2 r=1. =— x>0
dx  dx Vo dx Vi Ve =
ﬂ:i x____.___.._d' = €
13.dx dxln(1+e) 1+xdx( + &% i
dy _ d —Xy — —x —x — —x —x
K === —(xe™) = e D+ (e D)= —xe +e
dx dx



15.

16.

17.

18.

19.

20.

21.

dy

- ( I+lnx) — dx( 1 lnx) — _(ex) =¢

COS X

ﬂ:__h‘l(sn]x)——————x—(s ) x=cotx,f01‘

dx
values of x in the intervals (kr, (k + 1)7), where k is even.

1 d -1

ar _ d — a
I ln(cos 1% e xdxcos x
- * _ _ 1
cos™! x\ V1- x2> cos V1 — x?
ar =__ A g2 = 2
) og, (%) = mzde( ) 021112 9ln2
ds _ d oy = 1 Ty = L
o s D= 7)1n57it( D= = ms
>
ds d,o— - d _
B 28 =8(n8(—H=-8"In8
I dt( ) =87 (n S)dt( ] In
Use logarithmic differentiation.
y =xlnx
Iny =In ("%
Iny = (lnx)(Inx)
4 = L an )2
I Iny dx(lnx)
ldy _ 21nxilnx
y dx dx
dy _2yhnx
dx x .
dy _ 2% I x
dx x
dy _ d ()2
dx dx w2 +1
V2 +1 %[(21')2"] - (2x)(2x)% Vi +1
- ¥+ 1
VaZ + 12050 2) + QHD)] — @)@ —eee(2)
_ 0D Vs
W2+1
_ G2 DEHExIn2 + 2) — 2729

(xz + 1)3/2

Q- 262+ DEin2 + 1) — x4
(x2 + 1)3/2

_@- 2903 In 2 + x2 +x1n2+1—x)
o+ ¥

_@- 2% In 2 +xIn2+1)
G2 + 1"

23.

24.

25.

26.

27.

28.
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Alternate solution, using logarithmic differentiation:
(2x)2*
2 +1

ny=ln@)+h@) - Vs2+1

y:

5

1ny=1n2+1nx+xln2——%ln(x2+l)

Ly =Lgn2+mx+xn2- 162+ 1)
Falbs- +1n2—_2___(2x)
y dx x 2x%+1
Q: l _ X
=)+ m2 2+1)
& @7 (l+1n2— x )
dr Va1 +1
Q:_d_ tan_1x= tan x4 -1, _ etan‘lx
dx & e dxtan x=TT
ﬂ:ism_l 1_u2
w du
\/’—‘2
= —L—(—zu)—__ui
V2 2V1 - i WV
D4yl 1
i dt(t sec” ¢t 5 Ini)
1 -1
:(t)(——-——)+(sec H(1) —
ltl\/tZ——l_
! -1 1
=———=-1sec " t—
Ve -1 2
dy _d 2 _q
dy _drq 4
s dt[(l %) cot™ 1 21
= + 2 -1
a ”( 1+ (2t)2>(2) + (cot™ " 2)(21)
= 2+2t 5+ 2tcot” Log
1+4
%=—(zcos" -Vi-2)
- 1
(Z)( >+(cos L) — — 2 (—29)
\/_:7 2V1 -2
=% _tocosTlz+ ==
Viez -
=cos 1z
Ey ZV;:—ICSC l\/—-)
1 1
=(2\/§——1)(—___._>( )
Mlm)_zj Wi
+ (2 csc” 1\/—)< )
2Vx—1
_ Vx-1 cse™ 'V
<\f)2\/x_—“ =1
-1

x Vx~1
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dy _ 4 -1
29, = =— Sec x
o g C (sec x)
= ( lsec vsec i ) (sec 1)
= -1 sec x tan x
isec x[ Vian? x
_ _Ssecx tan x
[sec x tan xl
1 sinx
_ COSX COSX _ Sil’l x
1 sin xI ]Sin xi
COS X COS X
-1, O0=x<m, x#%
1, 7<x=2m, x#%r
Alternate method:

Onﬂ)edomajnOSxSme#%,xaﬁSTW,wemay

rewrite the function as follows:

¥ csc! (sec x)

=T _ gec ~1(sec x)
2
=7

- COS 1(cosx)
0=x=a, x#z

2
Ty,
- > —('n'—x) T <x=2, x#T

T-x, O0sx=m x+Z
2 2
= —g+x,77'<xS27T, x¢3—77
-1, 0=sx<m, x#Z
2
dy

Therefore, I =11, w<x=2m x+# 3—277—

Note that the derivative exists at 0 and 27 only because
these are the endpoints of the given domain; the two-sided
derivative of y = csc™ !(sec x) does not exist at these
points.

30.

dr _ 1+s1r1492
dae 1—0059

1 cos @ (1 — cos 6)*

1+ sin6\{cos 8 — cos’ 6 — sin § — sin® @
l—cos0 1 — cos 8)?

=9 1-+sinf\fcosB—sing—1
1—cosé 1 — cos 6)*

31. Since y = In x* is defined for all x # 0 and

(1 + sin 0)( (1 — cos B)(cos 6) — (1 + sin 8)(sin 0))

the function is differentiable for

32. Since y = sin x — x cos x is defined for all real x and

% = cos x — (x)}(—sin x) — (cos x)(1) = x sin x, the

function is differentiable for all real x.

33. Since y = 11_:); is defined for all x < 1 and
X
& _ —11 (1 +x2(=1) — (1 — x)(22)
X 22
a2 /.1 - 1 +x?
2

2 =21
= 42@ A+ 27 which is defined only for x < 1,

the function is differentiable for all x < 1.

34. Since y = (2x = )" + 5) = 22 is defined for al
7 dy _ (2x — (1) — (x + 5)2) 17
— d —_ = _——
x#yamd (2x — T2 a7 e
function is differentiable for all x # Z.
2
35. Use implicit differentiation.
xy+ 2+ 3y =1
d d d d
+ L+ L@y =L
L)+ @)+ 23) =)
x%+(y)(1)+z+3ﬂ =0
(x+3)—— =—-@+2)
dy y+2
dx x+3
36. Use implicit differentiation.
5x*5 + 10y =15
d .z a5 4 d 6/5 d
[l + =4
dx(Sx ) zxﬂOy ) dx(lS)
-5 s dy _
4x 7 + 12y I 0 ' 3
b _ a1
dx 12y1/5 3(xy)1/5 /
37. Use implicit differentiation. — 7
Vay =1
=L
=D
1 dy
—=lx ==+ (Y)(l)] =0
\/;Ty ;
2+ y =0
. dx
&y
dx x

Alternate method:



38. Use implicit differentiation.

1 X
Y x+1
d 2 _ d _x
y drx+1
2y = &+ D) —2(x)(1)
x+1)
ﬂz Lt
dx  2y(x + 1)
39. 2+y} =1

d, 3 d,3 _ d
E(x)'l'a()’)‘a(l)

3x2 +3y%y' =0

y = ‘?
' — i _x_2
Y = )
_GHEn - sz)(zyxy)

y
2
6@ - (x2)<2>»)(—’y‘—2>

= — !

y
= 2P+ od
-2zt
_2ax( +
yS
=
yS
since x° —*—y3 =1
0. y=1-2
b
depy _dggy_ df2
Lo7) =Ly - dx(x)
;2
Zy' ==
! = 2 :.—1—
TR
n=df1
Y dx\ x%y
=1 _d2
A7 4
=~z (601 + 02
=~ +
| ) 20|
= ( + 21y
)’ y
_ 1+ 2137
- Lkt
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41. y3+y=2cosx
Ay Loy =4
dx(y )+ dx(y) dx(2 €OS X)

3%y’ +y' = —2sinx

By? + 1)y’ = ~2sinx
fe 2sinx
Y 3y +1

,,=L1__25inx
VT T3

_ (3y* + 1)(2 cos x) — (2 sin K)(6yy")
Gy* + 1)?

2 _ . 2 sin x
(B3y* + 1)(2 cos x) — (12y sin x)( Yt

1

)

Gy + 1

2(3y + 1) cosx + 12y sin® x
Gy + 1?3

42. xR +ylB =4

doany o, 4,13y _ d
E(x )+dx(y ) dx(4)

1 -3, 1 —253,
Loy =0
3 3

, x23 2/3
)

. d 213
y ;[ ()]

2(y\ B (' - @) (y)(l)
3x

oy x R4
3 (x

_ 213 -1 5/3 213
=Y (—x

- %x_‘%ym + %x_5/3y2’3

—-x7%)

43.y' =223 —3x— 1,

y' = 6x>—3,
ylll _ ].Zx,
y(4) = 12, and the rest are all zero.
4
1= X
4. y 2;&’
=%
¥ 62’
=
" 5
¥ =5,

y(s) = 1, and the rest are all zero.
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-1
45. D= AN = (- =
dx dx 2Vx? — 2x x* — 2x
Atx =3, wehavey = V3? — 2(3 =V3
dy _  3—-1 2

(a) Tangent:y=~—\;—5(x—3) +\/§ory=%x— V3

(b) Normal: y = —%i(x -3 +V3

_ V3 5V3
ory=—x+—-
2 2
46. —X=i( 4 4+ cotx — 2 ¢8C x)
dx  dx

= —csc?x + 2cscxcotx
¥
’n’ l
Atx = 2 we have

9
y=4+cot%—208c%=4+0—2=2and

Do 5T 4 2esc Teot T = 1+ 21)0) = —
dx 2 2 2

(a) Tangent:y=—1<x—§>+2ory=_x+§+2
) Normal:y=1(x—-%)+20ry=x_g+2

47. Use implicit differentiation.

P+ 2y7=9
L6 + Loy =209)
2+ 4y L=0

11
Slope at (1, 2): ﬁ_ 2
1 9
(a) Tangent: y = ——(x- D+2ory=—x+-
(b) Normal: y=4(x - 1) +2ory=4x—2
48. Use implicit differentiation.
x+ \/;y_ =6
L@+ (Vi) =16
dy
+ 1
1 W[(x)(d ) X >] 0
x dy _ -1 -2
2Vy dx Wy
225 5
ax 2Vxy
=0 |22
X X
o1 2 1__5
Slope at (4, 1): —2 \/; y 5" 2

49,

50.

51.

(a) ’Tangent:y-":—%(x—~4)+10ry=——%x+6
(b)Normal:yzi(x—4)—l~lo1’y=ix—ll
5 5 5
dy
dy _ dr _ —2sint
=Ll =——— = —tant
dx  dx 2 cos ¢ 3

Att=3—f,wchavex=25in§£—=\/§,

37 d 3
y=2c0s L =-V2 and¥ = ~tan 2% = 1.
y cos 1 2, an 7 1
The equation of the tangent line is

y = 1(x——\/§)+(—\/§),ory=x—-2\/§.

dy
dy _ a 4 cost 4
Do dt o 2B = _Zcott
dx  dx —3 sin ¢ 3

3 V2

Att= g’—wehavex—?;cos— - .
4 4 2.

. 3w dy \4 3
=4sm———=2\/§, and =* = —— cot — =
Y 2 & 307y

w_].p

The equation of the tangent line is

y=§<x+¥)+2\/§,ory=§x+4\/§,
dy

dy _dt _ 5sec’t _ Ssect_ S

dx dx 3secttant 3tant 3sint
dt

Att-——lg-, wehavex=3sec%=2\/§,

The equation of the tangent line is

S\I 5V/3,

y=%@—



53.

54.

55.

56.

57.

58.

dy
ﬂ:ﬂ_ 1+cost
dx  dx —sin ¢
dt
At = —-E, we have x = cos (-——) =%—z,

The equation of the tangent line is

y=(\/§+1)(x—-%>—z—ﬁ or

4 27

y=(1+\/2_)x~\/§—1—%.

This is approximately y = 2.414x — 3.200.

(a)
AN

_ 1.3
1,376y [ -1.3]
(b) Yes, because both of the one-sided limits as x — 1 are
equal to f(1) = 1.

(¢) No, because the left-hand derivative atx = 1is +1 and
the right-hand derivative at x = 1 is —1.

(a) The function is continuous for all values of m, because
the right-hand limit as x — 0 is equal to f(0) = 0 for
any value of m.

(b) The left-hand derivative atx = 0 is 2 cos (2 - 0) =2,
and the right-hand derivative at x = 0 is m, so in order
for the function to be differentiable at x = 0, m must
be 2.

(@) Forallx# 0
(¢) Nowhere
(a) Forallx
(¢) Nowhere

(b) Atx=0

(b) Nowhere

Note that lim f(x) = lim (2x — 3) = —3 and
%0 -0~

X

lim f(x) = lim (x — 3) = —3. Since these values agree
=0t 207

with f(0), the function is continuous at x = 0. On the other
hand,

2, —1=x<0
fle)= , so the derivative is undefined at
1, 0<x=14
x=0.
(@ [-1,0) U 0,4
(¢) Nowhere in its domain
Note that the function is undefined at x = 0.
(@ [—2,0) U (0, 2] (b) Nowhere

() Atx=0
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(¢) Nowhere in its domain

y
2 1.
\A)__-O y=f')
_3 1 1 1 é X
L oo
2 i
y
| |
| o]
| |
: D y=ro
| |
1 |
| |
i |
| ! Sy
1 I
61. (a) iii (M) i

(e) il

62. The graph passes through (0, 5) and has slope —2 for

x < 2 and slope —0.5 for x > 2.

63. The graph passes through (—1, 2) and has slope —2 for

x < 1, slope 1 for 1 < x < 4, and slope —1 for 4 <x <6,

y
7

T T T T T 1

64. 1. Iff() = %x7/3 +9, then f'(x) = %x“” and

'@ = %3, which matches the given equation.

i o) = 29—8x7/3 — 2, then f"(x) = %x‘“{ which

contradicts the given equation f"(x) = x>,

i, IEF'(x) = %x““ + 6, then f"(x) = "3, which matches

the given equation.
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64. continued
iv. I6/() = 25 — 4, then f'(x) = 51 and
f'x) = Ex 3, which contradicts the given equation
£y =1

Answer is D: i and iii only could be true. Note,

however that i and iii could not simultaneously be true.

65. (a)

/

7 5
[—1, 5] by [—10, 80]

(b) t interval avg. vel.
[0, 0.5] X1l =56
[0.5, 1] %_‘% =40
[15,2] 2D=s
[2, 2.5] =8
25,3] e
3,3.5] EF a0
35, 4] S =56

© =]

{—1, 5] by [—80, 80]
(d) Average velocity is a good approximation to velocity.

66. (@) L[V f(9)] =
At x = 1, the derivative is

ViFw+ o = (—) ()( 3)=

10‘
d \/ —_1 - f'®
b) —_— ) =
(b, ) 2\/ﬁx—)f() Vi
At x = 0, the derivative is 2f ;(2) = —ﬁ; = —%.
© LV = VRV = L0
, - s 1
VY w51

At x = 1, the derivative is ~———=

(d)

(e

®

67. (a)

(b)

(c

S

(d

~—’

(e)

% F1 = 5tanx) = f'(1 — 5 tan x)(—5 sec? x)

At x = 0, the derivative is

705 05 506 0) = S = (£)-5)

= -1
4 _f& @+ cosn)(f'®) — (fE)—sinx)
dx 2+ cosx 2 + cos x)?

At x = 0, the derivative is

2+ cos OF'(O) — FO)(=sin 0) _ 3'(0) _

(2 + cos 0)?

—d—_no sin (ﬂ) 2wl

32

= lO(sm )(Zf(x)f ) + 10f2(x)<cos )(2)

= 20 f(x)f'(x) sin % + 57 f2(x) cos 7

At x = 1, the derivative is

20 (D F'(D) sing + 574 (1) cos Z
= 20(—3)(%)(1) + Sm(=3)2(0)

= —12.

L1 — g = 300 -

At x = —1, the derivative is

(=1~

211268001
X

g')

g(-1)=32) - 1=5.

= f2) - 3g%(xg' ) + £°®) + U@ @)
= f(x)g* @)[3f()g' (x) + 2g(x)f ' (¥)]

At x = 0, the derivative is

FOZXO3/(0)g’(0) + 28(0)f'(0)]
= (=D(=3B(-D@) + 2(-3)(~2)]

=-9[—12 + 12] =

= 9(f() = ' (@Y

At x = —1, the derivative is

g (F=1Y'(—1) =

< 1let) = £s)g'®)
X

At x = —1, the derivative is

Fe-D' D =f(-Dg'(-1) =

4 _f&» W+ 2f'®

g0y’ (—

—fx) g'®)

dx g(x) +2
At x = 0, the derivative is
(M) + 2)F"(0) - fO)e'® _

(8) + 2)°

(=3+29(=2) —

1) = (4)(2) = 8.

@@ =

-=D®

(g(0) + 2
=6.

(-3 +2)?



68

69.

76.
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® % glx + f(x) = g'(x + fi (x))%(x + fx)) (d) Since cos % = 0, the particle first reaches the origin at
=g'x + A +f'(x) t= % The velocity is given by
At x = 0, the derivative is g'(0 + f(O)[1 + £/ (0)] v(t) = —10 sin (t + %), so the velocity at
=g’ 0 - DI+ =M = —1 t= %is -10 sing = —10, and the
dv_dvdr_ dio oS al. . . speed at ¢ = Z—is |~10| = 10. The acceleration is given
e —— = = —] [sin (Vr—2)}8sin{s +— -
ds drds dr ds 6 by a(f) = —10 cos (t + z), so the acceleration at

= [eos V-2 o+ ) = is ~10cos 5 =0.

At s = 0, we have r = 8 sin 0+% = 4 and so

ds _ d 2
71. (@) — = —(64r — 16¢t°) = 64 — 32t
%‘i= [cos (Vi -2 [8 cos 0+% a - d
ok Nl s 95— L6 - 30y = ~32
()T o
4 6 Y )
(b) The maximum height is reached when d—‘: = 0, which
Solving 6% + @ = 1 for 7, we have occurs at t = 2 sec.
t= 1 0_29 =6"% — 97!, and we may write: (¢) Whent =0, —‘fi—‘; = 64, so the velocity is 64 ft/sec.
dr _ dr dt . ds d 2
—_—=— d) S —_—= -2 =64 — 5.
A do (d) Since y E(@J 6t%) 5.2¢, the |
d dr d maximum height is reached at ¢ = AL 12.3 sec.
_(02 + 7)1/3 — _r_(G—Z . 9—1)
dg

dr d The maximum height is s(g—‘;) ~ 3938 ft.
107 + 7"6) = (‘15)(-29—3 +679 .
3 dt 72. (a) Solving 160 = 490¢% it takes - sec.
dr _ 2000 +77 _ 20%9*+ 7

dar _ - oo 160 _
& 320310 30 —2) The average velocity is xS 280 cm/sec.
7
At ¢ = 0, we may solve 6% + § = 1 to obtain § = 1, (b) Since v(t) = &5 _ 980+ the velocity is
di ’

. 412 o =203 —n
d o & = 20D 2@ 1
dt 3(1-2) -3 6

(980)(%) = 560 cm/sec. Since a(f) = % = 980, the

@ O ibl acceleration is 980 cm/sec?.
a) One possible answer:

x(t) = 10 cos <t + %) yo =1 73. % = 5—;[77(10 - %)ﬁ] = %[77(10352 - %x?'ﬂ
. — 20 _ W2
(b) s(0)=10cos%=5\/§ w@0x =

) .
74. (a) r(x)=(3__x.)x=9x_ixz+ 1 3

(¢) Farthest left: 40 20 1600
‘When cos (t + %) = —1, we have s(f) = —10. (b) The marginal revenue is
1. 3 3 2
Farthest right: ) =9 — g + —>
est rig rx =9 1Ox 1600)6
‘When cos (t + g—) = 1, we have s(f) = 10. = —1-6%6(162 — 160x + 4800)
3
=—"—(x — - 120),
1600(x 40)(x 0)

which is zero when x = 40 or x = 120. Since the bus
holds only.60 people, we require 0 < x = 60. The
marginal revenue is 0 when there are 402peop1e, and the

corresponding fare is p(40) = (3 —~ %) = $4.00.
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74.

75.

76.

71.

continued

(¢) One possible answer:
If the current ridership is less than 40, then the
proposed plan may be good. If the current ridership is
greater than or equal to 40, then the plan is not a good
idea. Look at the graph of y = r(x).

/ a0

[0, 60] by [—50, 200}

(a) Since x = tan 6, we have

(sec 0) = —0.6 sec? 6. At point A, we have

d
=0 and}i_t = —0.6 sec? 0 = —0.6 km/sec.

) 0.6 — « ——— « ———— = — revolutions per
sec 21 rad ar

minute or approximately 5.73 revolutions per minute.

Let f(x) = sin (x — sin x). Then

F() = cos (x — sin x)%(x — sin %)

= ¢0s (x — sin x)(1 — cos x). This derivative is zero when
cos (x — sin x) = 0 (which we need not solve) or when
cos x = 1,which occurs at x = 2kw for integers k. For each
of these values, f(x) = f(2km) = sin Qkm — sin 2km)

= sin k7w — 0) = 0. Thus,f(x) = f'(x) = 0 for x = 2k,
which means that the graph has a horizontal tangent at each

of these values of x.

,()_ 1 \/I =(L

) A2t mi) 2 :

; 1 I\ (L jT\d/1\_ 1 JT

()_E(le&> (r mi)dl(l) 2r12\/;
L /Ty _ (1 JT\d -1

Y (d)_ﬁ(zﬂx/;> (2;-1 w)dd(d )

=L T{_1,-3n)

] 2

1 [T\_(1 [T\a
' = E(zrl \/;E) B <2rl mz)dr(\ﬁ)

s Lt y_ L
2V 7d (2\/?) 41N wdT
Since y'(r) < 0, y'(l) <0, and y'(d) < 0, increasing r, [, or

| =

d would decrease the frequency. Since y'(T) > 0,

increasing 7 would increase the frequency.

78.

P'(H) =

79.

200

(@) P©) =20 ~ 1 student
200 _ 200 _
(b) hm P() = ’i-‘_‘;’e"s-‘; 1 200 students

© P'() = %200(1 + 51

Il

=200(1 + 57" He> (- 1)

200>~
A+

(1 + 792200 H(=1) — (200 YA + 7 H(=1)
1+

_ (14 77)(=2006°7) + 400(¢>
1+

_ (200e> ) = 1)
a+ehy

Since P” = 0 when ¢ = 5, the critical point of y = P'(f)
occurs at ¢ = 5. To confirm that this corresponds to the
maximum value of P'(f), note that P"(f) > 0 fort < 5
and P"(f) < 0 for ¢t > 5. The maximum rate occurs at

t = 5, and this rate is

Note: This problem can also be solved graphically.

A
17

A A
4

(@ x# kf—, where k is an odd integer

(b) ( 2’ 2)
(¢) Where it’s not defined, at x = k—}, k an odd integer
(d) It has period g and continues to repeat the pattern seen

in this window.



