CHAPTER 6
Differential Equations

Section 6.1 Slope Fields and Euler’s Method

1. Diff i tion: y' = . .
ifferential equation: y" = 4y 4. Differential Equation: % = zxy N
Solution: y = Ce* T
e 12 _ .2
Check: y' = 4Ce™ = 4y Solution: y* —2Ilny = x
b2,
2. Differential Equation: 3y + 5y = —e™>* Check: 25" - —}-}—y =2
Solution: y = ¢ [ 1] .
y-—p =x
ro_ -2 e~2v y
Check: 3(—2¢2") + 5(¢™") = -7 yo=— I
y——
2 y
3. Differential equation: )’ = — a4 5 , xy
Xt =y Yy ==
y- -1
Solution: x* + y* = Cy
Check: 2x + 2yp' = &Y
, o —2x
9
, -2
v
2y" =Gy
_ —2xy
2% - (x2 + y2)
_ 2w
- y2 )
27

5. Differential Equation: y" + y = 0
Solution: y = C;sinx — C, cos x

!

y = Ccosx + C,sinx

"

y' = -C;sinx + C, cos x

Check: y" + y = (-C; sinx + C, cos x) + (C; sin x — C, cos x) = 0

6. Differential equation: y"” + 2y' + 2y = 0

Solution: y = Cie™¥ cos x + Cre™¥ sinx

Check: ¥ =~C + Cy)e sinx + (-C; + C,)e™ cos x
y" = 2Ce™" sin x — 2C,e ™ cos x
V' + 2y + 2y =2Ce " sinx — 2C,eF cos x +
2(—(6‘1 + Cy)e sin x + (-G + Cy)e™" cos x) + 2(Cle“‘ cos x + Cye™ sin x)

= (2C, - 2G; - 2C, + 2Gy)e ™ sin x + (-2C; — 2C; + 2C, + 2Cy)e™ cos x = 0
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594 Chapter 6 Differential Equations

7. Differential Equation: " + y = tan x

Solution: y = —cos x ln]sec x + tan x]

y' = (~cos x) (sec X - tan x + sec? x) + sin x ln’sec X + tan x

sec x + tan x
- M(Sec x)(tan x + sec x) + sin x In|sec x + tan x|
sec x + tan x

= -1+ sinxln]secx + tan x|

(sin x) (sec x - tan x + sec’ x) + cos x ln[sec X + tan x[

<
I

sec x + tan x

= (sin x)(sec x) + cos x lnl sec x + tan x]

Check: y" + y = (sin x)(sec x) + cos x In|sec x + tan x| - cos x In|sec x + tan x| = tan x.

8. Differential Equation: y" + 4)' = 2e*

Solution: y = %(e-‘h‘ 4 e“‘)

2 ! 8 4. 2
"= de™ 4 et) = —Zet 4 Zet
Y 5( ) 5 5
Y= —326'4"' + Ee“
5 5
o2 2 ] .
Check: v" + 4y = 2e""‘ +Ze" |+ 4 —§e'4" +Ze | = 2 + i e® = 2¢°
5 5 5 5 5 5
9. y = sinxcos x — cos® x
¥y = —sin? x + cos® x + 2 cos x sin x

~1 + 2 cos® x + sin 2x

Differential Equation:

2y + 3 = 2(sin X cos x — cos? x) + (—1 + 2 cos® x + sin 2x)
= 2sinxcosx — 1 + sin 2x

= 2sin2x — 1

Initial condition (%, Oj :

sin — cos — — cos® — = R b
10. y =4x> —2cosx -3 12, p = ™™

Y =x+2sinx Y = e (sinx) = sinx - e

Differential equation: ' = x + 2sin x Differential Equation:

Initial condition (0,—5): 0 — 2cos 0 — 3 = —5 Yy =sinx-e "™ =sinx(y) = ysinx

e I ﬁ . -cos(n/2) _ 0 _
1. y= 45 Initial condition (2, lj. € =e =1

y = 4e 67 (-12x) = -48 xe 6
Differential equation:

Y = 12wy = ~12x{4e ) = —agre

Initial condition (0, 4): 4¢” = 4
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Section 6.1 Slope Fields and Euler’s Method 595

In Exercises 13-20, the differential equation 16. y = 3sin 2x
. (4 _
is y¥ — 16y = 0. Y = 48sin 2x
13. y = 3cos x y — 16y = 48sin 2x — 16(3 sin 2x) = 0
y(4) =3cosx Yes
@ _ - -
y 16y = —45cos x # 0, 17. y=e*
No O = 16
14. y = 2sinx Y — 16y = 16¢ - 16e™ = 0,
y(4) = 2sin x Yes
y@ — 16y = 2sin x — 16(2sin x) = 0 18. y=5mnx
No 30
) = -
15. y = 3cos2x 30
@ _ -2
Y9 = 48 cos 2x ¥ 16y ) 80Inx =0,
¥ — 16y = 48 cos 2x — 48 cos 2x = O, No
Yes
19. y = Cie™ + Cye™ + Cysin 2x + Cy cos 2x
Y = 16C,e* + 16C,e™> + 16C; sin 2x + 16C, cos 2x
W —16y =0,
Yes
20. y = 3% — 4sin 2x
¥ = 48> — 64 sin 2x
W — 16y = (48¢> - 64 sin 2x) - 16(3¢> - 4sin 2x) = 0,
Yes
In Exercises 21-28, the differential equation is 25. y =sinx, ) =cosx
xy' =2y = xe*. xy' — 2y = x(cos x) — 2(sin x) # x’¢%,
21, y = x4,y = 2x No
X -2y = x(2x) - 2(x2) =0 % x, 26. y = cosx,y = —sinx
No xy' — 2y = x(-sin x) — 2 cos x # x’e
N
22, y = 2%,y = 3% ©
xy -2y = x(3x2) -2} =% 2 et 7. y=lnxy = 1
x
No 1
xy -2y = x(—j —-2lnx # x°€,
23. y = x%*, y = xPe" + 2xe' = e"‘(x2 + 2x) x
x -2y = x(e“(x2 + Zx)) - 2.<xze"') = e, No
Yes 28. y = x% — 5x%, ) = x%" + 2xe’ ~ 10x
! — 2% X 2,x 2
24. y = x2(2 n e"'),y' _ xz(ex) " 2x(2 " ex) x' -2y = x[x et + 2xe” — 10x] - 2[x e SXJ
— 3o
xy' -2y = x[xze‘ + 2xe* + 4x] - Z[xzex + 2x2] e
Yes

— x3€,\"

Yes
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596 Chapter 6 Differential Equations

29. y = Ce ™ passes through (0,3). 31. y* = Cx’ passes through (4, 4).

3=C'=C=>C=3 16 = C(64) = C = 1

. I — —x/2 . .
Particular solution: y = 3e Particular solution: y* = % Xor 4y? = 5

30. y(x’ =C through (0, 2).
Y (x Y ) passes through (0, 2) 32. 2x* — y* = C passes through (3, 4).

20+2)=C=>C=4 C=C=2

Il

2(9) - 16

Particular solution: y{x? + y)} = 4
articuiar sotution y(x Y ) Particular solution: 2x? — »? = 2

33. Differential equation: 4yy’ ~ x = 0

General solution: 4y% — x? = C
Particular solutions: C = 0, Two intersecting lines
C = 1, C = #4, Hyperbolas

2 2 2

£ = D _z
ST o~ ] -
-3 3 -3 > 3 -3 > 3
-~ PR
P T i RS
f\\*‘ =7 T
-2 -2 -2
2 2

i
-2 -2
34. Differential equation: ' + x = 0 35, Differential equation: 3" + 2y = 0
General solution: x* + y* = C General solution: y = Ce™*
Particular solutions: C = 0, Point Y+ 2y = C(-2)e™ + 2(Ce‘2"‘) =0

C =1,C = 4, Circles

¥

Initial condition (0,3):3 = Ce® = C

Particular solution: y = 3¢

s 36. Differential equation: 3x + 23y’ = 0
_/ Y General solution: 3x* + 2y? = C
6x + 4y =0

2Bx +2p) =0
3x 4+ 2 = 0

()

Initial condition (1, 3):
317 +203) =3+18=21=C

Particular solution: 3x? + 2)? = 21
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Section 6.1 Slope Fields and Euler's Method 597

37. Differential equation: " + 9y = 0
General solution: y = C sin 3x + C, cos 3x
y' = 3C; cos 3x — 3C, sin 3x,
y" = —9C; sin 3x — 9C, cos 3x
y" + 9y = (=9C, sin 3x — 9C; cos 3x) + 9(C, sin 3x + C, cos 3x) = 0

Initial conditions (%, 2} and y' = lwhen x = %:

G sin(ﬁ + C, cos E) = ( =2
2 2

y' = 3C cos 3x — 3C, sin 3x

il

2

1 =3C cos| 2| -3¢, sin| Z| = -3¢, = G, .
2 2 3

Particular solution: y = 2 sin 3x —

cos 3x

38. Differential equation: xy” + ¥ = 0

General solution: y = C; + C; Inx

! 1 1 1
y = Cz(—j’ Y= —Cz("z—)
x X

'+ Yy = x(—Cz ! j + C2l
x

Il
<

2
Initial conditions (2, 0)and y' = —;—when x =2

0=C +Cln2

Y = &
x
1% -1 =2
2 2
Particular solution: y = -In2 + lmx = 1n326—

39, Differential equation: x>y — 3xy' + 3y = 0

General solution: y = Cyx + Cpx°

¥ = C +3Cx%, y" = 6Cyx

2y’ = 3%y + 3y = 2(6C,x) - 3x(Cp + 307 + 3Crx + Cx*) =0
Initial conditions (2, 0)and y' = 4 when x = 2:

0 = 2C, + 8C,

¥ = C + 30

4=C +126

C +4C, =0
1 2 }C2:%5C1:—2

Il

I

G +12C, = 4

Particular solution: y = —2x + Lyl

2
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598 Chapter 6 Differential Equations

40. Differential equation: 9" — 12y’ + 4y = 0

41.

42.

43.

4. Y

45, —

46.

General solution: y = ¢*7*(C; + C,x)

V' =2(C + Gx) + G = e2<“/3(§q +C, o+ %sz)

V' = 3P0+ G+ 30) + P2, = 28726 4 26, + 2¢yx)

9y" — 12y + 4y = 9@22«“/3)(%01 +2C, + %sz) - 12(e2-“/3)(§q +Cy + %—sz) + 4P)C + Cx) = 0

Initial conditions (0, 4) and (3, 0):
0 = eX(C, + 3C,)
4=0)(C+0)=C =4

0=e*(4+30)=¢C =-4

1l

Particular solution: y = ez“'/3(4 - i}x)

@
dx
y = f6x2 dx =23 + C

= 6x>

@:2x3—3x
dx

x3
p= (2% = 3x)dx = 2 — 22 4 ¢
v = ) ;
@_ X
dx 1+ x?

y = J.l +xx2 dx = %ln(l + x2) + C

(u =1+ x% du = 2x dx)

y = j(l —%de

x~21n}xl+C:x~1nx2+C

A
dx

x cos x?

y = fx cos(xz) dy = %sin(xz) +C

(11 =x% duy = 2x dx)

47. ﬂ = sin 2x
dx

y = J.sin2xdx = —%cos2x+C

(u =2x,du =2 dx)

48. Q:tanzx:seczx~1
dx

y = j(seczx—l)a’,r:tanx—x+c

A

49, —dJ—) =xJx -6
dx
Let w = ~/x — 6,then x = »? + 6 and dx = 2u du.

y = J.x\/;—_6 dx = J‘(uz + 6)(11)(211) du

2[(;{“ + 61/2) du

lls
2[? + 2U3J +C

%(x ~6)" +4(x-6)" 1 C

I

= %(x -6 (x-6+10)+C

=26 (x 4 4)+ C
5
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50.

51.

52.

53.

54,

58.

56.

g)i =2xv3 - x

X

Let # = ~/3 — x,then x = 3 — w?and dx = —2u du

y = j2x\/3 - xdx = I2(3 - uz)u(—Zu du)
= I(4u4 - 12112)du

5
=4%—4u3+c
4 502 3/2
- ERLET CEE
4 3/2
=g(3—x) B-x-5+C
4

=20~ N (x+2)+C

f’X 2

= xe*
= "-xe“'zdx = %e"'z +C
(u = x% du = 2x dx)

dy
dx

= 57

y = ."Se"‘/2 dx = 5(—2) J.e"/z(—%) dx = —10e™? + C

X -4 12 0124 8
y 2 |0 40406 |8
dy/dx | —4 | Undef. | 0 | 1 % 2

djdx |6 |2 |4]2]2 |0

x -4 21024 8

y 2 0 |4]|4]6 8
dyfax | 242 | 2|00 | 22 | -8

x 4 210 2 4 |3

y 2 0o |4 4 6 |8
dyjdx | 310 3| 30 | /3

Section 6.1 Slope Fields and Euler's Method 599
57. ij)—} = sin 2x
dx
dy
For x = 0, = = 0.Matches (b).
dx
58. Q = — COS X
dx
For x = 0, @ = —1— Matches (c).
dx 2
59, @ =%
dx
dy
As x — o, — — 0. Matches (d).
dx
o0. -1
dx X
For x = 0, ?is undefined (vertical tangent). Matches (a).
lx
61.

(@), ()

(c) Asx > ®,y —> —©

As X > —©,y —> —®©

62. (a), (b)

(c) Asx > o,y > ®

As x = -0,y > —®

© 2010 Brooks/Cole, Cengage Leaming




600 Chapter 6 Differential Equations

(0.1)

1_...y

66. (a) ' =

63. (a), (b)

(€) Asx > ®,y > —

Asx > o,y = o

64. (a), (b)

A

Asx — o,y —>

(€) Asx > o0,y 5 —0

= 025y, y(O) =4

P

As x - -,y > —©

67.

dx

65. (a) 5 = % (1,0)

el AT P

e T e T e e e e
4

(1,0

4—y,y(0):6

68.

(a), (b)

Asx > o0,y >

10

=Inx]

[Note: The solution is y

w0
AR EE
Rttt IR NS
EENSPYE RN
Ry RN
ettt IR
e RS
Ay SRR
- e IR
o AR
e A E NN
[« | R N
WSS SARAES
ot ] NN

(a), (b)

12
B EEEER

,...////j
N RN

I S S W L TN LN

o
!

Asx > w0,y = ©

-2
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70.

73.

74.

75.

Section 6.1 Slope Fields and Euler's Method

601

dy dy
=2 =02x(2 - ), ¥0) =9 7. = = 0.4y(3 — x), y(0}) = 1
o (2= ). (0) — = 04y(3 ~ x). ¥(0)
(a), (b) (a), (b)
L T faf 7 Ty T
T 7 TNy
N A VRN AN £ N
YA P NN P V7 /N
e N st S
. —--——-—-0-~——--—-5 4 iz\‘sﬁ..ﬂ'x’/ [
dy 1 _ y
72, = = —e sin ==, y(0) = 2
dx 2 y( )
(a), (b)
5
I = enigtied
] S arararn sey——
ﬂq.-w-\.m.-\:.a-\-.-\-\.—h——
y=x+y y0)=2 n=10, h =01
¥ = Yo + hF(x0, yo) = 2+ (0.1)(0 + 2) =22
y, =y + hF(x, ») = 2.2 + (0.1)(0.1 + 2.2) = 243, etc.
n 01 2 3 4 5 6 7 8 9 10
x, 10101]02 |03 0.4 0.5 0.6 0.7 0.8 0.9 1.0
yo | 2122243 ] 2693 | 2992 | 3.332 3715 | 4.146 | 4.631 | 5.174 | 5.781
Y =x+y y(0)=2, n =20, h=0.05
Y1 = yo + hF(xe, yo) = 2 + (0.05)(0 + 2) = 2.1
y, =y + hF(x, yl) =21+ (0.05)(0.05 + 2.1) = 2.2075, etc.
The table shows the values for n = 0,2, 4, ..., 20.
n 02 4 6 8 10 12 14 16 18 20
x, 1 0]01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
¥, | 2| 2.208 | 2.447 | 2.720 | 3.032 3.387 | 3.788 | 4.240 | 4.749 | 5.320 | 5.960
y =3x -2y, ¥0)=3 n=10 = 0.05
W= Yo + hF(x0, y0) = 3 + (0.05)(3(0) - 2(3)) = 2.7
y, = 3 + hF(x, ) = 2.7 + (0.05)(3(0.05) + 2(2.7)) = 2.4375, etc.
n 01 2 3 4 5 6 7 8 9 10
x, | 0005} 0.1 015 |02 025 |03 035 |04 045 |05
y, | 3|27 | 2438|2209 | 2.010 | 1.839 1.693 | 1.569 | 1.464 | 1.378 | 1.308
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602 Chapter 6 Differential Equations

76. y' = 0.5x(3 — y), y(()) =1, n=5 h=04
Y= Yo + hF(x, yo) = 1+ (0-4)(0.5(0)(3 - 1)) =1
Y2 = i+ hF(x, 1) = 1+ (0.4)(0.5(0.4)(3 - 1)) = 1.16, etc.

n 0]1 2 3 4 5

x, 010408 |12 |16 |20

yo | 1|1 | 116 1454 | 1.825 | 2.201

77. y’ = e‘\y, y(O) = 1, n = 10, h= 0.1
Y= vo + hE(xg, 30) = 1+ (0.1)" = 1.1
Y2 = m o+ hF(x, ) = L1+ (0.0 ~ 12116, ete.

n 011 2 3 4 5 6 7 8 9 10

x, 10101702 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Yo | 1) L1 | 1212 | 1.339 | 1.488 | 1.670 | 1.900 | 2.213 | 2.684 | 3.540 5.958

78. y' = cosx + sin y, (0) = 5,1 = 10,4 = 0.1
Y= Yo + hF (%0, %) = 5 + (0.1)(cos 0 + sin 5) ~ 5.0041
Y2 =+ hF(x, y1) = 5.0041 + (0.1)(cos(0.1) + sin(5.0041)) ~ 5.0078, etc.

n 011 2 3 4 5 6 7 8 9 10

x, | 0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Yu | 515004 | 5008 | 5010 | 5.010 | 5.007 | 4.999 | 4.985 | 4.965 | 4.938 4.903

79 — =y, = 36"',(0, 3)

x 0102 0.4 0.6 0.8 1

y(x) (exact) 3| 3.6642 | 4.4755 | 5.4664 | 6.6766 | 8.1548

y(x)(h:O.Z) 3| 3.6000 | 43200 | 5.1840 | 6.2208 | 7.4650

y(x)(h:O.l) 3| 3.6300 | 43923 | 53147 | 6.4308 | 7.7812

80. iji = —zﬁ,y =2x% + 4, (0,2)
¥y

dx
x 0]02 0.4 0.6 0.8 1
»(x) (exact) 2| 20199 | 2.0785 | 2.1726 | 2.2978 | 2.4495
y(x)(h=02) | 2| 2000 | 20400 | 2.1184 | 2.2317 | 2.3751
y(x)(h =01) | 2] 20100 | 2.0595 | 2.1460 | 22655 | 2.4131
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Section 6.1 Slope Fields and Euler's Method 603

dy /. .
81. 2 = yrcosx,y = —{sinx —cosx +¢), (0,0
dx J Y 2( ) ( )
x 0102 0.4 0.6 0.8 1
¥(x) (exact) 0 | 0.2200 | 0.4801 | 0.7807 | 1.1231 | 1.5097
¥(x) (h = 0.2) | 0 | 0.2000 | 0.4360 0.7074 | 1.0140 | 13561
y(x)(h = 0.1) | 0 | 0.2095 | 0.4568 0.7418 | 1.0649 | 1.4273
82. As h increases (from 0.1 to 0.2), the error increases.
83. dy _ —l(y _7), (0.140), 5 = 0.1 87. Consider y' = F(x, ), (%) = o- Begin with a point
dt 2 (0, yo) that satisfies the initial condition, ¥(x%) = Yo
(@) f 0 1 ) 3 Then, using a step size of 4, find the point
x, 1) = (% + A, vy + RF(x,, yo))- Continue
Buler | 140 | 112.7 | 964 | 86.6 (a 1)_ (o ’ (, o)
generating the sequence of points
(xn-HJ yn+l) = (xn + h: Yn + hF(X”, yn))'
(b) y =72 + 68 exact
88. y = Ce*
t 0 1 2 3 J
D - Chet
Exact | 140 | 113.24 | 97.016 | 87.173 dx

dy 1
2o _(y-72), (0,140),h = 0.05
© — =50 =72 (0,140)

t 0 1 2 3

Euler | 140 | 112.98 | 96.7 | 86.9

The approximations are better using # = 0.05.

84, When x = 0, y' = 0, therefore (d) is not possible.
When x,y > 0,y < 0 (decreasing function) therefore

(c) is the equation.

85. The general solution is a family of curves that satisfies
the differential equation. A particular solution is one
member of the family that satisfies given conditions.

86. A slope field for the differential equation
y = F (x, y) consists of small line segments at various
points (x, y) in the plane. The line segment equals the

slope ' = F(x, y) of the solution y at the point (% ).

89.

90.

91.

92.

Because dy/dx = 0.07y, youhave Cke® = 0.07Ce".
So, k = 0.07.

C cannot be determined.

3

False. Consider Example 2. y = x’is a solution to

x —3y = 0,but y = x° + lis not a solution.
True
True

False. The slope field could represent many different
differential equations, such as y' = 2x + 4y.
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604 Chapter 6 Differential Equations

93. @ =2y, y(O) =4,y = 4o

dx

@ X 0]02 0.4 0.6 0.8 1
¥y 4 | 2.6813 | 1.7973 | 1.2048 | 0.8076 | 0.5413
yo| 4] 2.5600 | 1.6384 | 1.0486 | 0.6711 | 0.4295
Yo | 4| 2.4000 | 1.4400 | 0.8640 | 0.5184 | 0.3110
e 0 | 0.1213 | 0.1589 | 0.1562 | 0.1365 | 0.1118
e 0 | 02813 | 03573 | 0.3408 | 0.2892 | 0.2303
r 0.4312 | 0.4447 | 0.4583 | 0.4720 | 0.4855

(b) If 7 is halved, then the error is approximately halved (r =~ 0.5).

() When & = 0.05, the errors will again be approximately halved.

dy e
9. — =x—-3,9(0) =1,y = x -1+ 2
. »¥(0) =1y

(@)
x [ 0]02 0.4 0.6 0.8 1

y 1| 0.8375 | 0.7406 | 0.6976 | 0.6987 | 0.7358

v 1| 0.8200 | 0.7122 | 0.6629 | 0.6609 | 0.6974

¥y, | 1| 0.8000 | 0.6800 | 0.6240 | 0.6192 | 0.6554

= 0 | 0.0175 | 0.0284 | 0.0347 | 0.0378 | 0.0384

e, | 0] 0.0375 | 0.0606 | 0.0736 | 0.0795 | 0.0804

r 0.47 0.47 0.47 0.48 0.48

(b) If & is halved, then the error is halved (r ~ 0.5).

(c) When & = 0.05, the error will again be approximately halved.

_ ok
95, (2) 19 4RI = E(r) 96. y=e
df ;o kt
y = ke
4*27—5 + 127 = 24 y” == kzek’
a1 y'-16y = 0
L oZa-12)=6-3I
dr 4( ) ket — 166" = 0
! K -16 =0 (because ed % 0)

k=24

97. y = Asin ot

¥ = Awcos ot

¥’ = —Aw? sin wt

y'+16y =0

I .That is, 1i = 2.
(b) As t — oo, 1 — 2.Thatis, ’lgg I(7) In fact, A sin ot + 164 sin of — 0

I = 2 is asolution to the differential equation. Asinw t[l 6 a)z:l -0

If 4 # 0,then @ = +4
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Section 6.2 Differential Equations: Growth and Decay 605

98. F() + £1(x) = —xg(2)./ (%), g(x) 20
24 (0)1'() + 2/ (0)1"(x) = <25 ]
2156 + 0] = 2 @]
For x < 0,~2x g(x)[ /()] 2 0
For x > 0,2x g(x)[ f(x)] <0

So, f (x)2 + f ’(Jc)2 is increasing for x < 0and decreasing for x > 0.

f(x)2 + f'(x)2 has a maximum at x = 0.So, it is bounded by its value at x = 0, f(O)2 + f’(O)Z. So, f(and f") is bounded.

99. Let the vertical line x = k cut the graph of the solution y = f(x)at (k, r). The tangent line at (k,t)is

y—t= f'(k)(x - k)

Because ' + p(x)y = g(x), you have

y -t = [a) ~ ol Jox - 1

k
For any value of 4, this line passes through the point [k + ——1—, q( )J

(k)" p(k)

To see this, note that

;]7_((]]?5 —¢ ; [q(k) — p(k)t](k + L k]

p(k)
bk ole+ A0k <~ k)l - @,

Section 6.2 Differential Equations: Growth and Decay

l.i)i:x+3 4. E‘Q:6_y
dx dx
x? dy
= = — — = dx
¥ _[(x+3)dx 2+3x+C 6=y
-1
——dy = |-dx
Z.EX=6~X J‘6-——y -[
dx
o |6 — yldy = —x+ G
y:j(6~—x)dx:6x———+C 6y = et = Ce
y=6-Ce™
dy
3 — =y+3
dx 5 ,  S5x
. y ==
b = dx
y+3 yy'=5x
j'. ! dy = Id,\ _{yy'a’x— ISxdx
y+3
In|y +3|=x + G [ydy = [sxa
y+3=€x+q=C€x %yzz—x2+cl
y=Ce -3
2 2
y*-5x" =C
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606 Chapter 6 Differential Equations

,_Nx
6 y:—ﬁ
7yy=\/;
f7yy dx = J.\/;dx
7_')}2 2X3/2+C
2 1
21y —4x¥* = C
7 ¥ =xy
P~
y
[Zar =[x ax
y
ﬂz J.\/;dx

In|y| = —x3/2 +C

6(2/3).\'3/ 24 q

y =
= o0 )Y
_ Ce(2,\'3/2)/3
8 y = x(l + y)
yoo_,
1+y
j Y dx = jx dx
1+y
[~ (v
1+y
2
In(l + y) = 1‘2— +C
1+ y = e(x2/2)+C1

P 2xy
Y 1+ a2
Z,.: 2x
y 1+
j—&dx:jzxzdx
¥y 1+ x
oo
y 1+ x?

In|y| = In(l + x?) + G
lnlyl (l + x ) +InC
In|y| = 1n[01 + 27

= 1+ x?)
10. xy +y = 100x
¥ =100x + xy = x(100 — )
Yo,
100 — y
j Y dx = jv dx
100 — y
! dy = [x dx
7100 — y J
x2
~In(100 - y) = S *G
2
In(100 - y) = -% -G
100 - y = ¢ (71
-G —x2/2
-y = e e 100
y =100 - Ce/2
w2k
dt t
fd—Q dt = /—;dt
dt t
[do = SRS
t
k
=-24cC
o ot
2. L5y
dr
dP
J‘Edt = [k(25 ~ £yt
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16. (a)

dN

(500 — 5) + C
(500 — s) + C

2

k

N =-=

k(500 - s)
-k

ds = [k(500 — s ds

gs__
dN
ds

de

]

14.

Rl ="
9 —t
© =
_2 N’
I R
A —le
Il
SRS
=
yoo{
<
o~
&
>
v 205
+ W +
42‘4\ =~
W |
il I I
> | 0
I
~3
=
.

©, 10)

—
=
Lol
S
o ﬁ
J | <t
|
| —
Il 1l
3ls %
—
=
o

=}
.
Il
Q
O
© +
+ g
I T
= =
Ay e
— e — |
| |
Il Il
~ 2
N=)
|
I
&)
=
n s
T3
+ i
© ©
I Il
SE N
e
=)
=)
p——c

2

Ler o

y

15

10

(0, 10)
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608 Chapter 6 Differential Equations

dy 1 dN

9. = (0,10) 2. = =WV
J‘ dy _ J‘ 1 dt N = Cé  (Theorem 6.1)
2
g (0,250): C = 250
Injyl=—=t+ C
o ‘ (L 400): 400 = 250¢% = k = In~0 _ 1, 8
y = WA 2 g2 — o2 250 5
10=C = C=10 N = 250" & 250¢04700
y = 10e™? When 7 = 4, N = 250%™ = 250¢0(5/5)"
o _ 250@)“ 8192
5 5°
0, 10)
av
ks \»-_,_ " B =k
V = Cel (Theorem 6.1)
20. ?]}i _ %y, (0.10) (0,20,000): C = 20,000
t
Ay (3 (4,12,500): 12,500 = 20,000¢% = k = L1y (éj
== fz dt 48
y
3 v = 20,000el/ M58} 20 000¢-01175
In y = Zf + Cl »
By When ¢ = 6,7 = 20,0006 = 20,000
y=e 5 32
= et = cehit = 20,000[5) ~ 9882.118.
10=C® = C=10
y =10 2. P _p
40 dr
' P = Ce" (Theorem 6.1)
(0, 5000): C = 5000
. _'__,,J (0, 10) . . 19
(1, 4750): 4750 = 5000¢* = k = In[—
E 20
dy P = 5000e"%% ~ 5000¢0051
21, — =ky

dx When 1 = 5, P = 5000e™19/20)(5)

y = Ce™  (Theorem 6.1) 19

5
5000 —-) =~ 3868.905.
20

(0,6): 6 = Ce = ¢

1 5
(4.15): 15 = 6" = & = —ln(—) 25 p=cet. oL (s s
4 \2 ) , > . (5,5)
y = el g 0291 o1
When x = §, 2
Ll
y = 6l - 62 6 _2_5j _75 Y= 23
4 2 1
5=
2
j = nlo
5
L fomoysy _ X1 ous L oas0ss
—e = ~{10")or y » —e"
’3 H0%)ory =3
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27.

28.

29.

30.

Section 6.2 Differential Equations: Growth and Decay 609

y = Ce, (0,4), (5, %)
C =4

y = de¥

l 4%k

2

k= 1“(;/ 8) 04159

y =4 04159

y=Ce, (1,5),(52)

5= Ce* = 10 = 2Ce*
2 = Ce™* =10 = 5Ce*
2Cek = 5Ce™*

o
e

2ef = 5¢°F

Il

e

4
1 m(&j - h{%)
4 5 5

-1/4 /4
C = 5¢* = 5¢V4mCR) = 5(2) _ 5(_5_)
5 2

2 _ u
5

=
i

ya
y = 5[%] e[l/4ln(2/5)]f ~ 62872 ¢ 02U

y = Ceéf, (3, %} (4.9)

CeF = 1 = 20

it

DO |

5=Ce¥* =1= %Ce“

20 = Leett
5

1063,{ — 64k

10 = &

k =1n10 ~ 2.3026
y = (230261
5=C £ 2-3026(4)
C ~ 0.0005

y = 0.0005¢>%%

In the model y = Ce*, C represents the initial value of
v (when ¢ = 0). kis the proportionality constant.
dy

=2y
¥ dr &y

31.

32.

33.

34.

35.

b1

dc 2

dy

- > Owhen xy > 0.Quadrants I and IIL.
X

dy 12

it

dx 2 Y

dy

o > Owhen y > 0.Quadrants I and IL
x

Because the initial quantity is 20 grams,

y = 20",
Because the half-life is 1599 years,
10 = 2060599

=

So, y = 2Oe[ln 1/2)/1599]:_

When ¢ = 1000, y = 20el"W/15%0100) 15 g6 ¢
When ¢ = 10,000, y = 0.26g.

Because the half-life is 1599 years,

1 1, k15%)
5 = le

_ 1 1
k= 155 ln(i)'

Because there are 1.5 g after 1000 years,
15 = Ce[ln(l/2)/1599:|(1000)

C = 2314,
So, the initial quantity is approximately 2.314 g,
When ¢ = 10,000, y = 2.31 4e[ln(1/2)/1599](10,000)

0.03 g.

Q

Q

Because the half-life is 1599 years,
1 q,k(1599)
7 = le

k= @ ln(%).

Because there are 0.1 gram after 10,000 years,
0.1 = Ce[ln(l/z)/1599](10,ooo)
C = 1.63.
So, the initial quantity is approximately 7.63 g.
When = 1000, y = 7.63¢l"/2/152J10%0)
~495¢g.
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36.

37.

38.

39.

Chapter 6 Differential Equations

Because the half-life is 5715 years,
1 _ 1 k5715)
7 = le
— !
k = 55 In(3)

Because there are 3 grams after 10,000 years,
3= Ce[ln(l/z)/5715](1o,ooo)

C ~ 10.089.

So, the initial quantity is approximately 10.09 g.

When ¢ = 1000, y = 10.09¢"(/2)/57isJ1000)

894 g

Q

Q

Because the initial quantity is 5 grams, C = 5.
Because the half-life is 5715 years,
25 = Sek(sﬂs)
1 1
k = 3715 h’l(i)

When ¢ = 1000 years, y = 5l™W//STISH00) 4 435

10,000 years, y = 5e[m(1/z)/5715](10,000)
~ 149 g,

When ¢

Because the half-life is 5715 years,

1 _ 1 K5715)
7= le

k= ﬁ ln(%).
Because there are 1.6 grams when ¢ = 1000 years,
16 = Ce[m(l/z)/sns](looo)

C = 1.806.
So, the initial quantity is approximately 1.806 g.

Q

When 1 = 10,000, y = 1.806¢.™V2)/5715]10.000)
~ 0.54 g

Because the half-life is 24,100 years,

1 qgh24100)
2

= _1 1

k= a0 ln(i)'
Because there are 2.1 grams after 1000 years,
21 = Ce[ln(l/z)/24,100](1000)

C = 2.161.
So, the initial quantity is approximately 2.161 g,
When ¢ = 10,000, y = 2.161¢l"(V2)/24100J10.000)
1.62 g

u

Q

40.

41,

42.

43,

44,

Because the half-life is 24,100 years,

L _ 1pk(24100)
2

k= 24,1100 ln(%)
Because there are 0.4 grams after 10,000 years,
04 = Ce[m(l/z)/z4,100](10,000)

C =~ 0.533.
So, the initial quantity is approximately 0.533 g.
When 7 = 1000, y = 0.533¢["(/2/241001000)
0.52g.

Q

y = Cet
%C — Cek(1599)
1 1
5 In(3)
When ¢ = 100, y = Ce[ln(l/z)/1599](100)
=~ 0.9576 C

k

1l

Therefore, 95.76% remains after 100 years.
y = Ce"
lC - Cek(5715)
k ;ln lj
5715 \2
0.15C = Celnly2)/5715)
£}
In(0.15) = —=2

T 571s
t = 15,641.8 years

Because 4 = 4000e°%, the time to double is given by

8000 = 4000¢%0%

2 = G006
In2 = 0.06¢
! = ﬁ ~ 11.55 years.

0.06
Amount after 10 years: 4 = 4000¢®%X19) ~ §7288.48

Because 4 = 18,000, the time to double is given
by
36,000 = 18,000%0%%

9 = g0Oss
In2 = 0.055¢

t = ﬁz— = 12.6 years.
0.055

Amount after 10 years:
A = 18,0005H19 ~ $31,198.55
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45, Because 4 = 750¢" and 4 = 1500 when
¢t = 7.75, you have the following.

1500 = 750”7

In2 o 00894 = 8.94%
775

i

Amount after 10 years: 4 = 750698400 ~ $1833.67
46. Because 4 = 12,500¢" and 4 = 25,000 when

t = 5, you have the following.

25,000 = 12,500

In2

r = ~ 0.1386 = 13.86%

Amount after 10 years:
A = 12,500e("25K00) — §50,000

47. Because 4 = 500e” and 4 = 1292.85 when
¢t = 10, you have the following.

1292.85 = 500¢'"
ln(1292.85/500)

p=— " 7~ 0.0950 = 9.50%

10
The time to double is given by

1000 = 50089

t = In 2 ~ 7.30 years.
0.095

48. Because 4 = 2000e¢" and 4 = 5436.56 when

¢t = 10, you have the following.

5436.56 = 2000e'%
In(5436.56/2000
r = —L—-—T)—/——l = 0.10 = 10%

The time to double is given by

4000 = 2000e*'%

In2 = 6.93 years.
0.10

il

t

i

(2)20)
49. 1,000,000 = P(l + 0.10275j

P

-240
1,000,000(1 + 0'075j

$224,174.18

(12)(40)
A )
12

Q

50. 1,000,000

il

P

1,000,000(1.005) " ~ $91,262.08

(12)65)
51. 1,000,000 = P(1 + &9§]

12
420
P = 1,000,000[1 + %)
12
= $61,377.75
(12)(25)
52. 1,000,000 = P(l + 0—1-22)

-300
P = 1,000,000[1 + 009
12

~ $106,287.83
53. (a) 2000 = 1000(1 + 0.07)
2 =107
In2 =107
t = E% ~ 10.24 years
12¢
(b) 2000 = 1000(1 + 91(;—7)

12¢
12

Section 6.2 Differential Equations: Growth and Decay 611

In2 =12t ln[l L 007
12
t = ln 2 ~ 9.93 years
12 In(1 + (0.07/12))
365¢
(c) 2000 = 1000[1 L 007
365
365¢
) - (1 L 0.07
365
In2 =

365¢ 1n(1 + E)lj
365
_ In 2
365 In(1 + (0.07/365))

(d) 2000 = 1000

9 = 0T
In2 = 0.07¢

= 1n_2_ ~ 9.90 years
0.07

~ 9.90 years
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612 Chapter 6 Differential Equations

54. (a) 2000 = 1000(1 + 0.6)
2 = 1.06'
In2 =¢tnl.06
t = In 2 ~ 11.90 years
In 1.06
(b) 2000 = 1000(1 + O—%J
12
12¢
2= (1 + 90—6)
12
In2=12¢ ln(l + 9%)
12
t = li——ln—%—%— ~ 11.58 years
2 Inj1+ ——
12
365t
(c) 2000 = 1000/ 1 + ﬂg)
365
365¢
2= (1 + 0.06
365
In2 = 365¢ h{l + ﬂ)ﬁJ
365
=L h’é ~ 11.55 years
365 ln(l .06 J
365
(d) 2000 = 10009
2 = 60.061
In2 = 0.06¢
t = —— In 2 ~ 11.55 years
0.06
55. (a) 2000 = 1000(1 + 0.085)'
2 = 1.085
In2 =¢In1.085
t = In 2 ~ 8.50 years
In 1.085
12t
(b) 2000 = 1000(1 + @)
12
12¢
” - (1 N 0.085)
12
2 = 12¢1nf1 + 0'085)
12
t = i——ln—gﬁg— ~ 8.18 years
12 Inj1 + —=
12

() 2000

In2

(d) 2000
2
In2

t
56. (a) 2000

2
In2

t

(b) 2000

In2

(c) 2000

In2

(d) 2000
2
In2

t

1000(1 +

0.085Y*
=1+ —=
365
— 365t 1|1 + 2985
365

= L_In_z__ ~ 8.16 years

365 ln(l + wj
365

= 1000¢°%

= (08st

= 0.085¢
In2

= ——— = 8.15 years
0.085 Y

0085 365¢
365 )

= 1000(1 + 0.055)'
= 1.055'
= tIn1.055

In2
Inl

= 12.95 years

= 1000[
0.055
=1+ ==
( 12 j

= 12¢ ln[l + 0.0SSJ
12

In2

1
_2 ( 0055)

0. 055]365t

0. 055)

~ 12.63 years

= 1000(

0.055 5
=11+
( 365 j
=365t 1nj 1 + —— 0.055
365

= _3_2_——-—_1“;055 = 12.60 years
3 In(l + = )

365
= 1000¢*%

= 005t

= (0.055¢
In2

= ~ 12.60 years
0.055
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57.

58.

un
2

60.

61.

62.

Section 6.2 Differential Equations: Growth and Decay 613

(a) P — Celd — Ce~0.0061
P(7) = 23 = Ce™) = C ~ 240
P = 2.40e™00%
(b) For 1 = 15, P = 2.40¢%9 ~ 2.19 million

(c) Because k < 0, the population is decreasing.

() P =Cée" = Cto1
P(7) = 80.3 = Ce"0) = C ~ 7129
P = 712901
(b) For t = 15, P = 71.29¢**"") = 92.0 million

(c) Because k > 0, the population is increasing.

It D . ok 11,0024t
. \a) = =

P(7) = 67 = C&"™) = C ~ 5.66
P = 5.66¢%%%
(b) For t = 15, P = 5.66¢"(9 ~ 8.11 million

(¢) Because k > 0, the population is increasing.

(@) P =Ce = 0003
P(7) = 10.0 = Ce**) = € ~ 1021
P = 1021700
(b) For t = 15, P = 1021 ~ 9.76 million

(c) Because k < 0, the population is decreasing.

(@) P = Ce" = Ce™
P(7) = 303 = Ce"®0) = C = 2355
P = 23.55¢"0¢
(b) For ¢ = 15, P = 23.55¢*%%)  40.41 million

(c) Because k > 0, the population is increasing.

(a) Because the population increases by a constant each

month, the rate of change from month to month will
always be the same. So, the slope is constant, and the
model is linear.

(b) Although the percentage increase is constant each
month, the rate of growth is not constant. The rate of

change of y is given by

@ _
d

which is an exponential model.

63. () N = 100.1596(1.2455)

(b) N = 400 when ¢ = 6.3 hours (graphing utility)

64. (a)

(b
©

(d)

65. (a)

(®

Analytically,

400 = 100.1596(1.2455)
400

1.2455" = ———— = 3.9936
100.1596
tIn1.2455 = In 3.9936
t = In 3.9936 ~ 6.3 hours.
In 1.2455
Let y = Ce”.

Attime 2: 125 = Ce'® = C = 125¢7%
At time 4:
350 = Cet = 350 = (125e*2k)(e4k)

14 _ 2k
—5‘ = &
2%k = 1n1—5‘l
_ 1 14 .
k=1mi~ 05148

C = 125¢7%*
- 125 e—2(l/2)1n(14/5)

= 125(%) = 625~ 44.64

Approximately 45 bacteria at time 0.
y = _6%45_ e(1/2)ln(l4/5)r ~ 44.6460'514&

When ¢ = 8,
_ 625 (2m(4ss _ 625(14\ _
y = 8507 = 4(5) = 2744,

25,000 = %e(‘/z)‘"(“‘/ﬁ)’ = ¢ = 12.29 hours

19 = 30(1 - eZOk)
30e2% =11
ko= M ~ —0.0502
20

N =~ 30(1 . e—o.osozr)

25 = 30(1 — e}
o 00502 1
6
t = —ln 6 ~ 36 days
—-0.0502
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614  Chapter 6 Differential Equations

66. (a) 20 = 30(1 - e3°k)
308%% =10

In(l/3)  -In3
30 30

N = 30(1 _ emo.osssr)

= —0.0366

]

(b) 25 = 30(1 _ 2—0‘036&)

00366 l
6
t = —In 6 ~ 49 days
-0.0366
68. (2) R = 1654.2353(1.0590)' = 16542353 ¢"%57
I =0.01942r* - 1.3690° + 21.970¢> — 93.661 + 435.6
(b) 4000
_,_'o—01"_0~'-”r.-,—-

of

11

0

According to the model, R'(r) ~ 94.79¢%%7

(c) 800
M'H-rﬂ_
0 1
I
(d P(r) = 2

0.3

N —

69. p(I) = 101ogm[i, Iy = 1071
]

_ 107 .
(a) ,8(10 ]4) =10 logmﬁ = 20 decibels

—6.5

~ 10 .
(c) ﬂ(lO 6'5) = 10 long = 95 decibels

67. (a) B = Cet = 181"

205 = 181'% = f = iln(@) ~ 0.01245
10 181

R = 181e"%" ~ 18](1.01253)'

(b) Using a graphing utility, P, ~ 182.3248(1.01091)

(C) 300

ol . - . . s
150

The model P, fits the data better.
(d) Using the model B,

320 = 182.3248(1.01091)

320

——— = (1.01091)
182.3248

In(320/182.3248)
In(1.01091)

51.8 years, or 2011,

t =

2

-9

gy 10 .
(b) A(107°) = 10 1ogu,10—_16 = 70 decibels

i} 107 .
@ p(10*) =10 logloﬁ = 120 decibels
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Section 6.2 Differential Equations: Growth and Decay 615

70, 93 = 101og,017{15 = 10(log, I + 16)
6.7 = logig I = I = 1077
80 = 10 Ing—]% = 10(log,o I + 16)

8 =logel = 1=10"

10~647 _ 10—8

Percentage decrease: [ Tk )(IOO) ~ 95%

T A(f) = V(1)
= 100 00060.8\56—0.107
100’00060.8\/7*04107

aa_ 100,000(0—'ﬁ— - 0.1owe°~8ﬁ~°~‘°’ =0
dt 1 J
when ¢ = 16.

The timber should be harvested in the year 2024,

(2008 + 16). Note: You could also use a graphing utility
to graph A(f) and find the maximum of A(f). Use the
viewing rectangle 0 < x < 30 and 0 < y < 600,000.

7. R = n/-lnf, Inl-0 [ = R0 _ QR
In10 In10 ’
(a) 8.3 = 13_1_‘.111_10
In10
I =108 =~ 199,526,231.5
(b) 2R = In/-Infy
In10
[ = 2RWI0 _ 2RWn0 _ (eRlnl())Z _ (IOR)Z
Increases by a factor of > or 10%.
In/ -l
c e
© In10
AR _ 1
dl  Inn(10)

73. Because i% = k(y — 80)

1
jy — ¥ [ie ar

ln(y - 8()) kt + C.

When ¢ = 0, y = 1500.So0, C = In 1420.
When ¢ = 1, y = 1120. So,
k(1) + In 1420 = In(1120 — 80)

k=mn1040 - In1420 = In Qﬂ
142

So, y = 14204042 4 g0,
When ¢ = 5, y ~ 379.2°F.

74, = = k(y - 20)

y =20+ Ce  (See Example 6)
160 = 20 + C©® = C = 140
60 = 20 + 140
2 _
7
k= lln(zj ~ —0.25055
547
30 = 20 + 140&M3RC/7Y

_1_ _ e]n(zmr/s _ (gjl/s

14 7
.oty 2?
14 5 7
1
5h—
t = ;4 = Sinl4 ~ 10.53 minutes
In= In —
7 2

It will take 10.53 — 5 = 5.53 minutes longer.

75. False. If y = Ce¥, y' = Cke" # constant.

76. True
77. False. The prices are rising at a rate of 6.2% per year.

78. True
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616 Chapter 6 Differential Equations

Section 6.3 Separation of Variables and the Logistic Equation

+
0

—
<
=
I
R R
&

&
[S8]
«N

dy ¥t -3
dx 63>

J6y2 dy = I(xz - 3) dx

233 :%——3x+q

6y —x* +9x = C

5. 095,
ds
dar_ f0.75 ds
-

In|r|= 0755 + C
Fo= 07550
o= Ceb5s

6. I 0755
d

s
jdr = JO.75 s ds

§2
r=075—+C
2

r=0375s*>+C

7. (2 + x)y' =3y

L{X:J 3 dx
y 2+ x

Infy|=31nj2 + x|+ In € = In|C(2 + +)|

y:C(x+2)3
8. x»n' =y
dy dx
.[?: .
hy=hx+mhC=1InCx
y=Cx

9. yy' = 4sin x
y— =4dsinx
Jydy = J.4sinxdx
= —4cos x + C

C —8cosx

<
il

I

10. ' = -8 cos(7x)

y— = -8 cos(7x)

l

.[y dy = J.—S cos(7x) dx
7 ew

v _ -8 sin(7x) L

2 z

A C
~ sin(zx) +

<
i

11 V1 -4x?y = %

dy = —2 i

N1 - 4x?

X

f@:fjﬁjj
~—%J.(l - 4x2)_l/2(—8x dx)

y:—i—\/l—4x2 +C

dx

12, V/x? — 16y = 11x

@ _ 11x
dx  /x* - 16
11x

dy = |————=d
".y J‘\/xz—l6 !
y=1x*-16 +C
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Section 6.3 Separation of Variables and the Logistic Equation

13. ynx—-x/ =0

Ig)i = j—lr%dx (u =Inx, du = @)

Y X
1
In|y| = E(1n )+ G
y = 6(1/2)(1“-")2+CI — Ce(lnx)2/2

14, 12y = 7" =0

dy .
12y = = 7e"
7 dx

j.12y dy = _[76" dx

6yt = 7 + C
15. ' = 2" =0
dy .
— = 2"
Y dx
Iy dy = J2e‘ dx
2
L 24 C
2

Initial condition (0,3): = =2+C = C = %

2

Particular solution: Y ey S
2 2
Y2 =4de" +5

16. Jx +Jyy' =0

jyl/zdy = —le/z dx

1

2 3 2 3
e LR (e
37 3 !

WP = C
Initial condition (1, 9):
O + () =27+1=28=C

Particular solution: y¥? + x¥* = 28

17. y(x +1) +y' =0
dy
= —{{x+1dx
v J( )
+ 1)
1nly|:—(x2) + G

y = Ce«(.\'+l)2/2

Initial condition (-2,1): 1 = Ce?2,C = e

Particular solution: y = e[l_(Hl)Z]/ g ef(xzﬂx)/ ’

18. 25y ~Inx* =0
ZxQZZInx
dx
Idy: fln—xdx
X
2
:M_*_C
2

Initial condition (1,2): 2 = C

617

Particular solution: y = %(m X 2
19. y(1+x)y = x(1+ %)
gl el
%111(1 + %) = —;—In(l + 2%+ G
In(l + y?) = Infl + 2) + In C = W[ C(L + )]

1+ y? C(1+x2)

I

Initial condition (0,~/3) 1+3=C = C =4
Particular solution: 1+ y* = 4(1 + x?)
y? =3+ 4x°
20, wWi-2 % = xf1- 32
fli- ) "y = -2 s
N )"+
Initial condition (0,1): 0 = -1+C = C =1

Particular solution: ~/1 — »* = ~/1 - x> —1

I

—

if

du

21, == = yysiny?

dav

du .

= = Jv sin v* dv

u
! 2

lnlul = ——cosv’ + C

2

y = CeA(cos V2 ) / 2

Initial condition: #(0) =1: C = L &2

Particular solution: u = e(l—Cos\;z)/Z
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618 Chapter 6 Differential Equations

n g . Do
ds dx 16y
J.e"‘dr = je‘zsds Jl6y dy = —J9x dx
. 1, -9
—e" = ——e 4+ C 82 = Zx2 4+ C
2 Y 2
Initial condition: 9 25
1 1 Initial condition (1,1} 8 = —= + C,C = ==
r(O):O:—l:—§+C:>C=—5 2 2
Particular solution: Particular solution: 8y? = %9x2 + 2
. 1 1
e = ._Ee*ls -3 16y? + 9x? = 25
1
e = _e—2.v 4+ = B dy ¥
27. ===
2 2 Y dx 2x
1 1 1+ e
—r:ln( ‘2X+—j:1n[ ] -2—d = ldx
2 2 2 ] Pt J »
o2 ) 2In|y| = In|x|+ ¢, = In|x|+ I C
1+ eiz‘Y 2
y- =Cx

23. dP - kP dt = 0 Initial condition (9,1} 1=9C = C = é

Pk [
p . . , 1
Particular solution: yo o= —=x
In|P|=kt + 9
P = Ce 9 -x=0
Initial condition: P(0) = R, By = Ce® = C y = %\/;
Particular solution: P = Pe"
8 D_Z
24. dT + k(T - 70)dt = 0 T & 3
3 2
dar —dy = |=d
= — y X
Jz 2 =k fa Fa=13
In(T - 70) = —kt + ¢ Iny' =lnx*+hC
T-70=Ce™ ¥y =
Initial condition:
nitial condition 0 Initial condition (8,2): 2° = C(SZ), C = 1
T(O):140:140—70=70=Ce =C 8

1

Particular solution: Particular solution: 8)° = x?, y = —x¥?
T =70 = 70e%,T = 70(1 + ) 2
dy  x 29, m-P__0-y _
25, Y= == dx (x+2)—x 2
dx 4y p
y 1
[4ydy = [xax S - j—de
2
2y2:x_+C ln]ylz—%x-kq
Initial condition (0, 2): 2(22) =0+C=>C=38 y = Ce?
2
Particular solution: 2y? = 5 8
4y* —x* = 16
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30.

31.

32.

33.

34.

35.

36.

37.

Section 6.3 Separation of Variables and the Logistic Equation 619

m = = =

(& &
y x
hy=lhx+C =hx+InC=hCx
y =Cx

fly) =2 - 49"+
flex, ) = £2° — 4ty + £
t3(x3 - 4xy2 + y3)

Homogeneous of degree 3

Il

flny)=x+ 3x2y% — 23°
fltn, ) = £3° + 38757 - 20257
Not homogeneous
y?

f(x,y):\/—;—’T?
24,2

t*x?y? x*y
flex, ) = 7 =

z‘2]‘:2 + t2y2 X2 + y2

Homogeneous of degree 3

Xy
fxy) =
(59) = 7=
ity
fx, ) = -
( ) 2x? + 14y?

“xy

t D
t\ﬁc2+y2 \/}2+y2

Homogeneous of degree 1

flxy)=2hxy
f(tx,ty) = 21n[mxty]
= 21[Py] = 2(ln s + Inxp)

Not homogeneous

f(x, ») = tan(x + )
Fltx, ty) = tan(tx + ) = tan[t(x + J’):l

Not homogeneous

Y =2
) n>

ix X
flte, ) =2l = =2l >
(tx, ) y 5

Homogeneous of degree 0

38.

39.

40.

—tan 2
f(x,y) = tan .

y Y
flx, ) = tan;; = tan .
Homogeneous of degree 0
Xty
= ,y = v
v x4+ w
V4 x— =
dx 2x
dv _ 1+v = 1-v
dx 2 2
J'dv _ ix_
1-v X

—in(1 - v)* = In|x|+ In C = In|Cx]

T =ch|

(1-v)
1 ) =lel

[1 - ()]
(x B y)z = lei

|xl= C(x - )
5 = (x3 +2y3)
xy

xyidy = (x3 + y3) dx

y=w, dy=xdv+vdx

(o) (x dv + v ) = (5 + () )
X vidv+ B2V deo= X de + VX dx

xv dv = dx

¥ = 3x* In|x|+ G’
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620 Chapter 6 Differential Equations

43.

v+ x—
dx

vdx + x dv

41. y,:x—y’ y =
x+y
dv x - xv
V+x— =
dx  x+ xv
vdx+xdv:1_vdx
I1+v
xdv:(l_v—vjdx:
1+v
J' v+1 _ ﬁ')ﬁ
v 2v — 1 X
%m)ﬁ +2v=1|= x|+ In ¢ =
’v2+2v~1':£2
X
y y c
ek 2= - | = =
x? x ' x?
’y2+2xy—x21:C
2 2
42. y,:x+y’ Yy =
2xy
v x4+
V+x— =
dx 2x%y
2
2vdx+2xdv:1+v dx
v
'[22‘) dv:—ﬂ
v 1 x
) C
(v’ 1) = -lnx + In C = In=
x
vz—lzg
x
Y _,.¢
2 X
¥ —xt = Cx

44. y' =

W=

=~

dx

1]

1n|x]+ InC, = ln!Clx’
i
P

Inf C,xv!

2y2 = lnlclyl
y = Ce2?

T
X
2x + 3wx

X

=243y

dav

1+v
Inx? +1InC = Inx*C
x2C

2+2v:>j Y
X

x2C
xC -1

Cx* - x
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45.

46.

47.

Section 6.3

xdy — (er‘y/"‘ + y) dc =0, y=w

|
<

x(vdr + x av) - (2xe“’ + vx) dx =
J.z dx

x
e’ = In Cx?

e =InC +hx’

@ = C+Inx’

Ie”dv

Initial condition (1, 0): 1= C

Particular solution: &% =1 + In x?

—y? dx + x(x + y)dy

—x* vt dx + (x2 + xzv)(v dx + x dv)

0, y=w

I
<o

dv =

v X

Il+v _é

y+Inv=-Inx+mh( :ln9~
X
G

XV

v=ln

= o
y = Cel
Initial condition (L,1): 1=Ce™ = C =e

Particular solution: y = el

I
L~
<
I
g

(xsecl+yjdx—xdy
X

il
<

(xsecv + xv)dx — x(vdx + x av)

(secv + v)dx = vdx + xdv

Icos vdv = ﬂ
X
sinv=Inx+In(
x = Cesinv
— Cesin(y/.\')

Initial condition (1,0): 1 = Cce =C

Particular solution: x = ™"/

Separation of Variables and the Logistic Equation 621

48. (207 + y*)dx + xy dy = 0
Let y = vx, dy = xdv + v dx.
(267 + v2x?) dx + x(wx)(x dv + v dir) = 0
(207 + 26} dx + Xy dv = 0

(2 + 2v2) dx = —xv dv

:gdx:
X 1+v

2 lnx = —;—111(1+v2)+c1
nx? = 1n(1+v2) +InC

x2 = 1+ v2>1/2

1 \!/2 . /2
1. C(x2 + y2>1/2

=

. . 1
Particular solution: — = /x* + »*
x
1= xJx* + y?
49. @ =x
dx

2 2
i S
2 2

y2+x2—C
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622  Chapter 6 Differential Equations

dy
51, — =4 -
dx Y

PPN
[

Y j—o.zsx dx = —%jx dx

lnly - 4*: —éxz + G
y— 4= eCl—(l/B).\'z _ Cev(l/B),\'z

y = 4+ Ce

i t—t
424 2y
a

JER

53. (a) Euler's Method gives y ~ 0.1602 when x = 1.

dy
b = = 63
(b) o Xy
J:al = |—-6x
J)

lnlyl = 3% + C

y = Ce
y(O) =5=C=
y = 5e7

(©) At x =1,y = 5¢°0 ~ 0.2489.
Error: 0.2489 — 0.1602 ~ 0.0887

54. (a) Euler's Method gives y ~ 0.2622 when x = 1.

d
) = 6

dx
d—)z}: J-—Gxdx
y
1 5
—:—3X +Cl
y
_ 1
7 32+ C
3=L -l
C 3
y = 1 _ 3
3x2+1 9x2+1
3 3
OAtx=1Ly=—" =" =
© Y 9(1)+1 10

Error: 0.3 — 0.2622 = 0.0378

55. (a) Euler's Method gives y = 3.0318 when x = 2.

dy _ 2x+12
dc 3y -4

3" - 4)ay

y3—4y:.k +

(b)

[x +12) ax

il

2x + C

—

W)=2:22-42)=1+12+C = C = -13
¥ -4y = x* +12x - 13
(c) At x = 2,
¥y -4y =22 +12(2) - 13 = 15
¥ —4y-15=0
(=3 +3y+5)=0= y =3
Error: 3.0318 — 3 = 0.0318

56. (a) Euler's Method gives y ~ 1.7270 when x = 1.5.

(b) % =2x(1 + y?)
d
IiTJ;i = J‘Zx dx

arctan y = x*> + C
arctan(0) = 1> + C = C = —1
arctan(y) =x* — 1
y = tan(x2 - 1)
(© At x =15,y = tan(1.5* - 1) ~ 3.0096.

Error: 1.7270 — 3.0096 = —1.2826
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Section 6.3 Separation of Variables and the Logistic Equation 623

dy k dy
57. = = ky, = Ce 59, (a) — =k{y — 4
dt vy ¢ ( ) A C(y )
Initial amount: ¥(0) = y, = C (b) The direction field satisfies (dy/dx) = 0 along

y = 4;but not along y = 0. Matches (a).
Half-life: y—2° - yoek(1599)

dy
60. Zo=kx -4
_1,11{1) @ — =Hkx-4)
1599

2
y = Ce[ln(l/z)/1599]r

|

(b) The direction field satisfies (dy/dx) = 0 along
x = 4. Matches (b).
When ¢t = 50, y = 0.9786C or 97.86%.

dy
J 61. (a) d—ic = ky(y — 4)
58, 2 = ky, y = Ce"

dt (b) The direction field satisfies (dy/dx) = 0 along
Initial conditions: »(0) = 40, y(1) = 35 y = Oand y = 4. Matches (c).
40 = C® = C 4
35 = 40¢t 62. (&) 2 = ko’
dx
7
k=1 3 (b) The direction field satisfies (dy/dx) = 0 along
Particul ution: v = 40/ y = 0,and grows more positive as y increases.
articular solution: y = 4Ue Matches (d).
When 75% has been changed:
10 = 40¢' "7
_1_ _ etln(7/8)
4
in(1/4
t = (/ ) ~ 10.38 hours
In(7/%)
63. v _ (1200 — w)
dt
j—-d—w— = [kar
1200 — w
n|1200 — w| = —kt + G,
1200 — w = e = Ce™™
w = 1200 — Ce™
w(0) = 60 = 1200 - C = C = 1200 — 60 = 1140
w = 1200 — 1140e”™"
(a) 1o 1400 1400
0 10 [} 10 ] 10
0 0 a
k=108 k=109 k=1
(b) k=038 = 1.31 years
k =0.9: = 1.16 years

k=10 ¢ =1.05years
(¢) Maximum weight: 1200 pounds
lim w = 1200

X—>o0
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624 Chapter 6 Differential Equations

67. Given family (parabolas): x> = Cy

64. From Exercise 63: 2x = Oy
w = 1200 — Ce™ f =1 pox_ 2 %y
c =y x
w = 1200 — Ce™
w(0) = wy = 1200 - C = C = 1200 — Wy Orthogonal trajectory (ellipses): Yy = _zi
Y
= 1200 — (1200 - -

w = 1200 (20 wo)e ZJydy :w_’.xdx
; ; : .2 2 _ 2
65. Given family (circles): x> + 3% = C y2 = _% + K

2x + 2" =0
¥ +2y2 =K
, x
y = - 4
y Sel
Orthogonal trajectory (lines): y' = 4 6 £ 6
x
dy  rdx
s / i i
In|y| = In|x|+ In K 68. Given family (parabolas): % = 2Cx
y =Kx 2y = 2C
y=C_ XL _»
y 2x\ y 2x
. . , 2x
Orthogonal trajectory (ellipse): yo=-=
Y
_[y dy = —J-2x dx
2
66. Given family (hyperbolas): x? — 2% = C L - 2k
2x — 4y =0 2
= 2x2 + 3y = K
Vo= % 4
Y w.——-«. :"".! |
Orthogonal trajectory: ' = =% -6 At O 6
x
dy _ 2 i
[ :
y x
Iny=-2lnx+hk 69. Given family: 3? = C%°
2y = 3Cx*
y = r? = _k; » x
: 3?30
7 2y 2y X3 2x
. . , 2x
Orthogonal trajectory (ellipses): 3y = 30
y
3'[y dy = ~2_[xdx
2
3V -x* + K,
2
37+ 2% = K
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Section 6.3 Separation of Variables and the Logistic Equation 625

70. Given family (exponential functions): y = Ce"

y' = Ce' = y
Orthogonal trajectory (parabolas): y = L
y
_[ ydy = —Idx
2
DA K
2
y' = 2+ K

12

M.y =

1+e™
Because »(0) = 6, it matches (c) or (d).

Because (d) approaches its horizontal asymptote slower
than (c), it matches (d).

12

72. = —
Y 1+ 3™

Because y(0) = % = 3,it matches (a).

73. y = 12
1o«
1+ —€e”
2
12 .
Because ¥(0) = o 8, it matches (b).
g
12
74. =
7 1+ e™

Because y(0) = 6, it matches (c) or (d).

Because y approaches L = 12 faster for (c), it matches (c).

71. ap =3P 1 - £
dt 100

(@ k=3

{

(c) 120
EEEREEEEEARERERN
LA
SIIILITTLIEEE
P A A
TRETTTII I
AR R RN RN
periaetriieti
Cerriiitiriiiy
IR RN RN RN,
AL

o 5

=}

2100
75. P(t) = ——=
() 1 + 29640.75r
(& k =0.75
(b) L = 2100
2100
c) P(0) = =170
© ( ) 1+ 29
2100
d 1050 = ———
@ 1+ 29¢707
14 29¢707 =2
e 0T 1
29
-0.75t = ln(ij = —In 29
29
t = In 29 ~ 4.4897 yr
5
(e) d—P = 0.75P|1 - P R P(O) =170
dt 2100
5000
76. P(t) = ———
( ) 1+ 3970
(@ k=02
(b) L = 5000
5000
c) P(0) = =125
© ( ) 1+ 39
5000
d 2500 = ———
@ 1+ 39¢70%
14390 =2
e 02 —
39

-02t = In L) = —In 39
39

dp
— =02P|1 -
© - (

In 39
0

~ 18.3178

P
——1  P(0) =125
5000] ( )
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626 Chapter 6 Differential Equations
2 _pt

(d) d—f = 3P’[1 - + 3P i

dt 100 100
ap(1- L1 )3P0y D PN _op(i - PY P P _opfy_ PY,_2P
100 100/ 100 100 100 100 100 100 100

2
% = Ofor P = 50, and by the first Derivative Test, this is a maximum. (Note:P = 50 = —;— = 1%)
t
2
78. % _ 0.1P — 0.0004P" gr. &by A4S L) »0) = 8
dt dt 5 150 5 120
= 0.1P(1 - 0.004P
( ) k:i:0.8,L:120
=0.1P| 1 ul 5
S 250 L 120
1 7 1+ be™ 1+ be ¥
a) k=01=—
@ 10 (0,8):8:~12—0:>b:14
1+5
(b) L =250
Solution: y = 120
© P T T e
ey & 3 2 g
XA y _ dY Yoo _ _y _
g S R Tt () SECRE
0 100
o 3
250 k=—L =240
(d) P = ~— = 125.(Same argument as in Exercise 77) 20
2 L 240
) . y = 1+ po ™ 1+ be(_3/20)'
dy _ (Y _
Ll y(I 36J’ o) = 4 ©015) 15 = 22 oy _ 15
1+5
k=1L =236
F=Ll=3 - 240
o L 36 Solution: y = ——Ghy
) L+be™ 1+ be! L+ 13
36 L
0,4:4=—"""=p = 83.(a) P=—— L =200, P(0) =2
( ) 1+ 5 (a) 1+ be—k( 0 (0) 5
Solution: y = 36 — 25 = 200 = b =
+ 8¢’ L+b
200
39 = —
80. L _ag)f1- 2] y0)=7 1+ 7¢7*0)
dt 10 200
1+ 7% = 222
k= 2.8,L = 10 39
L 10 23
_ = -2k _ 29
T v be® 1+ be 28 € 39
(0,7)7=*31—!~b:1—:>b=E _*l Ezlmgzo‘%«)
7 2 \39 2
Solution: y = 0 p = 200
3) 28 - ~0.2640¢
I+ (7}3 1+ 7e

(b) For t = 5, P = 70 panthers.
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Section 6.3 Separation of Variables and the Logistic Equation 627

200
1+ 70264

1+ 767042641 =2

(© 100

—0.264t = ln(l)
7
t = 7.37 years
@ £ kp(l - 5)
dt L

= 0.264P(l - —P—), P(0) = 25
200

Using Euler's Method, P =~ 65.6 when t = 5.
(e) P isincreasing most rapidly where P = 200/2 = 100, corresponds to ¢ =~ 7.37 years.

a L T
84. (2) y =1 k=20 (0} =
= 20 = b=19
1+5
B 20
1+ 19e72
1+19¢ =5
19¢7F = 4

1

_ 20
- 1 + 1907791

(b) For t = 5,y =~ 14.43 grams

ko= -t i] - lln[gj ~ 0.7791
2 M9) T2 4

20
(C) 18 = 1+ 196—0.77911
1+ 19ef0.779lt — & — E
18 9
196—0,77911‘ — l
9
0TI e
171
-1 1
t = ——Inj — | = 6.60 hours
0.7791 \171
dy y 1.(19 y)
O Z-plr-2=zm=p1-X
@ % W( Lj 2 (4jy[ 20
t 0|1 2 3 4 5
Exact | 1] 2.06 | 400 | 7.05 | 10.86 | 14.43
Euler | 1] 1.74 | 298 | 495 | 7.86 11.57

(e) The weight is increasing most rapidly when y = L/2 = 20/2 = 10, corresponding to ¢ ~ 3.78 hours.
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628 Chapter 6 Differential Equations

85. A differential equation can be solved by separation of dy  x . ] . ,
variables if it can be written in the form 91. False. o ; is separable, but y = 01is not a solution.
dy _
M(x) + N(y) e 0. 92. True
To solve a separable equation, rewrite as, a@ - (x _ 2)(y T 1)
M(v) dy = —N(y) dy o
and integrate both sides. 93. False
i, ty) = 17x% — dxp? + 60297 + 1
86. M(x,y)dx + N(x, y)dy = 0, where Mand N are S, 1) , & 7
homogeneous functions of the same degree. See #0f (x’ Y )
Example 7a.
94. True
87. Two families of curves are mutually orthogonal if each s X R R
curve in the first family intersects each curve in the Xyt =20y X0+ y° = 2Kx
second family at right angles. dy  x dy _ K-x
v C - dv
88. Answers will vary. Sample answer: There might be ! Y ¥ Y
limits on available food or space. X K-x Kx-x?
. C-y vy Cy -y
89-)’:m _ 2Kx - 2x2
S 20y -2)°
-1 ) Y
"= (—bke™™
g (1+ be”")z( <) X4y -2y
Ty ¥ - 2y?
k be ™™
= (1 + b —/(l) ' (l + b —I(I) _ ))2 — x2
e e e
_ k 1+ be™ —1 = 1
(1+6e™)  (1+6e)
i | 95. g+ g = fE Product Rule
_ 1= = (1 -y _ e -
(1 + be-k/) ( 1+ be—ln‘) 0( )) (f f)g + gf 0
g! + / Ig — O
dv f=f
90. (a) i kW —v) , ,
J ! Need f ~ f" =" - 2xe" = (1 - Zx)e"‘2 # 0,50
'f LA _[ k dt ) 1
Wo— v avoid x = >
~In|W - v|= It + C
’ 4 \‘2
V=W - Cel g _ I _ 2xe’ - 1
(- ¥2 ¢
Initial conditions: g =7 (2x = De 2x =1
W =20,v =0whent = 0and v = 10 ln}g(x)[: X+ l]n Ix — 1’+ G
whent = 0.5 50, C = 20,k = In 4. 2
N = o9 1Y2
Particular solution: g(“\) = Ce IZ“X ll
1Y So there exists g and interval (a, b), as long as
v=20(1 - ) = 201 - (—J
1
5 & (0, b).

or

V= 20(1 - 6—13861)
(b) s = [20(1— ™) i ~ 20(r +0.7215¢713) + ¢

Because 5(0) = 0, C ~ —14.43 and you have
s~ 207 + 14.43(e71 3860 1),
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Section 6.4 First-Order Linear Differential Equations

1. ¥y +xy=¢"+1

! 1 1 X
y o+ ;z—y = T(e‘ + 1)

x
Linear
2. 2xp -y Imx =y
(Inx)y" + (1 -2x)y =0
y’+(l_2x)y=0
In x
Linear

3.y - ysinx = »?°

Not linear, because of the xy?-term.

4, — =5
2-) =5y
y +5xy =2
Linear

5. ﬁiz+(l)y:6x+2
dx X

Integrating factor: ej(l/")d“ = ¥ =

|

Xy = _[x(éx +2)de =2x +x°

+
a

il

C
262 + x + =
X

y

Q+zy:3x—5
dx  x

- v 2
Integrating factor: ejz/‘dY = M = x?

5x°

xty = jx2(3x - 5)dx = %x“ T C

—3v2+§x+£
YERT TETR

7.y —y =16

Integrating factor: ef_ld"' =e"

ey —ey = 16e™

i

ye = [l6e dv = ~16¢7 + C
16 + Ce*

1l

y

8.

10.

11.

12.

¥+ 2xy = 10x

- v 2
Integrating factor: BEC R

e"’2 lee"'2 dx = Se"2 + C
Yy

i

5+ Ce

il

y

. (y+)cosxde = dy

¥y =(y+1)cosx = ycosx +cosx
y' — (cos x)y = cos x

Integrating factor: lreossds _ usinx

yre—sin.\' - (COS x)e—sin.\'y — (COS x)eASin.\'
ye Y = I(cos x)e™S* dx
— _e—sin.\' + C
y = —1+ Ce™"*
]:(y —1)sinxjdx —dy =0
y' — (sin x)y = ~sin x
Integrating factor: eI‘Si"m = g%
yeCOS.V — J-_Sin ngOS.\‘ dx = eCOS.\' + C

y =1+ Ce ="

(x-1y +y=x-1

[
Y+ y =x+1
x—1

Integrating factor: ej[l/ (-0} P L) I

yx-1) = _[(x2 —1)dx = %x3 -x+ G
¥ -3x+C
3(x - 1)
y 4+ 3y =&
e3x

Integrating factor: eJM" =

. 1 ¢
e = [ dy = [8dx = —e* + C
v = | e =

y = le3"' + Ce™
6
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630 Chapter 6 Differential Equations
13. yl _ 3x2y - e,\j 16. (a)

. - [3x2 av 3
Integrating factor: e Jotac _ e

ye""3 fe"'3e“"3dx = de =x+C

¥

(x + C)e“'3

14. y' + ytan x = sec x : .
() ¥ + =y =sinx*, P(x) = =, O(x) = sin x?
x x

Integrating factor: eJamrar _ gonfeoss] _ o
_ J‘(l/x)d,\' _ Iy _
ysecx:_[seczxdxztanx+C ulx) = e e =
y=sinx+C-cosx Yx +y = xsinx?
15. (a) Answers will vary. yx = Jx sin x% dx = _% cosx? + C
v
17
y =~ Loos x4 CJ
xL 2
1 1 1
0=—|—cosz7+C|=> C=—
Vrl 2 2
y= L ——l—cosx2 ~—}
x
(b) Y y (©) 4
dx /
@ +y=e Integrating factor: ejdx = e" -4 4
dx /
ey + ey = ¥ y
XY 2x
(ye)—je dx 17. y'cos’x +y-1=10
yer = %ez.\- L C Y+ (seczx)y = sec’x
1 1 Integrating factor: /™% = gnx
y(o):1:>1:§+c:>cz5 graling factor: =e
yetanx — J5602xelan,v dx — etan.\' + C
. 1,0 1
ye' = 582" + ) y =1+ Ce™~
)= 1. c Ll l(e"' . e“) Initial condition: y(0) = 5,C = 4
2 2 2
Particular solution: y = 1 + 4™~
(c) -
\ / 18. x°y + 2y = el
~6 \\_ 3] "L i ;= i I/,\'2
¥ e y = xze
-2
3 v | __2
Integrating factor: ej(z/'\ )d' =e (l/\ )
1 1
R LU T
7 '[ ¥’ 2x? !

2 Cx? —~1
— el/.\2
7 2x?

Initial condition: y(1) = e,C = 3

. . 2(3x% -1
Particular solution: y = e “2( lz > j
X

© 2010 Brooks/Cole, Cengage Learning



Section 6.4 First-Order Linear Differential Equations 631

19. y' + ytanx = secx + cos x

Itan xdx ln|
= e

Integrating factor: e seox| = gec x

ysecx = Isecx(secx+cosx)dx =tanx+x+C

y =sinx + xcosx + Ccosx
Initial condition: y(0) = 1,1 = C

Particular solution: y = sin x + (x + 1) cos X

20. y + ysecx = secx
Integrating factor:

ej‘sec.\'d.\' — elnlsec.\‘+tan.\‘! = gecx + tan x

y(sec x + tan x) = I(sec X + tan x) sec X dx

1
wi
@
e
[
+
&
=1
i
+
a

sec x + tan x
. o C
Initial condition: y(O) = 4,4 =1+ 50 C=3
+

Particular solution:

3 3cos x
y=l+ —=1+——
sec x + tan x 1+ sinx
, 1
21, YV + | —jy=0
x
Integrating factor: ej(l/"‘)dx = el =

Separation of variables:

by
dx X
Jlidy = J‘—ldx
y X
mhy=-lnx+InC
Inxy =InC
x=C

Initial condition: »(2) = 2,C = 4

Particular solution: xy = 4

22.

23.

24,

y+(@2x-1y=0

Integrating factor: ej(z""l)"'" = gy
ye"’z"" =
y = Ce"""2

Separation of variables:
J.i dy = I(l - 2x) dx
y
ny+hC =x—x*
¥G = e
y = Ce“xz

Initial condition: (1) = 2,2

I
a

Ze"""‘2

Particular solution: y

xdy =(x+y+2)dx
@/ﬂ_x+y+2mJ_)+ 2

= 1+ =
dx x X X
f72—ly:l+% Linear
dx X
_ I—(l/x)dx _ 1
ulx) = e = —
0 L

2311 1 2

y = xj(l%—;j;dx = xj'(;+;3]dx

= x{]nixh—:g%— C}

x

= —2+xlnfx|+ Cx
y(l):10=—2+C:>C:12
y = —2+xln‘xi+12x
2y —y=x —x

Linear

2 32 12
_oap(lx 1T o X x :
= s[5 - A - e 5 - 5

Il
!
!
+
[
g

y(4):2:§5i—4+2C:>C:~%7

X 17
y:\——x———\/;
5 5
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632 Chapter 6 Differential Equations

25. i]—i) = kP + N, N constant
dP - dt
kP + N
[-——ap = [a
kP + N

/l]n(kP +N)=t+¢C
1
In(kP + N) = kt + C,
kP + N = M+

Cyet - N
k

P =

P:Ce"’—]—v~
k
Whent = 0:P = P,
F, :C~ﬁ:>C=R,+lv—
k k

4
P :(Po +Eje'“'—ﬁ

k k
26. d—A =rd+ P
dt
dA @
rA + P
J- dA _ jdl‘
rd + P
lln(rA +P)=1+C
’
ln(rA + P) =1+ C,
rA+ P = "2
4o Ce" ~ P
’
A=Ce" - —

Whent = 0:4 =0

0 =C- L = C = L
r ¥
P
A - erl _ 1
e )
27. (a) A4 = £(e"’ - 1)
p
4= M(ews(w) - 1) ~ $4,212,796.94
0.06
550,000

(b) 4

0.05

(e‘”’”(”) - 1) ~ $31,424,909.75

28. 1,000,000 = M(eo.o& )
0.08
1.64 = 008
In(1.64
= M ~ 6.18 years
0.08

29. (a) %?— = g — kQ, g constant

® 0 +kQ =g

(©

30. (a)

(b)

©

Let P(r) = k, O(f) = g, then the integrating factor

is u(z‘) = e,

Q= J.qek’ dt = e‘k’(ie’“ + C) =4 cet
k k

Whent = 0: Q = @,
o=d+csc=9,-1
k k

_ 9 _ 9} -k
= k * (QO kje

limQ =<
1= k
N k(75— N)
dt
N' + kN = 75k
Integrating factor: el _ g

Ne + N = 75 ke
(Ne"’ )I = 75 kel
Nelt = j75 ke = 756 1+ C
N =75+Ce™
Fort =1, N = 20:
20 = 75+ Ce™* = —55 = Ce™*
For t = 20, N = 35:
35 = 754+ Ce™@ = _40 = Ce 2

—k
ﬁz_Cezok = % :E:>/c:ilnll
40  Ce™ 8 19 8

=~ 0.0168
Ce™* = 55

C = -55¢° ~ -55.9296
N =75 — 55.9296 ¢ 00168
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Section 6.4 First-Order Linear Differential Equations 633

31. Let O be the number of pounds of concentrate in the
solution at any time ¢. Because the number of gallons of
solution in the tank at any time ¢is vy + (i1 — 7 )t and

because the tank loses r, gallons of solution per minute,
it must lose concentrate at the rate

Q
LO + (r] - rz)t}z‘

The solution gains concentrate at the rate rg;. Therefore,
the net rate of change is

aQ _ . 0 )
dar i L‘) + (rl - I‘Z)t:llz

or

a0 5y

— — = Q.
dr vy + (r] - rz)t

32. From Exercise 31, andusing 5 = 1, = r,

@, 0.
dt Vo

2
! r
3. (@ O+ S A— ity
vy + (r, - ;~2)r

0(0) = qo>q0 = 25, q1 = 0, % = 200,
1
,:10,,,:10’ f+___ -0
1 : Q 20Q
Ii dQ = L
Q 20
1
nQ=-—+mhnG
¢ 20 !
0=C /20y
Initial condition: Q(0) = 25,C = 25
Particular solution: 0 = 25¢1120)

(b) 15 = 25¢ W
3 = L
5 20
t = =20 ln(%) ~ 10.2 min

(¢) lim 25¢7 V" = ¢

t—>w

2
I ”
M) O+ — L =g
vo + (n — )t

0(0) = gy = 25, ¢, = 0.04, v, = 200,
1

i =10, = 10,0 + ——0 = 0.4

1 r Q 20Q

Integrating factor: L20¢
Qe(fl/zo)’ = -"0‘42(1/20), dt = 8V 4 ¢
0 = 8 + Cel V¥
0=(0)=25=8+C=C=17
Q=8+ 17¢l-20)
(b) 15 = 8 + 1712
7 = 179(“1/20)’

In l) = ———l—t =t =-20 ln(j— ~ 17.75 min
17 20 17

© lim Q(r) = 81bs

il

35, (a) The volume of the solution in the tank is given by
vy + (i1 — 1 )t. Therefore, 100 + (5 — 3)¢ = 200 or
t = 50 minutes.
! r
® 0+ —2— —qn
Ve t+ (1‘1 - rz)t
0(0) = 90,90 = 0,q1 = 0.5y, =100, =5,
3

po=30 +——0=25
2 e 100+2fQ

Integrating factor: loos20]ar (50 + t)3/2

3/2 5/2

(50 + 1) = [25(50+ 1" dt = (50+ 1) + C

0 = (50 +1)+ C(50 + 1)

Initial condition:
0(0) = 0,0 = 50 + C(507?), C = —50%2
Particular solution:

0 = (50 + 1) = S0°9(50 + 1
0(50) = 100 — 509%(100) ™"

= 100 — 2 ~ 82.32 Ibs

NG
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634

36.

37.

Chapter 6 Differential Equations

(c) The volume of the solution is given by
v0+(r1 —1‘2)1 =100+(5—3)l:200:‘>t:50
minutes,
o+ Y
Vo + (rI - rz)f
Q(O) =qo =0,y =Lv, =100, =51, =3

30 5
100 + 2¢

= 4K

o+

Integrating factor is (50 + f)3/ ? asin #43.

050+ 1" = [5(50+ )" dt = 2(50+ )" + C
0 =2(50 + 1) + C(50 + 1)

0(0) = 0

0 =100+ C(50) 7 = € = ~100(50)"” = ~2(50)""

0 = 2(50 + 1) - 2(50)"*(50 + 1)

When ¢ = 50,

0 50

200 - 2(50)"*(100) ¥ = 200 - 2~

V2

164.64 lbs (double the answer to part (b))

Q

¥+ Py = O(v)

Integrating factor: u = ¢/

Yu + Px)yu = Q(x)u
() = O

s0 u'(x) = P(x)u

Answer (a)

From Example 6,
av fev
—4 — =
dr m
_ 17-1&(1 _ e#d/m), Solution
k

-8 1

=-32,mg = -8 v(5)=-10,m=— ==
g g (%) il
implies that —101 = ;8(1 - e's"/(]/4)).

k

Using a graphing utility, £ ~ 0.050165, and
v = —159.47(1 — e 0207},
As t - o, v — —159.47 ft/sec. The graph of v is

shown below.

50

40

~200

39.

g

41.

S

s(t) = [v(r) ar

[-159.47(1 - 02 gt

~159.471 — 794.57¢70200 4 ¢

5(0) = 5000 = ~794.57 + C = C = 5794.57
s(r) = —159.47t — 794.57¢°207 4 5794.57

1l

The graph of s(r) is shown below.

6000

0 ———-—-—-———-——-3'-7- 40

-500

s(t) = 0 when 7 ~ 36.33 sec.

L£+RJ:EO,I’+£]:&
dt L L

(R/L)dr

Integrating factor: ol = Rt

ML = J‘%em/l. dr = %emﬂ +C

I = & + Ce Rt
R

R
(O)—@-+C:C—__
600
I = l — le—ISO/
5 5
Iim [ = l amp
1w 5
(0.90)l = 0.18 = 1(1 —1501)
5
09 =1~ e—lsoz
e = g1
~150¢ = n(0.1)
f= M ~ 0.0154 sec
-150

Standard form

dv
P\ ey - o)

u(x) = el Integrating factor
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42.

43,

44,

45.

46.

47.

Section 6.4

¥ + P(x)y = O(x)y" Standard form
Let z = y'™"(n # 0,1). Multiplying by
(1 = n)y™" produces
(1—n)y™y + (1= n)P(x)y'™" = (1 - mQ(x)
' + (1 - n)P(x)z = (1- n)Q(x). Linear

¥y =2x=0
jdy = IZx dx
y=x+C
Matches c.
y-2y=0
cdy fn
J—— = |2dx
Iny =2x+C
y = Ce¥*
Matches d.
Yy —2xy =0
Q = ij dx
Yy
Iny=x*+G
y = ce”
Matches a.
y - 2xy =x
[y P
2y +1
lln(2y +1) = lesc
2 2 !
2y +1=Ge
1 2
= ——+ Ce*
7 2
Matches b.
Y+ 352y = x%°

n=3,Q=x2,P=3x2

y,z 3\ dv J‘( ) 3v dx dx
y—ze—zx — J‘ 72\ dx
2 2 = ! e L
3
1 3
2= = 4 Ce?
7 3
1 . 1
=+ Ce?” 4 =
y 3

First-Order Linear Differential Equations

48. ' +xy = xy!

yze"l = J 2xe” dx = e + C
¥o=1+Ce
' 1 2
49, y' +|=ly = xy
X
n=20=xP=x"
I(l/vd\ e
y Tt = J.—x(x“l) dc=-x+C
1 = —x? + Cx
y
_ 1
7 Cx —x
, 1
50. y' +|—ly = x\/;
x
n = 1 O=xP=x"
25 5
e(l/2)(1/x)d.\' - e(1/2)1nx — \/;
y1/2x1/2 - J‘_;_xi/Z(x) dx
52
:‘1"X5/2+C1 :X/ + C
5 5
( 52 C)
T
51 xy' + y =
, 1
y+-y=y
-2
—dx
n=30-=1 =L T o
x
yu? = [~atd+ C= 227 4 C
2 = 2x + Cx?
»? N S R o
2x + Cx? y?
52, y -y =)
n=3p=-1,0=1 V% _ g
y2e® = J.(—Z)ez"' dx = -~ + C
yr=-1+ Ce™*
1
2 _
7 -1+ Ce®

X dx 2
L0 =xP= x, el

635
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—%e’h +C

e + Ce™

J.2e’4"e"' dx
2

3

V =2y =ey’
n=-L0=eP=-2

54. yy' —2y? = eF
ejz(-z)d.\- ——
y2e—4.\'

J%e('/ N dx

$0=¢,P=-1

e P gy

2

2e" + Ce?3

2% 4 ¢

J

ey, n
e—(2/3).\'

yz/z

e [REBES
¥ e Pk
y2/3 e—(2/3).\-

636 Chapter 6 Differential Equations
53. Y-y

1
X

ewln X
+C

3
f4x3 dx

© 2010 Brooks/Cole, Cengage Learning

e
|
CELSEEL

6
y =

1
X

Integrating factor; e™V/*®
Integrating factor: e

4I
a1
dx

(b) ¥ + 4%y = X°

(b)

55. (a)
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Section 6.4 First-Order Linear Differential Equations

(b) ¥ + (cot x)y

=2

eln|51nx] - sinx

Icot xdx

Integrating factor: e

y'sin x + (cos x)y = 2sinx

= 2cosx +C

j2 sin x dx

ysinx

y = —2cotx + Ccscx

1+ 2cotl =sinl + 2cosl
cscl

(L1):1=2cotl + Cescl = C

~2cotx + (sinl + 2 cos 1) esc x

y

= 2co0s3 — sin3

2cot3 -1
csc3

2cot3+ Cescld = C =

(3, -1): -1

y = —2cot x + (2cos3 — sin 3)escx

() ¥ +2xy = 0"

. The solution is:

1 2
—e
2

= ¢ and j(~1)xe"‘2 dx =

1, you obtain &%

¥

Bernoulli equation, 7 = 2 letting z = »'*

1 + 2Ce"

(0,3:3 =

=1+20=2=C

1+2C
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638 Chapter 6 Differential Equations

59. " dx — & dy = 0
Separation of variables:
e’ dy = e'e™” dy

fe‘ dx = j e dy

e’ —%e'z)' + C

28" + e = (C

60. Q = _x=3
dx y(y + 4)
Separation of variables:

j(yz + 4y) dy J.(‘c - 3)dx

I

3 2
y—+2y2:x~—3x+C1
3 2
2y +1292 =32 = 18x + C

61. (ycosx — cosx)dx +dy = 0
Separation of variables:
jcos xdx = .[— dy
sinx = ~In(y ~1) + In C
In(y ~1) = —sinx + In C
y = Ce®¥ 4]

62. y' = 2xJ1~3?

Separation of variables:

J.; dy = j2x dx

NI
arcsiny = x* + C

sin(x2 + C)

Y

63. (3y” + 4xy) v + (20 + x*) dy = 0
Homogeneous: y = vx,dy = vdx + x dv

(3vzx2 + 4vx2) dx + (2vx2 + x2)(v dx + x dv)

5 2 1
.[; dx + -[[v;) : v) dv

it
=

0

In x° +lm’v2 +v’: InC

xs(v2 + v) =C

Pyt eaty =cC

64. (x+y)dx~xdy =0

Linear: 3" - ly =1
x
N =
Integrating factor: eHl/ e _ emi\ ‘ -1
x

yl = J.la’x = ln|x|+C
x x

y = x(ln]x,+ C)
6S. (2y - e“) dc+xdy =0

_ , (2) 1.
Linear: y' +| = |y = —¢
X X

Integrating factor: ej(z/ s _ PLE——

2 21 ‘
= [x=edv = e(x — 1) + C
yx J.xxe = e'(x - 1) +

4+ —

<
Il
Ll
—_
=
|
oy
~
(S

66. (y2 + xy)dx ~xtdy =0
Homogeneous: y = wx,dy = vdy + x dv
(v2x2 + vxz) dx — xz(v dx + x dv) =0

vidy —xdv =0

1 1
f;dv=f:2—dv
Inx = —l+C
v
_ X
7 C~ln,x

67. (xzy"’ - 1) dv + Xy} dy = 0

v+ (lJy = x7y7
X

Bernoulli: n = -3,0 = x73, P = 57,
ef(“/-\')d* o ot 4

yixt = J‘4(x’3)(x4) dx =2x* + C
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Review Exercises for Chapter 6 639

68. ydx + (3x + 4y) dy =0 70. x dx + (y + e)')(x2 + 1) dy =0
Homogeneous: X = vy, dv = vdy + y dv Separation of variables:
y(vdy+ydv)+(3vy+4y)dy =0 I LI J'_ (y+e”)dy

¥ +1
[ = 2 i i
v+l ¥y -2—1n(x2+1):—5y2—e)’+cl
In[v+1]=-Iny* +nC
In(x* + 1)+ +2¢ = C
y4(v + 1) =C
y3(x + y) =C 71. False. The equation contains \/;
69. 3(y - 4x2) dx = —xdy 72. True. y' + (x - e"')y = 0is linear.
xﬂ = -3y + 12x?
dx
¥+ 3y =12x
x
Integrating factor: AEE _ e 3

Y+ ix3y = 12x(x3) = 12x*

12
o= [12xtde = =X° + C
w o= :
12, C
i

Review Exercises for Chapter 6

— 43 r_ 2
Ly=x,y =3 5.?:cos2x
2 + 4y = 2x(3¢) + 4(x") = 102", *
. . yzjcostdlesin2x+C
Yes, it is a solution. 2
2. y = 2sin 2x
, 6. @ = 2sin x
y' = 4cos2x dx
y"' = —8sin 2x y:j2sinxdx:—-2<:osx+C
" = ~16 cos 2x
3" — 8y = —~16 cos 2x — 8(2sin 2x) # 0 7 %:x [z —35
x
Not a solution
y = jx\/x - Sdx
3.?=4x2+7 letwu =x—5du =de,x =u+5
lx
3 = [(u + 5u du
y=f(4x2+7)dx:£€—+7x+c Y I( )
3 = J-(u}/z + 5111/2) du
4. i 3x® - 8x = zuf‘/2 + 1_91,3/2 +C
dx 3
3 2 s 10 3/2
)= [(3x® - 8x)dx = Zx* —4x* + C =Zx -5+ =(x-5" +C
y = [ - 8x)dr = =5 S - 9)
= %(x - 5)[6(x - 5) +50] + C

= %S(x — 5)(6x +20) + C
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640 Chapter 6 Differential Equations

NN Moy =20 -5 (02)
X
(a) and (b)

y = j2x\/x -7 dx

©,2)
Letu =x—-7,du =de,x =u+7:

y = _[2(11 + 7)ul/2 du

= i115/2 + ﬁlﬁ/2 + C
5 3

4

- g(\ _ 7)5/2 + 28

S~ )i

= %(x -7 (3x+14) + C

o b _
dx

y = Iez”“ dv = - + C

10. L= 50
dx

y = '|.3e"“/3 dv = —9¢™B3 + ¢

16. 3" = y + 4x, (~1, I)

11. & =2x -y (a) and (b)
dx .
Ly
X -4 1210 21418
y 2 10 |4 |4]6]8 =
dyjdc | =10 | —4 | —a |0 |2 |3
12. ? = xsin (%j Xy
[x 17. y' = -~ 0,1
) X2+ 4 ( )
X —4 -2 0 2 4 8 (a) and (b)
y 2 |0 |4)4]6 |38
dvjds [ -4 10 [0]o]-4]0 ‘

13. y =3 -y, (2, 1)
(a) and (b)
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19. — =8-x

dx

2
—[B-x)k=8x-+C
% I( x)dr = 8x 2+

20. %:y+8
b
jyi}8_ jdx

ly + 8l: et = Ce*

y=-8

+ Ce*

21, D (34

dx

J(3 + y)_2 dy = Idx

—(3+y)_l:x+C
-1
3+y:x+C
yz_3ﬁxiC
22 @_10\/5
dx

2y = 10x + C
y1/2=5x+C (C:—C—l—j
2
y:(5x+C)2
23. 2+ x)y - =0
dy
2 Y =
( +x)dx v
Ly - a
y 2+x
ldy:[l— 2 jdx
y 2+x
In|y|= x - 2|2 + x|+ C
. - Ce”
y=Ce"(2+x 7
( ) (2+x)2
24. xy —(x+1)y =0
x%:(x-x-l)y
Iﬂzjx+ldx
y x
1n|yl=x+1n|x\+ G
y = Cxe*

Review Exercises for Chapter 6 641

25. y = Cé"
b3k 3-c
(5,5): 5 = 30
2_30 = &
£~ )
y = %6[1“(20/3)/5]’ e

26. y = Cé

4,5): 5 = Ce** = (%e—Zk)eL&k 3 2
% et = k= %ln(%
_ 3,2y)m(e3) _ 3(3) . 9
S0, € =3¢ - 2(10) = 20
Finally, y = 596el/zm(10/3)’-
27. y = Cet
(0, 5): C =

28. y = Cef
(1,9): 9 = Cet = C = 9¢7*
(6,2): 2 = Ce&* = 2 = (9e7F)e* = 9e™
k= 1mn(2) ~ -03008

—1/5
So, C = 9¢™/SMC) = 9(%) P < 12.15864.

Finally, y ~ 12.1586¢ *3%%%

dp
2. L _ 1o P(0) = 30
o = e P0)

P(h) = 30e”
P(18,000) = 308 =15
P - n(1/2) -ln2

718,000 18,000
P(]’I) _ 306—(/1In2)/18,000

P(35,000) = 30e 30280 5 7,79 inches
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642  Chapter 6 Differential Equations

30. y = Cef = 156" 31. § = Cet
7.5 = 15£%) (a) S =5whent =1
_ k
k = 135 (1) ~ 0000433 5=Ce
lim Ce" = C = 30
When ¢ = 750, y = 15¢7%0%5350) 5 10,84 ¢. 1o
5 = 30e*
k= ln% ~ —17918
S = 306_1‘7918/’
(b) When ¢ = 5,8 ~ 20.9646 which is 20,965 units.

(©)

32. 8 = 25(1 — ¥}
(@) 4 = 25(1 - ek(l)) 21— == =L = k=m(2) ~ 01744
S = 25(1 ~ 870.1744:)
(b) 25,000 units (}Eﬂi S = 25)

(c) When t = 5, S ~ 14.545 which is 14,545 units.

@ =
_:-"-F‘d-'_
g
0 8
o
33. P = Ce0.0lSSI‘
2C — CeOA0185r
9 = 00185
In2 = 0.0185¢
= 0181?35 ~ 37.5 years
34. (a) ? = -0.012y,5 > 50
s
__I_J.@ = J.ds
00127 y
-! ny=s+C
0012 7 :
y = Ce 002

When s = 50,y = 28 = Ce %0 — ¢ = 2806

y = 2860.6—0.012S’S > 50.

(b)
Speed (s) 50 | 55 60 65 70

Miles per Gallon (y) | 28 | 264 | 24.8 | 234 | 220
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Review Exercises for Chapter 6 643

5 C o
35.ﬂ:ﬂ:x4+1 38. y' —e'sinx
dx X X dy
5
y=J(x4+z)d :L+71nix|+C dx
¥ Je”’ dy
-2x _evy
36, P
dx  1+e™ o
e L —2e™
dy = dx = ~— dx
Jy J.l+e‘2“' 2J.1+e’2"‘
J)
1 !
= —Infl+e*)+C
y =il +e)
37. Y —1l6xp = 0
dy
-— = 16x;
dx 7
Ii dy = .[l6x dx
Y
In|y| =8> + G
68-\‘2+Cl =y
y = Ce™

2 2
39. @i X (homogeneous differential equation)
dx 2xy

(x2 + yz)dx —2xydy =0
Let y = vx,dy = xdv + vdx
(x2 + vzxz) dx — 2x(vx)(x dv + vdx) = 0
(x* +va? = 22%?) dx - 2%v v = 0
(x2 - xzvz) dx = 2x%vav

(1 - vz) dx = 2xv dv

dv

_df:jzv

2

X 1-v

In|x| = ~n|1 - v2]+ ¢ = -1~ v2‘+ InC
C C Cx?

X o=

l___VZ:I_(y/x)Z xZ_yZ
Cx X

0

¢’ sin x

Jsin X dx

—cosx + G

—— (=0
—1—{ = —]n|cosx + C‘
cosx + C
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644 Chapter 6 Differential Equations

40.

41.

42.

_c_ix_3(x+

dx X

»)

(homogeneous differential equation)

Ax+y)de—xdy =0

Let y = wx,dy = xdv + vdx

3(x + w)dr — x(xdv+v dx)
(3x + 2w) dx — x* dv

0
0

1l

(3+2v)dx =xdv

y = Cx + Cx®
¥ = C + 3C,x?

¥y = 6Cx

jldx = | L

X 3+ 2v

In|x| = %m|3 +2v|+ G = In(3 + 2v)
x =GB +2w)"

X = C(3+2v) = C(B + 2[1)J

X

w

X = C(3x + 2y) = 3Cx + 2Cy

x* —3Cx

RS

112

Xy = 3x) + 3y = X(6Cyx) — 3x(C; + 3Cx?) + 3(Cx + CyxY)

= 6C,x* — 3Cx — 9C,x% + 3Cx + 3C,x° = 0
Xx=2,y=0: 0=2C +8C, = C, = —4C,

x =23 =4 4=C +12G,
4=(H4G) +12C, =8C, > G = 1,¢ =2

y = 2x + é-x3

Y98
dr
dv
@ Ih—98_

[ar

—l-hllkv -98|=1+C
k

In|kv - 9.8]
kv — 9.8
v

kt + C,

ek1+C2 — C3ekl

%[9.8 + Cie']

Att =0, v = —]1—(9.8 +Cy) = C = kv — 9.8
C

Vv =

%[9.8 + (lvy — 9.8)e ]

Note that & < 0 because the object is moving downward.

(b) lim v(r)

t—w

9.8

+1InC,
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Review Exercises for Chapter 6 645

s(t) = j]l—c[9.8 + (lovy — 9.8)ek | dt = 71;[9.& + —Ilg(kvo - 9.8)4“} +C = % + k%(kvo -9.8)e" + C

5(0) = %1-2-(/% -98)+C = C =g~ %1;(/% ~9.8)

9.8t 1 1 9.8 1
(1) = ==+ 7zl - 9.8)et + sy = < (lony = 98) = ==+ —allono - 9.8)(ct — 1)+ s
PR A a5, P(f) = —20__
de 1+ 34¢705
[yay = [-4xax @ k=055
, (b) L = 5250
y 2
— = 2x" + (
2 ‘ (©) P(0) = 1525304 =150
x> + 2 =C ellipses *
5250
' d 2625 = ———
. @ 1+ 34 05
1+ 34e05% =2
e 055 — 1
34
-1 (1
t=——In|—|~ 641
0.55 (34] .
© P 0.551{1 P
44. a =3 -2y dt 5250
dx
480
J' dy _ J‘_dx 46. P(f) = —%)’1?
—2y—3-— 1 + 14e™
| @ k=015
Elany - 3[ =—x+C (b) L = 4800
In|2y - 3|= -2x + 2,
nf2y - 3| = 2+ 2G © P(0) = 2% _ 39
lzy_3|:C262\ 1+ 14
2 4800
. 33+ C2e @ 240 = e
y=3+ Ce™ 147 =1
1 1
) = ———In|—~| ~ 1759
0.15 (14] "
© 2. 0,15P(1 L
dt 4800

dy y

1. Y~ 1= 2] (0,8
i y( 80] ©.8)
k=1L =80

L 80
1+ be™ 1+ be™

y
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48,

49.

50.

51.

Chapter 6 Differential Equations

dy v
— = 176y|1 - = (0,3
dr y( sj (0.3)

k=176,L =8
L 8
Y= o 1761
1+ be 1+ be
8 5
{0) =3 3= = b ==
0) 1+5b
8

Solution: y = ——>—«c——
1+ [é)efmsz
3

(a) L = 20,400, y(O) = 1200, y(l) = 2000
20,400

I+ be™

_ 20,400

C1+b
20,400
1+ 16e7*
46

= 1200 = b =16

»(0)
y(1)

= 2000 =
16e7* =

k=-ln— = ln@ =~ 0.553
23

20,400
- 1+ 16e~0.553l

¥(8) ~ 17,118 trout

})

(b)

20,400

(C) I0,000 = W

=t~ 494 yr

P _ 0.553;{1 S j 7(0) = 1200

dt 20,400

Use Euler's method with # = 1.

t 0 2 4 6 8
Exact | 1200 | 3241 | 7414 | 12,915 | 17,117
Euler | 1200 | 2743 | 5853 | 10,869 | 16,170

Euler's method gives »(8) ~ 16,170 trout.

Y-y =10
P(x) =-1,0(x) =10
u(x) = ef_dx =e

1 —X ~
y = FIIO@ dx

= ev“(—loe*-“ + C)
= -10 + Ce*

54, 2 _

55.

yV+4dy =¢

ey +4ety =1

—x

P(x) =4,0(x) ="

u(x) = ede = ¥

J) =

Y -

P(x)

u(x) =€

y:

e4x

4y’
1
i

1 J‘ef_\-eh dy = 6"4'\.[183'\- + C] = le‘.\' 4 Ce™
3 3

=l 4y

= —e"‘

4
_%’ Q(“\) = 211:6'\‘/4

j-(1/4) d _ e_(‘ /4)

1 1 x/d _—(1/4)x
m!—e/e( g

4

=V 4)"'[1,\’ + Cj
4

lxe“'/4 + Ce'?
4

=e
1 ooy 1 L oy 1 _5x
35/-“ J.;{e dx = —EST(—EQ +C —+ Ce
(x=2)y+y=1
1 L 1
X - ZJ x—2
1 1
= N x ey
x—2 Q( ) x -2

u(x) = Jx-2)ar

— eln!.\'—2| =x—-2
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56.

57.

58.

59.

60.

(x+3)y +2y =2(x+3)2
dy 2

@ =2x +3
a’x+x+3y (+3)

P(x) = % 0(x) = 2(x +3)
u(x) = Jeld _ amed) (x + 3)2

y = ﬁp(v + 3)(x + 3)2 dx

(x + 3)2 2

(x + 3)2 N C
2 (x +3)

(3y +sin2x)dr —dy = 0
¥ =3y = sin 2x

Integrating factor: I3 g

ye ¥ = Ie’l" sin2x dx

It

le‘3"‘(—3 sin 2x — 2 cos 2x) + C

13
y = ~%(3 sin 2x + 2 cos 2x) + Ce™
dy = (y tan x + 2@"') dx
% - (tan x)y = 2e*

- Jtﬂn xdx xnl
. e = e

Integrating factor s3] = cos x

yCcosxy = JZe"' cosx dx = e"'(cosx + sin x) +C

y = e (1 + tan x) + Csec x

Yy + 5y =é*

Integrating factor: L

yei\‘ — jeIO.\' dx = %elﬂ.\‘ +C

¥y %es“' + Ce™>

o
X

—J(a/x)d.\' — pmalx _ ,-a

Integrating factor: e e =x
b
w = (b (x)dy = ——xV 4+ C
= o) de =
bt
= + Cx*®
7 4 —a

61.

62.

63.

Review Exercises for Chapter 6 647

¥ +y=x  Bernoulli equation

n=2letz =yt =yl 2 =~y
(—y'z)y' + (—y’z)y = _y
Linear equation

u(x) = ej_dx ="

1
z = —xe N dy = eflye" + e + C
=] I ]
yl=x+1+Ce
1
y=———
x+ 1+ Ce

¥ + 2xy = xp* Bernoulli equation

n=2lktz=y"7? =y 72 = -y
(o) + 20(07) =
Z' = 2xz = —x Linear equation

u(x) = e-(fz"'d"' =

1
z = 12 J.(~\)e"2 dy = e* (—e"z + Cj
e 2
1.1 + Ce”
J)
v = 1 B 2
1 L ce” 1+ C,e"’2
2
L1 3 , .
Y+ —y == Bernoulli equation
X X
n=3letz =3 =y =27y
1 -2
291y + Zp(-2y73) = =
(274 (27) =
, 2 -2 . .
Z ——z=-—5 Linear equation
x X

|
1
+
9)
™
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648 Chapter 6 Differential Equations

64. xy' + y = xp?

1 . .

Y 4=y =y Bernoulli Equation
x

n=2letz = y"? =yl 7 =y

1
w2y g (=) = P22
) x)() ) J(J )

z - —z =-1 Linear equation

= xj-—jl\j dx = —x[ln|x|+ C]

Z‘

1

— =—xInx+ Cx
J)

o 1

) Cx —xInx

65. Answers will vary. Sample answer: (x2 +3 y2) dx — 2xydy = 0
Solution: Let y = wx,dy = xdv + v dx.
(xz + 3\72A”2) dx — 2x(vx)(x dv + v dx) =0
(x2 + szz) dy — 2x%v dv = 0
{1 + 1/‘2) dx = 2 xvav

dx 2v
— = dv
X '[ 1+ 2

In|x| = |1+ 2|+ G

¥ = c(1 + vz) = C(l + ’—;j

X

¥ = C(x2 + yz)
| 67. Answers will vary.

66. Answers will vary. Sample answer: y' = y|1 — %]

Sample answer: x>y’ + 2x*y =1
Solution: & =1, L = 40 , 2 1
¥ o+ —?y = =
- L 40 X X
’ L+be™™ 1+ be u(x) _ ej(z/x)l/x -2

11 !
v = 2 [5l7) v = Slilsl+ ]

68. Answers will vary. Sample answer: y' + xy = xy~!

1 xdv 2
Solution: #n = -1,0 = x,P = x,efz‘d‘ -

i

yze"'2 _.-2,\‘6"'2 dy = e” 1 C

¥ =1+ Ce"“2
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Problem Solving for Chapter 6

dy 1.01
1. (a - =y
(a) a7
J‘yq.m dy = _[dl‘
-0.01
Y =t+C
-0.01
L C
S5 = —0.01t +
001 = !
C - 0.0l
S
(C - 0.01)"
N 1.1 1 — 7 1
y(U)—l 1—W4p—-1
1
So, y
(1 - 0.01)"
For T =100, lim y = oo,
t—>T

(b) jy*(‘”) dy = [kdt

ikt + G

y & = —¢kt +C
1
(c- 8/(1‘)1/ ¢

<
Il

1 1Y
== e m oL e (1)
C Yo Yo

1

= ie*
[—15— — gkr]
Yo

1
Fort » ——, 5y > «
voek

2. Because % = k(y - 20),

1
jy — b = [ ar

ln]y - 20| =kt +C
y = Ce + 20.
When ¢ = 0, y = 72. Therefore, C = 52.
When 1 =1,

~

= 48, Therefore,
48 = 52¢" + 20, = 28 _ l, and k = In l. So,
52 13 13

y = 526[1:1(7/13)]1 + 20

When ¢ = 5,y = 52¢°"0/") 1+ 20 ~ 22.35°F.

Problem Solving for Chapter 6 649

ds
36 = kS(L — S)

= 1—6—"’ is a solution because
+ Ce”

% = —L(l + ce*k’)’z(—Cke*k')
_ LC ke™™
(1+ce™y

(kL cLe”
LN+ Ce™ 1+ Ce™

_ [/_]_L_ . [L _ _L,_j
L)1+ Ce™ 1+ Ce™

i N s . k
= IgS(L — 5), where k; = Z

L =100.Also, S = 10when t = 0 = C = 9.
And, S = 20whent =1 = k = —1ng.

Particular Solution: S = 100 100

1+ 9oy =1 4 9g 08I0
das

& —

2
s _y S[—ﬁj + (100 — S)ﬁl‘i
dr? dt dt

(100 — 2S)§

1

J6S(100 - S)

i

0 when S = 5001‘d—S = 0.
dt

Choosing S = 50, you have:

100
50 = 1 1+ 94y
2 =1+ 9611\(4/9)t
1n(1/9) _
n(4/9)

t =~ 2.7 months
(This is the point of inflection.)

(c) 128
—
~
o
.
e'-./
w
0 10
0
@
140 4 N N
120+
100 -
80
60 =+ <
40+
20 - -
= et
fo2 3 4

(e) Sales will decrease toward the line S = L.
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650 Chapter 6 Differential Equations

4. (a) % =k ln[éjy
))

dy
y[hl L —1n y]

In [lnL —In y] = —kt + C,

L
In= = Ce™
J)
£:Ce—k1
J)
~kt
y:L—Ce
(b) 2000
S T B T S B S
I T T T T T L
A
SN R R RN NN NN
IRy
IR
LA B A A A A A N
0 <4 500

(c) As t — «, y — L,the carrying capacity.

(d) yp =500 = 5000 = & =10 = C = In10

dZy =k m(é}ﬂ + / /-—ﬁ—l (__Lj@

di? ¥y dt O(L/y) yz dt
:kﬂln£ -1 :kzln—L~ylr1£ -1
dt y y ¥y
2
So, i’;g) = 0 when
!
L L L
In—|l=1==¢=ypy=—
¥y y e
y =L =% ig394and 1 ~ 417,
e e

The graph is concave upward on (0, 41.7) and

downward on (41.7, o).

5. Letu = %k(f - ln—bj

k
4 -u
T+tamhu = 14+ £ 2 o 2
e’ + e T+ e
e = eflr(l—(lnb/k)) = eMbe=kt = peht
Finally,
1 1
—I}1 + tanh —k[r _bmon £[l + tanh u]
2 2 k 2
_L_ 2
21+ be™™
B L
[+ b

Notice the graph of the logistics function is just a shift of
the graph of the hyperbolic tangent. (See section 5.8.)

6. [/(=)s()] = /(')

(a) Let g(x) = x, g'(x) = 1, then
[1e] = 7'
P+ 169 = 7109

s = 1) = 4

- g

1—x

In| £(x)] = ~In|1 - x

(b) (fg) = 1&'

In £
1= [
f _ e'[g'g—gdx

(c) If g(x) = e, then g'(x) - glx)=e —e" =0

Therefore, no f can exist.
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I
TN
p—t .
S
~

LS

Bl

x* +(y —6)° =36  Equation of tank
2 =36 - (y - 6)2 =12y — 2

-
Il

Area of cross section: A(h) = (12/1 - 112)7z

A(h) j;—lz = —k+/2gh

(12h - hz)n L Jean
dr 144

(12h - hz)i’1 R AT
dt 18

[(18r*2 — 2161} dh = [at

J
?h” —1448°% =t + C

h}/Z
—(36h - 720) =1+ C

3/2
When 2 = 6,1 = 0and C = 6?(—504) ~ —1481.45.

The tank is completely drained when
h=0=t=1481.45sec =~ 24 min, 41 sec

x4y -6 =36| L

Problem Solving for Chapter 6 651

8. (2) A(h) i’h = —k</2gh

t

ot By Jean
t
=g = ca, =3
1 nr
2h = —Ct + C

W18 = ¢ (att =0,/ = 18)
So, 2k = —Ct + 63/2.
At ¢ = 30(60) = 1800, 7 = 12:

2/12 = 1800 C + 6/2

M = C ~ 0.000865
1800
So, 2</h = —0.000865¢ + 6~/2.
h=0>1t= ﬂ
0.000865

~ 9809.1seconds (2 h, 43 min, 29 sec)

(b) t=3600sec = 2</h = ~0.000865(3600) + 6~/2
= h~ 7211

9. A(h) dh = ~kJ2gh

dr
264 T~ g [k
dr 36
e
288
—t
Wh=—+C
288

ho=20:220 = C = 45
2\/1_1:_—;+4\/§

28
h=0=t=4/5(288)
=~ 2575.95sec =~ 42 min, 56 sec
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652 Chapter 6 Differential Equations

10. Let the radio receiver be located at (xp, 0). The tangentline to y = x — x” joins (~1,1) and (x,, 0).

Transmitter

\P
2
E\\ Radio

,
t ;

) Y

Yo

x

(a) If (x, y)is the point of tangency on y = x — x?, then

Cy=1_ x-x*-1

1-2x =
x+1 x+1
x=-2x2+1-2x=x-x*-1
X 4+2x=2=0
2+
:[2—4 ;M]:_lﬂg

y=x-x*=3/3-5
1-0 1-3/3+5 6-3/3

Then = =

“1-x -l1+1--/3 -3

\/5:(1+x0)(6—3\/§):6~3\/§+x0(6—3\/§)
Xy = @ ~ 1.155.
6 —3V3

(b) Now let the transmitter be located at (—1, h).

— ‘_‘2_
[y =2 ]7:A X h
x +1 x+1

x=22+1-2x=x—-x>-h
X +2x-h-1=0

(_2i\/m):~l+\/2+h

2

y=x-x*=3J2+h-h-4
hoo h-{3N2+7 ‘h“4)v2h+4—3\/2+h

X =

Then, = =
—1 =X —1—<—1+\/2+h) ~J2+h
X+ 1 N2+ h
h 2h+4-3J2+h
N2+ h
Xo = - 1.
2h+4-3J2+h
() 1
f'\%_
0.25: - 3

-2

. . 1 L . .
There is a vertical asymptote at s = 7 which is the height of the mountain.
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Problem Solving for Chapter 6 653

11. as =35 - 0.019s
dt

—ds
a) |———— = —|dt
@ J.3.5 - 0.019s -[
1
0.019

In|3.5 - 0.019s] = — +

In|3.5 = 0.019s| = —0.0197 + C;
35— 0.019s = Ce ™™
0.019s = 3.5 = Cye ™"
184.21 — Ce™ ™'

L
1l

(b) 40

0 = =2 200

(¢} As t — o, Ce™®" 5 0,and s —> 184.21.

dc

2@ [

= [t

n|C|= mgz + K,

C = Ke ™V
Since C = C, when ¢ = 0, it follows that K = C, and the functionis C = Cpe™®".
(b) Finally, as f — oo, we have

lim C = lim Cpe " = 0.
t—w =

13. From Exercises 12, you have C = Coe ®",

(a) For V = 2,R = 0.5,and C, = 0.6, youhave C = 0.6¢ %

0.8

T

—

0 4
o}

(b) For ¥ = 2,R = 1.5,and C, = 0.6,youhave C = 0.6e """

0.8

14. (2) jQ _IRC dc = jldr

1
_Emlg - RC|= —I}+ K

0 -RC = e—R[(f/V)+1<,]

%(Q - e‘R[(’/V)’le]) — %(Q _ [{ele/V)

C

i

Because C = Owhen ¢ = 0, it follows that K = Qand you have C = %(l - e‘R’/V).

(b) As t — oo, the limit of Cis Q/R.

© 2010 Brooks/Cole, Cengage Learning







