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8. Not continuous at & = b. lim,_,; f(z) # f(b)
9. Not continuous at z = ¢ since lim,_,. f(z) does not exist.
10. Continuous at z = d
11. Lim,, 22%(z +1) = (-2)*(-2+1) =4(-1) = -4
12. Limg_s(z 4+ 2)(z — 5) =5(—2) = —10 13. Lim,,3%;? =32 =3 =0

2241 — 2 1

2-2z+5 — 3+2+5 5

14. Lim$_>_1 37

15. Lime,»(;57)(3E) = (F)(F) = -1

16. Limg_i (3 )(2t8)(32) = 112 =1 17. Lim;4+/1 — 2z does not exist.

o+1

18. Lim,_5v/9 — 22 does not exist. 19. hmx_,l 2 = limy iz +1=2
20. Limg,_sZ422=10 = fim, , 5 P49 = lim, |, ;3 — 2= -7

21. Limx_,gg,ﬁ_??_—(; = lim,_,9 (x——g)—TZJ??ﬁ = limg_,9 m—}r—g = %

: 2=+l 1 1 _
22. lez__,lm = hmz_,l z 1

. — . 2 .
23. Llnrlm_.,ogl'k—"”@u = lim,_,o 3m—;r$— =limz 03 +2=3

1

) 1
—i 2 —(2+7)1 _ =1 __—_1
24. Lim,_0 = limg_o 2 2(242) = limg—o 2(2+20) — 4
3
2w+3 _ 24y _ 240 _ 2
25, lea;_ﬂ)o Bot7 hmx—mo 5+_57 — 540 5
3

. 22243 __1: 247 2
26. Lim, ooty = liMeeo S 5

. 2 4248 [} i_ %'}'%
27. lez__;._oom ;xf = hma:—r—oo = 3 =0

= 0
. 22 . _
28. lem_.oo~——$2 7ol limg o 1-1+% T 1-040 0
29. Li 22T hi z(z—=7) _ li x(l_lg;) _
. 1m1;—-)-—oo 241 - 1II11,‘—)—OO z+1 - lm:z:—»—oo 1+i ==
1._._
because lim,_,_ I +1 =

. T T o(zd+a?) _ 1 1+% —

80. Lims—o0 75557178 = liMaoo 5551738 = Moo m(12+—”§) =
x
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Chapter 2 — Limits and Continuity

1 : 1
Limg_3+ =5 = o0 32. Limg_3- —5 = —00
. 1 . 1
Limg_o+ 5 = o0 34. lem_ﬂ)_m = 00
: sin2z _ lsin2z __ 1 _ 1
Limg 0% = limg 0 3 2 =5 1=

Limg_,o 82 = [im, (1 + 02) = 1 41 =2

xr
LiI]-’rl(E—-)OSiIfSZE — 1imm—r0(5ir;2z)3 — 1ima:—>0(25iga:2x)3 — (2 ) 1)3 =8

2cschzx
csc 3z

2sin 3z

2sin3z 5 3z __ . 1.
sin bz 2-1-1

3¢ sinbz 5z

T
(S8 e}

Limg;_)() - ].lmm_.() = hmz__*o

a) the y-intercept is approximately 0.78.
b) The values are all close to 0.78
c) f appears to have a minimal value at = = 0.

: sec2zcsc9z __ 18 1 sin7z 1
d) lem—»O cot 7z - hmx_,() cos 2x cos 7z sin 9z

— 13 1 1 sin7z_1 7z
—hma;_m cos2z cos Tz Tz “‘39"’ 91: . =1-1-1-1-

Wi~

a) 1.60  b) quite close for z in the range [—0.1,0.1]
c¢) f appears to have a minimal value at = = 0.

sin8zcos3z __ sin8 S5z 8 _ 1 .17.1.1.8 _
d) le:z:—> 0sin5z cos 8z hm“"‘*o cos 3xc058z 8z sinbz bz =1-1-1-1 5 8/5

a) limg_, o+ mig’ =00 b)limy_,,- “”f; —o00. As ¢ — —2, £+ 3 is positive
and z 4 2 is positive in a) but negative in b). The answer may be confirmed
by graphing y = z—ig’

a) limm_+2+ ﬁ:lﬁj -= 0 b) liIIla,_,g— P%ﬁ?j = -
¢) limg_,o+ xz”(’;_lz) = 00 d) lim,_o- ﬁlﬂ = 00

a)

b) limg_, 1+ f(z) = 1, img,_s- f(z) = 1, lim, o+ f(z) = 0, lim,_,o- f(z) =
0, 1im$___>1+ f(il,’) = 1, limm_)l_ f(x) = -1
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¢) limy—,—; f(z) = 1, limy—o f(z) = 0 but lim,_; f(z) does not exist because
the right-hand and left-hand limits of f at 1 are not equal.

d) Only at z = —1

44. a)

b) im,,—1- f(z) = +
0, lim,_;- f(z) = 2, lim, 1+ f(z) =1

c) limg_o f(z) = 0 but lim,—_y f(z) and limy_; f(z) do not exist because
the left-hand and right-hand limits at = —1 are not equal and the same is
true at z = 1.

d) Only at z = 0.

45. a) A graph of f may be obtained by graphing the functions y = abs(z® —
47)+04/T = z and y = 22 — 2z — 24 0+/z — 1 in the viewing rectangle [—5, 7]

by [—4,10].
L\
P

[-2,2] by [-4,4]

b) limg_1+ f(z) = lm,q+(2? — 22 — 2) = —3.
limg_- f(z) = lim,_;- |2® — 42| =3
c) f does not have a limit at z = 1 because the right-hand and left-hand

limits at = 1 are not equal.

d) z3—4z is continuous by 2.2 Example 5 and |z| is continuous by 2.2 Example

8. Thus |z*—4z|is continuous by Theorem 5 and so f is continuous for z < 1.
For z > 1, f(z) = z? — 22 — 2, a polynomial, is continuous. Thus f(z) is
continuous at all points except z = 1.
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e) f is not continuous at z = 1 because the two limits in b) are not equal
and so lim,_,; f(z) does note exist.

a) A good idea of the graph is obtained by graphing y = 1 — /3 — 2z +
0v1.5—z and y = 1 + /22 —3 + 0/z — 1.5 in the rectangle [—2,4] by
[—3,5].

b) Both limits are equal to 1

c) lim,_,3/5 f(z) =1
d) f is continuous at all points because f(c) = lim,_,. f(z) for all points c.
e) There are no points of discontinuity because of d)

a) A graph of f is obtained by graphmg y=—-z+0/1l—zandy=o—1+
0v/z — 1 in the rectangle [—2,4] by [~2, 4].

b) lim, 1+ f(2) = lim,_1+(z — 1) = 0. lim,_;- f(z) = limy_1- —z = —1.
¢) No value assigned to f(1) makes f continuous at z = 1.
a) The idea of a complete graph of f can be obtained by graphing y =

322 +0+/1 —z and y =4 — 22 + 0+/z — 1 in the viewing rectangle [—2,4] by
[—2,4].

b) lim, 1+ f(z) = lim,_;- f(z) =3
¢) b) shows that lim,_; f(z) = 3 so define f(1) =

f is not defined at z = +2 so is not continuous at these points. By 2.2
Example 6 f is continuous at all other points.

3z + 2 and ¥/z are continuous by Examples 5 and 7 of 2.2. Hence the
composite, f, is continuous by Theorem 5. There are no discontinuities.

2
: 25+1 2+ 040 _
hmx—>:i:oo x2f;;c+1 = 11m€v~+ﬂ:00 1 I?. LQ = 1——(|)—+0 = 0.
. 2 g . 2+5-L _ . .
limg teo 22;"5; = limy oo 11;2 = 241'300 = 2. y = 2 is the end behavior
x

asymptote.

By long division h(z) = 2*> — z + —25. Thus y = z? — z is the end behavior
asymptote of h.

T(z)=1z— ;;,””_2;':1 Thus y = « is the end behavior asymptote of T.
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55. a) limy—.3f(z) = 3lim,. f(z) = 3(-7) = -21
b) hm:c—»c( ( )) = limg_.. f(ZC) limg_,. f(m) = (_7)(-7) =49

¢) limg— f() - g(2) = limg. f(2) lims .. g(z) = (=7)(0) = 0

f (L‘) _. limg f(x _ -7 __
- d) limg. g(a:() 7 = Tmpoe g(x()—)7 =7 =1

e) lim,_,. cos(g(x)) = cos[lim,_,. g(z)] = cos 0 = 1.
f) limg | f(2)] = |limg— f(z)| = | = 7| = 7.
56. a) limy—0—g(z) = -\/§ b) lim,—0 g(z) f(m) =v2-1= V2
¢) limg—o[f(z) + g(2)] = 3 + V2 d) limgol/f(2)] =
e) lim_o[z 4+ f(z)] =0+ 1 =1 f) lim,_o {Ene = % 1=1

411
=J

. Both 0 and 1/z approach 0 as ¢ — 0. By the Sandwich Theorem |/z sin 1| —
0 and hence /zsini — 0 as z — 0.

58. Both 0 and z? approach 0 as z — 0. By the Sandwich Theorem |¢?sin 1| — 0
and hence z?sini — 0 as z — 0.

59. Limg o2 = lim, o[l + #22] =14+0=1

. . . 1+sin:c
risinx __ _ 140 __
60. Lim,_, e = limg— oo —L_1+°°im =1 = 1

—1 < g < — < L 1 1
61. —1 < sinz £ 1. Hence \/5 for ¢ > 0. Both VG and 7

ich Theorem lim,_ o, &2 = 0.

1 sinz
=7
he Sandw

approach 0 as ¢ — oo. By t NG
1 < cosg < 1 1 cosz __
62. R=ESE S Since lim,_ 0 :l:\/— 0, im; e v 0.
63. Limw_+3iJ;2—_“”;—15— = limg_,3 @—12)_(:;—4'51 = lim;—3(z +5) = 8. In order to have

lim,_3 f(z) = f(3) = k, we should set k = 8.

64. Lim,_g+2® = 1. The limit must be approached from the right-hand side only
because z° is defined only for z > 0.

65. a) lim,_o- f(z) =0 b) lim, o+ f(z) = o0
c¢) The limit does not exist. To exist both one-sided limits must exist and be
equal.

66. Limx_,osgf = %limm_*o Si?” = % Thus the value % should be assigned to k.

6'7. This is not a contradiction because 0 < 2 < 1 is not a closed interval.
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. Let y = f(z) = || on =1 < & < 1. This function attains its minimum
(f(0) = 0) and its maximum (f(—1) = 1). This is not a contradiction
of the theorem which is only a sufficient (not necessary) condition for the
attainment of extreme values.

True because 0 = f(1) < 2.5 < f(2) = 3 and so by Theorem 7, 2.5 = f(c)

for some ¢ in [1,2].

Let f(z) = z+cosz. Then f(z) is continuous. f(—n/2) = —% and f(0) = 1.
Thus f(—7/2) <0 < f(0). By Theorem 7, f(c) = 0 for some c in [~7/2,0].

Let f(z) =z +logz. f(15) =% —1<0. f(1) =1 > 0. By the Intermediate
Value Theorem there is a number ¢, ;= < ¢ < 1 such that f(c¢) = 0. This
means that c is a solution of the given equation.

Lim,_,1 f(z) = 3 means given any radius € > 0 about 3 there exists a radius
6 > 0 about 1 such that for all z 0 < |z — 1| < 6§ implies |f(z) — 3] < e.
Limw_msi“” = 1 means given any radius € > 0 about 1 there exists a radius
6 > 0 about 0 such that, for all z, 0 < |z — 0] < 6 implies |f(z) — 1| < €.

Let f(z) = z?. f(z) gets closer to —1 as = approaches 0 but —1 is not equal
to lim,—o f(2).

This “definition” puts a requirement on f(z) but not necessarily for z near
zo. Thus for any given ¢ > 0 there is an z such that |22 — 0| < ¢ but this
does not imply lim,_,, z* = 0 in general.

—1 < vz +2—4 <1 leads successively to 3 < /2 +2 <5, 9<z+2<
25, 7T < x < 23, the last interval being the solution of the first part of the
problem. The midpoint of this interval is 11%2-3 = 15. The interval can be

described by |z — 15| < 8.

—3 < /E! —1 < 1is equivalent to each of 1 < < <<
S, i<z+1< g, —%— <z < g The midpoint of the latter interval is

4
(—3+ 1)/2 =3/2 so that it can be written as | — 3/2] < 2.

Let f(z) = Z=%. Following the method of 2.5 Example 6, we solve the
equations f(z) = 1.9 and f(z) = 2.1, obtaining 5.22 and 4.82. Thus 1.9 <
f(z) <2.1if4.82 < 2 < 5.22. Letting 2o = 5, we have |z — 5| < 0.18 implies

|f(z) — 2| < 0.1.
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Let f(z) = £=1. Following the method of 2.5 Example 6, we solve the
equations f(z) = —2.1 and f(z) = —1.9 obtaining 2.35 and 2.31. Thus f(z)
is within 0.1 unit of —2 if 2.31 < 2 < 2.35 or |z — 7/3| < 0.02.

Let f(z) = 2® — 42. We graph f(z), ¥y = 3.9 and y = 4.1 and we use
zoom-in to find the z-coordinates of the two points of intersection obtaining
2.38 and 2.39. Thus f(z) is within 0.1 unit of 4 if 2.38 < z < 2.39. If we
take zo = 2.383 (near the root of f(z) = 4), we can say |z — 2.383] < 0.003
implies |f(z) — 4| < 0.1.

Let f(z) = 23— 4z. We graph f(z), y = 0.9 and y = 1.1 and use zoom-in to
find the z-coordinates of the points of intersection (=1 < z < 0) obtaining
—0.28 and —0.228. Thus f(z) is within 0.1 unit of 1 if —0.280 < z < —0.228
(rounding appropriately) or if |z + 0.254| < 0.026.

|f(z) — 1] = |22 — 4] = 2]z — 2| < € is equivalent to |z — 2| < /2. Thus we
must have 0 < § < ¢/2.

|f(z) = 0] + ||z|| = |z| < € is equivalent to |z — 0] < e. Thus we must have
0<é<e

1_
Limw_,ooé—;%il” = limg_ o 5,;__12 = 352— To confirm this using the definition of

this type of limit, we follow Example 6. Let ¢ > 0 be given. |22 4 2| < ¢

3r—1
is equivalent to each of the following. 3‘—36(”3”—33“%3”1”)—‘2] <k, W;—T) < € (assuming

r is large and positive), 31_5 <3z -1, 51; +1<3z, 2> 51; —I—% = %. So
we choose N = 3t1. Then z > N implies |22 4+ 2| < €. This confirms the
limit.

AS&:—)%Jr

lm
T

, 1 =2z — % and 3z — 1 — 0 through positive values. Hence

it 3% = co. With z > 1, all of the following are equivalent. =2

N, 1-2z>3zN—-N, 14N >z(3N+2), z < gvil2:%+m, z—1<
1

m. So we choose § = 3ENTI) Then 0 < z — % < 6 implies éﬁf > N.

Since this is true for any N > 0, this confirms the limit.

L =lim;_3(52 —10) =5-3—10 = 5. |f(z) — 5| = |5z — 15| = 5|z — 3| <
e = 0.05 is equivalent to |t — 3] < 0.01. Let § = 0.01. Then for all =
0<|z—3]<é=|f(z) —5|<e.

L = lim, (52 — 10) = 0. |f(z) — L| = |5z — 10| = 5|z — 2| < ¢ is equivalent
to |t — 2| < /5. Thus § = ¢/5 = 0.01.
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L= limgaovz—5 =4 =2 |f(z)~Ll = WVz—-5-2 <e=1is
equivalent to —1 < \/z -5 —-2<1, 1 <vz—-5<3, 1 <z-5<9, 6<
r <14, -3 <z —9 < 5. Thus |z — 9| < 3 guarantees |f(z) — L| < e and so
we take 6 = 3.

L=lime2v2z —3=1.1/2<2z -3 <3/2yields ; <22-3< §, -7 <
20 —4< 8 —2<z-2<i Thus|z—2|<2=|f(z) - L] <esob=3/8

L = limg_5 x;;; = 2—70 = 2.86. We use the method of 2.6. In the viewing
rectangle [4.98,5.02] by [2.85,2.87], we find the coordinates of two points on
the graph of f(z) and use these to determine the slope m. We find m = 0.88

approximately and § = ¢/|m| = €/0.88 = 1.13¢ rounding down to be safe.

L =lim, 5 54_;;@ = 22 = —0.6. In the viewing rectangle [-5.1,—4.9] by

[—0.61,—0.59] we graph f(z) and using two points on the graph we find
m = —0.32. Hence we take § = ¢/|m| = 3.12¢ rounding down to be safe.

0.8 < ¥Z < 1.2 is equivalent to 1.6 < /z < 24, 1.6? < z < 242 or

256 < z < 5.76. 0.9 < ¥ < 1.1 is equivalent to 1.8 < \/z < 2.2 or
3.24 < x < 4.84.

9.9995 < 10 + (¢ — 70) x 10™* < 10.0005 is equivalent to —0.0005 < (t —
70)107* < 0.0005, —5 <t — 70 < 5 or 65° <t < 75°.

100022 + z — 10715 = 0. If 2z = 0, the left-hand side becomes —1071° £ 0,
_ —144/1+4(1012)

so z = 0 is not a solution. By the quadratic formula z = 5556

On a calculator the positive solution reads 1071°. Because of the limits of
calculator precision the exact solution cannot be found. We can be sure the
error is less than 10714,



