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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

1. Precalculus: (20 ft/sec)(15 sec) = 300 ft 7. f(x) = 6x — x*
(a) i

2. Calculus required: Velocity is not constant.

Distance ~ (20 ft/sec)(15 sec) = 300 ft

3. Calculus required: Slope of the tangent line at x = 2 s
the rate of change, and equals about 0.16.

4. Precalculus: rate of change = slope = 0.08

5. (a) Precalculus: Area = 1bh = %(5)(4) = 10 sq. units (6x - xz) -8 (x-2)4-2a)

(b) slope =m = =
x—2 x -2
(b) Calculus required: Area = bh = (4-x)x %2
~ 2(2.5)
Forx =3, m=4-3=1
= 5 sq. units
Forx =25, m=4-25=1.5 :—3—
6. f(x) =~/x 2
@ 5 s For x =15m=4-15=25= %
24 \/
(¢) At P(2,8),the slope is 2. You can improve your
P’ approximation by considering values of x close to .
e
(b) slope = m = x -2
x—4
_ Jx -2
(Vx +2)(Vx - 2)
1
= ,x # 4
Jx 42
x=1lm= ! -1
ToJ+2 3
1
x=3m=-————= 02679
)
1
x=5m=——= 02361
J5+2
(c) At P(4,2) the slope is 1. 0.25.
Va2 4

You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

8. (a) For the figure on the left, each rectangle has width z
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Section 1.2 Finding Limits Graphically and Numerically 49

3z
Area = m——+sm—+sm7+smﬂ

£t

= ~ 1.8961

-plé\

-J>|§\

For the figure on the right, each rectangle has width —765

ps T 2 5w
Area z—s1n—+s1n—+sm——+sm—+——+sm7z
6 6 3 2 3 6

7)1 \/3 \/3 1
=—]—+—+1+—+=

6 2 2
- \/§6+ 2 ~ 19541

(b) You could obtain a more accurate approximation by using more rectangles. You will learn later that the exact area is 2.

9. (a) Area » 5+3+3+3 10417

5,5 .5
+—+§+_’+E+_) 9.145

~ L 5
Area~(5+.+ i3

(b) You could improve the approximation by using more rectangles.

10. Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the

speedometer.

1. @) D =+J(5-17 + (157 =16 + 16 ~ 5.66

R e e R
2.693 +1.302 + 1.083 + 1.031 = 6.11

(¢) Increase the number of line segments.

() D,

1

Section 1.2 Finding Limits Graphically and Numerically

L X 39 3.99 3.999 4.001 4,01 4.1
F@) | 02041 | 0.2004 | 02000 | 0.2000 | 0.1996 0.1961
Tim =% ~ 02000 Actual limit is l.j
x=dx® —3x — 4 5
2.
X 1.9 1.99 1.999 2.001 2.01 2.1
F(x) | 02564 | 0.2506 | 02501 | 0.2499 | 0.2494 | 0.2439
. -2 !
lim =~ 0.25 Actual limit is —.
=2 x* — 4 4
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Chapter 1 Limits and Their Properties

X -0.1 -0.01 -0.001 | 0.001 0.01 0.1

Jx) | 02050 | 02042 | 0.2041 | 0.2041 | 0.2040 | 0.2033

lim M6 =6 0.2041 [Actual limit is Lj
x—0 X 2\/8
x| =51 -5.01 | -5.001 | -4999 | 499 | 409

S | -0.1662 | -0.1666 | -0.1667 | -0.1667 | —0.1667 | —0.1671

V4 —x -3
5

~ —0.1667 [Actual limit is —%j

X 2.9 2.99 2.999 3.001 3.01 3.1

S(x) | ~0.0641 | —0.0627 | -0.0625 | -0.0625 | —0.0623 | —0.0610

Y(x+1)| - (1/4
lim M =~ —0.0625 (Actual limit is —%j

x—3 x-3

x 39 3.99 3.999 4.001 4.01 4.1

J(x) | 0.0408 | 0.0401 | 0.0400 | 0.0400 | 0.0399 | 0.0392

[4/(x + )] - (4/9)
x—4

lim
x4

=~ 0.04 [Actual limit is i)
25

X -0.1 —0.01 -0.001 | 0.001 0.01 0.1

J(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

lin}) S 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
¥=0  x
X -0.1 -0.01 —0.001 | 0.001 0.01 0.1

S() | 0.0500 | 0.0050 | 0.0005 | -0.0005 | —0.0050 | —0.0500

fim S5 =1 0.0000  (Actual limit is 0.) (Make sure you use radian mode.)

x—0 X

X 0.9 0.99 0.999 1.001 1.01 1.1

J(x) | 02564 | 02506 | 0.2501 | 0.2499 | 0.2494 | 0.2439

1_im~x—_2~g ~ 0.2500 [Actual limit is %)

X 3.1 -3.01 -3.001 | -2.999 | 299 | -2.9

S} L1111 | 1.0101 | 1.0010 | 0.9990 | 0.9901 | 0.9091

x+3

im —————— ~ 1.0000  (Actual limit s 1.)
y>-3 ¥ + Tx + 12
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11.

12,

13.

14.

15.
" 16.
17.

18.

19.

20.

21.
22.

23.

Section 1.2 Finding Limits Graphically and Numerically 51

24. lim tan x does not exist because the function increases

X 0.9 0.99 0.999 1.001 1.01 1.1
@) | 07340 | 0.6733 | 0.6673 0.6660 | 0.6600 | 0.6015
4 —
iim =1 ~ 0.6666 (Actual limit is 3.)
x-1 x° — 3
X 2.1 -2.01 -2.001 -1.999 -1.99 -1.9
fx) | 12.6100 | 12.0601 12,0060 | 11.9940 | 11.9401 ; 11.4100
.o x> +8 .
lim ~ 12.0000  (Actual limit is 12.)
x>-2 x + 2
X -0.1 -0.01 —0.001 | 0.001 0.01 0.1
@) | 19867 | 1.9999 | 2.0000 2.0000 | 1.9999 | 1.9867
. sin 2x e .
lm}) ~ 2.0000  (Actual limit is 2.) (Make sure you use radian mode.)
X—> X
X -0.1 -0.01 —0.001 | 0.001 0.01 0.1
f@) | 0.4950 | 0.5000 | 0.5000 0.5000 | 0.5000 | 0.4950
lim 2%+ 05000 | Actual limit is -1«.)
x=0 tan 2x 2
,}-l_)n?;(4_x):1 x—=>7f2
s 3
.1\}311 (A + 3) = 4

lim f(x) = lim (4 - x) = 2

x—2

lim f (‘C)

-2

x>

lim
x—=2

For values of x to the left of 2,

for values of x to the right of 2,

lim
x5

x—=2

X —

x—5

does not exist.

= {13 (x2 + 3) =4

x~2]
(x-2

-

~—

(&)

(-2)

= -], whereas

=1

does not exist because the function increases

without bound as x approaches % from the left and

. T
decreases without bound as x approaches > from

the right.

25. (a) f(1) exists. The black dot at (1, 2) indicates that
£0) = 2.
(b) lirr} f (t) does not exist. As x approaches 1 from the
X

left, £ (x) approaches 3.5, whereas as x approaches 1
from the right, f (x) approaches 1.

(c) f(4)does not exist. The hollow circle at
(4, 2) indicates that fis not defined at 4.

@ lim f(x) exists. As x approaches 4, f(x) approaches
X

2: }ﬂf(v) = 2.

and decreases without bound as x approaches 5.

lim sin zx = 0

x—1

limsecx = 1

x>0

lirr}) cos(l/ x) does not exist because the function
X

oscillates between —1 and 1 as x approaches 0.
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Chapter 1 Limits and Their Properties

26. (a) f(-2) does not exist. The vertical dotted line

27.

28.

29,

33.

indicates that f'is not defined at 2.
(b) _lim2 f(x) does not exist. As x approaches —2, the

values of f (\) do not approach a specific number.
(c) f(0) exists. The black dot at (0, 4) indicates that
f(0) = 4.
(d) }1_1)13) /(x) does not exist. As x approaches 0 from the

left, f(x) approaches %, whereas as x approaches 0

from the right, f(x)approaches 4.
(e) f(2) does not exist. The hollow circle at
(2, %) indicates that f(2) is not defined.
) }Lr)nz f(x) exists. As x approaches 2, f(x)approaches
/) - 4
(8) f(4) exists. The black dot at (4, 2) indicates that
f (4) = 2.
(h) }IE}; f (\) does not exist. As x approaches 4, the

values of f(x) do not approach a specific number.

lim f(x) exists forall ¢ # -3.

X—>C

lim f(x) exists for all ¢ # -2, 0.
X

.

o1

M

4 o

N 7

Nl

L
I VW NN
-2 =] 1 2 3 4 5

lim f (r) exists for all values of ¢ # 4.

30.

wls 4

/-

lim f(x) exists for all values of ¢ # .
¥oc

31. One possible answer is

C(e) = 9.99 - 0.79[[~(t - 1)]]
(a) 16
O—e
o—e
O—.O_.
Oo—8
p—=e
0 - 6
8
® 1, 13 33 34 |35 3.6 37 |4
C | 1157 | 1236 | 1236 | 1236 | 1236 | 1236 | 1236

lim C(1) = 12.36

=35

il
il
2——/0

—%— =

-3 -2 -1 1 2

-1 -
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Section 1.2 Finding Limits Graphically and Numerically 53

© 1,12 25 2.9 3 3.1 35 4

C | 1078 11.57 11.57 11.57 12.36 12.36 12.36

The lin% Cl (t) does not exist because the values of C approach different values as r approaches 3 from both sides.
=

34. C(f) = 579 — 099 [~(t - 1]]
(a) 12

®) t |3 33 3.4 3.5 3.6 37 4

c |17 8.76 8.76 8.76 8.76 8.76 8.76

lim C(7) = 8.76

t—3.5

© 1,12 25 2.9 3 3.1 35 4

C| 678 7.77 7.77 7.77 8.76 8.76 8.76

The limit lirr% C(t) does not exist because the values of C approach different values as  approaches 3 from both sides.
=

35. Youneed | f(x) - 3| =|(x + 1) = 3| =|x — 2| < 0.4 So, take & = 04.If 0 <|x — 2| < 0.4, then
|x - 2|= l(x +1) - 3| :1f(x) - 3| < 0.4, as desired.

36. Youneed | f(x) - 1] = Ly =|27F <001 et 5 = ——1f 0 <\x—21<~1—,then
x -1 x -1 101 101
——1—<x—2<—1—:>1—i<x—1<1+i
101 101 101 101
100 102
— <x-1<—
101 101
100
=Slx-1]> —
101
and you have
7)1 = [ O A DS 1 (1 S Y
x -1 x -1 100/101 100
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54  Chapter 1 Limits and Their Properties

37. You need to find § such that 0 <|x — 1| < & implies 39. 1in§(3x +2)=8=1
x>
| 7(x) =1 = |2 = 1] < 0.1. That s, |(3x +2) - 8| < 0.01
* [3x - 6] < 0.01
1
“0l<——l<ol 3|x - 2| < 0.01
1 0<|x-2|<2U ~00033 =6
1-01< — <1401 3
X .
i< 1 <11 So,1f0<|x—2]<§:-°'3ﬂ,youhave
10 x 10 3|x - 2] < 0.01
B, » >0 [3x - 6| < 0.01
9 11
10 10 |(3x + 2) - 8] < 0.01
——-1l>x-1>=-1
9 11 | f(x) - L] < 0.01L.
1 1
—>x-1> -
9 11 X
40. Iim(4 - —j =2=197
1 . . x4 2
Sotake § = H.Then 0 <fx - 1| < & implies
1[4 —-’EJ ~2|<0.01
1 1 2
——<x-1<—=
1 11 .
——<x-1<— 2
11 9 1
Using the first series of equivalent inequalities, you ‘"E(X - 4) < 0.01
obtain
) 0<|x-4/<002=0
1
‘f(’\) B 1’ :’; —1j<0.L Hence, if 0 <|x - 4| < & = 0.02, you have
38. You need to find d such that 0 <|x - 2| < & implies ]—%(x - 4)| < 0.01
| £(x) = 3] =|* = 1= 3] =[+* - 4| < 0.2. That s, .
2~ =< 001
02 <x? —4< 02 2
4-02< x* <4402 ’(4_£)_2<0.01
3.8 < x* <42 2
m < X < \/4—2 lf(x) - L’< 0.01.

VW38 -2 <x~2 <42 -2
Sotake § = V4.2 — 2 = 0.0494.
Then 0 <|x — 2| < & implies
—(\/4.2 - 2) <x-2<+/42 -2
V38 -2 < x -2 <42 -2,

Using the first series of equivalent inequalities, you
obtain

| f(x) = 3] =|x* - 4] < 02.
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41.

42.

43.

Section 1.2 Finding Limits Graphically and Numerically 55

lim(x2 —3) =1=17

x—>2
|( = 3) - 1] < 001
|« - 4] < 001
|(x + 2)(x - 2)| < 0.01
|x + 2||x - 2| < 0.01
|< 200
Ix + 2]
If youassume 1 < x < 3,then & = 0.01/5 = 0.002.
So,if 0 <|x — 2| < & = 0.002, you have

1 1
|x ~2|< 0002 = g(0.01) < e 2Fo.m)

B

[x +2[|x - 2| < 0.01
|2 - 4| < 0.01

|(* = 3) - 1] < 0.01
| £(x) - L|< 0.0L

1im(x2 + 4) =29 =1

x—5

(2% + 4) - 29‘ < 0.01

| - 25| < 0.01
|(x + 5)(x = 5)| < 001

ix— |< 0.01
|x+5]
If you assume 4 < x < 6, then § = 0.01/11 = 0.0009.
So, if 0 <|x - 5|< 5 = Oi—(il,youhave
Ix _ 5‘< 0.01 1

|x = 5]|x + 5| < 0.01
‘xz - 25|< 0.01

‘(x2 +4)- 29| < 0.01

| f(x) - L] < 0.01.
‘hiri(), + 2) =6
Given ¢ > 0:
|(x +2) - 6‘ <¢€
|x—4l<e=0¢6

So,let & = &. So,if O <|x - 4‘< 8 = &,you have

|x —4|< ¢
|(x+2)-6|< &
|f(x) - L|< &

44,

45,

xlin}3(2x + 5) =—1
Given ¢ > 0:
|(2x +5) - (-D)| < &
‘Zx + 6\ <&
2|x + 3] <&
lx+3|<f=0
2
So,let & = /2.

So,if 0 <|x +3|< & =

|x+3\<£

2

]2x+6|<a

|(2x +35) - (-D)| < ¢
|f(x)—Ll< &.

lim (%x - 1) =4 -1=-3

x—>-4

Given ¢ > 0:

l(%x - 1) - (~3)\ <€

B—x + 2‘ <&
%lx—(—4)l< &
‘x —(—4)|< 2¢

So, let & = 2eé.

So,if 0 <|x - (-4)| < & = 2, you have
|x = (-4)| < 2¢
Ix+ 2‘ <e¢
|(bx = 1)+ 3| < &

]f(x)—L‘< &
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46.

47.

48.

Chapter 1 Limits and Their Properties

lim(Zx +7) = 2(1) + 7 = &

Given ¢ > 0:

2y _ A2y 2
[CRE - R

So, let § = %g.

So, if 0 <’x - 1[ < = %g,youhave

[x—1‘<—§—g

2y _ 2
|2 -2|< e

‘(%x+7)—3?7<g

|£(x) - L] < e.

li3 =3
Given ¢ > 0:
|3-3|<e¢
0<e¢
So, any & > 0will work.
So, forany & > 0, you have
[3-3|<e
[f(x) - Ll < e
i) =
Given ¢ > O:l—l - (—1)} <¢
0<e¢e
So, any & > 0will work.

So, forany & > 0, you have
(<) = (-D[< &
|f(x) - L| < e

49.

50.

51.

lim 3/x = 0
Given & > 0:[/x - 0| < &
’\3/;[< &
|x|< & =6
So,let § = &
So, for 0]x — 0|6 = &, you have
x| < &
|5 < &
|/x 0| < &
|/(x) - L] < &.

lim /x = /4 =2
x—4

Given ¢ > 0:

1\/—‘—2’<g

[\/}—2“\/§+2[< e[\/}+2’
|x — 4] < 5)\/}+2'

Assuming 1 < x < 9, you can choose § = 3&.Then,

0 <|x~4[<d =3 =|x—4|< o|Vx + 2

:>‘x/§-2’< £.

lim |x - 5| =|(~5) - 5| =|-10] = 10

x5
Given ¢ > 0: H\ - Sl— lO]< £
|-(x - 5) - 10| < ¢
|-x-5|<e¢
’x—(—S)’< &

So, let § = &.

So for |x - (—5)! < § = &,you have

l—(x + 5)’< &
|-(x=5)-10|< ¢
||x - 5]-10|< &
If(x) —L‘< &.

(x-5<0)

(because x — 5 < 0)
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52.

53.

54.

lim|x ~ 6] =[6 - 6] = 0
Given ¢ > 0:‘|x—6|—0]< £
|x—6i< £
So, let § = &.
So for Ix - 6]< 8§ = g,you have
|x—6‘< €

ﬂx—6‘~0‘< e

!f(x) - L\< 8.
}Yiir}(xz + 1) =2

Given ¢ > 0:

\(x2+l)—2‘<6
‘xz —1‘< &

|+ )(x-D|<e

£

ix—1|<|x—”+—ll

Ifyouassume 0 < x < 2,then & = &/3.

So for 0 <|x - 1‘< S = %,youhave

|x-1|<%g<‘x%l|g
|22 -1|< ¢

(2 +1) - 2| < 5
|£(x) - 2| < &

lim (x*+3x) =0

Given ¢ > 0:

‘(x2 +3x)—0\< &
|x(x +3)|< &

<

E

If you assume —4 < x < —2,then &§ = &/4.

‘x+3‘<

So for 0 <‘x - (~3)‘ <6 = %,youhave

1 1

[x+3|<zg<me
|x(x+3)|<$
‘x2+3x—0‘<5

if(x)—L\< &.

Section 1.2 Finding Limits Graphically and Numerically 57

55. lim f(x) = lim 4 = 4

X X7

56. lim f(x) = lim x = 7

Nx+5-3
57. f(x) = ‘\_ "
lim f(x) = 1
PEVIAY 6
0.5
‘\H—""“——\_.
-6 [

—-0.1667

The domain is [-5, 4) U (4, ). The graphing utility

does not show the hole at [4, %)

x-3
IO
. 1
limf(x) = -
4
\_
-3 = =5

-4

The domain is all x # 1, 3. The graphing utility does not

show the hole at (3, %j

x-9
59. f(x) = N
/) =6
10
—
0 10

The domain is all x > Oexcept x = 9.The graphing
utility does not show the hole at (9, 6).
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60.

61.

62.

63.

Chapter 1 Limits and Their Properties

The domain is all x # +3. The graphing utility does not

show the hole at (3, é]

I_iné S(x) = 25 means that the values of fapproach 25 as

x gets closer and closer to 8.

In the definition of lim f(x), JSmust be defined on both
X—c

sides of ¢, but does not have to be defined at ¢ itself. The
value of fat ¢ has no bearing on the limit as x approaches c.

(i) The values of fapproach different numbers as x
approaches ¢ from different sides of c:

(i) The values of fincrease without bound as x
approaches c:

-3-2-1,0 P23 45

24

(iii) The values of foscillate between two fixed numbers
as x approaches c;

64. (a) No. The factthat f(2) = 4 has no bearing on the

existence of the limit of f (x) as x approaches 2.

(b) No. The fact that hm2 ¥ (r) = 4 has no bearing on
the value of f'at 2.

65. (a) C = 2zr

r :£ :——6—:3 =~ 0.9549 cm
2 2m =&
5.5
(b) When C = 5.5:7 = == =~ 0.87535cm
27
6.5
When C = 6.5:r = — =~ 1.03451 cm
2z

So 0.87535 < r < 1.03451.

(© lim (27r) = 6,2 = 0.5,6 ~ 0.079

66. 7V = g;n{ V =248

(a) 2.48 = i7zr3
3
o _ 186
V'
r ~ 0.8397 in.

(b) 245< ¥ <251

245 < %mﬁs 2.51

05849 < 13 < 0.5992
0.8363 < r < 0.8431
(c) For & = 2.51 — 2.48 = 0.03,5 ~ 0.003

67. f(x) = (1+x)”"
lim(1 + x)"" = e ~ 271828

x>0

.
x S&) x J)

-0.1 2.867972 0.1 2.593742
-0.01 2.731999 0.01 2704814
~-0.001 2.719642 0.001 2.716942
-0.0001 2.718418 0.0001 2718146
—-0.00001 2.718295 0.00001 2.718268
—-0.000001 | 2.718283 0.000001 | 2.718280
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69.

70.

71.

79.

Section 1.2 Finding Limits Graphically and Numerically 59

Undef. | 2 2 2

fim /) =2
Note that for

():(x+1)+ﬁ(x—1):2.

-l<x<Lx=0,f(x
X

0.002

'\\ (1,999, 0.001) /
2.001, 0.001) ¢
\/\< )
1.998 \/ 2,002
)

Using the zoom and trace feature, & = 0.001. So
(2-6,2+8) = (1.999,2.001).

xz—

4=x+2forx¢2.
x =2

Note:

0.005

(2.999, 0.001)
/ (3.001, 0.0({1)

2.998 |
0

3.002

From the graph, & = 0.001. So
(3-6,3+ 8) = (2.999, 3.001).

x? -

Note: LA x for x # 3.

X —

False. The existence or nonexistence of f (x) at

x = ¢ has no bearing on the existence of the limit
of f(x)asx — c.

72. True

73. False. Let

74.

75.

76.

77.

78.

x—4, x =2

f(x):{o, x =2
f(2)=0
11_)rr;f(\) = lim(x —4) =2 # 0

X2

False. Let
x—4, x #2

/() = {

0, x =2

lim f(x) = lirr%(x -4)=2and f(2) =02

x—2 x>

fla)=~x

lim ~/x = 0.5is true.

x—025
As x approaches 0.25 = % from either side,

1) -

/x approaches % = 0.5.

f(x) = Vx

lim/x = Ois false.

x>0
f(x) = x is not defined on an open interval

containing 0 because the domain of fis x > 0.

Using a graphing utility, you see that

. sinx
lim =]
x=>0 x

. sin 2x
lim ——— = 2, etc.
x—=0 X

. sin mx
So, lim =n
x—=>0 X

Using a graphing utility, you see that
. tanx
lim

=0 x

=1

. tan 2x
lim

x=0 X

=2, cetc

. tan{nx
So, lim ( ) = 1.
x>0 X

If lim f(x) = L and lim f(x) = L,, then for every & > 0, there exists &, > Oand &, > 0 such that
X=>cC xX—oc

|x —c|< 8 = lf(x) - Lll <éeand |x ~c|< & = ]f(x) - LZI < ¢.Let 8 equal the smaller of & and &,. Then for
|x - ¢|< &, youhave |, — LZI:iLl - f(x) + flx) - L2|S\L1 - f(x)‘+|f(x) - L21< & + . Therefore,
lLl - L2| < 2¢.Since & > 0 is arbitrary, it follows that L; = L,.
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80. f(x) = mx + b,m # 0.Let & > 0 be given. Take
5=2
||

N

|m

|mljx | <

If 0 < , then

x-c|< 8=

II}’IX - WIC| < &

I(mx + b) - (mc + b)l <e¢

which shows that lim (nx + b) = mc + b.

xX—>c

81. lim[ f(x) - L] = 0 means that for every & > 0 there
exists § > 0Osuch that if
0<|x-c|<s,
then
J(f(x) -L)- 01 < &
This means the same as | /(x) - L| < & when
0<|x~-c|<é.

So, lim /(x) = L

82. () (x +)B3x—1)x* +0.01 = (97 — 1)x? + L

100
=9x* — ¥+ L
100

= %(l()xz - 1)(90x2 - 1)

So, (3x + 1)(3x — 1)x* + 0.01 > 0if
10x* —1 < Oand 90x* -1 < 0.

1 1
Let (a,b) = | ——, —|.
(.) ( V90 \/90]
Forall x # Oin (a, b), the graph is positive. You can
verify this with a graphing utility.p

(b) Youare given limg(x) = L > 0.Let
NC
£ = %L. There exists & > 0 such that
0 < ’x - c] < ¢ implies that

|g(x) - L|< & = é.Thatis,

~§<g(x)aL<§
§< g(x) <32.L.

For x in the interval (¢ — &, ¢ + &), x # ¢, you

have g(x) > % > 0, as desired.

83. Answers will vary.

2 — oy
84. lim> —* 12 _
x4 x—4

7

n | 4+ o1 | sl4 o)

1|41 7.1

2 | 4.01 7.01

3 | 4.001 7.001
4 | 4.0001 7.0001

n | 4-[oa) | sla-[o1)

1139 6.9

2 1399 6.99

3 | 3.999 6.999
4 | 3.9999 6.9999

85. The radius OP has a length equal to the altitude z of the

h h
triangle plus —. So, z = | — —
giep 5 2

1 )2
Area triangle = —l—b(l - EJ
2 2

Area rectangle = bh

Because these are equal, %b(l - g) = bh

1——ﬁ=2h
2
2p=1
2
h=2.
5
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61

86. Consider a cross section of the cone, where EF is a diagonal of the inscribed cube. AD = 3,-BC = 2.Letx be the length of a

side of the cube. Then EF' = \\/E

By similar triangles, 4
BE_ 4G
BC AD
/2 3-x B ¢ \F
2 3
Solving for x, 3/2x = 6 - 2x K L
(V2 + 2 =6
6 92 - 6
= = ~ 0.96.
32 +2 7

Section 1.3 Evaluating Limits Analytically

1. 5

L
[

(a) }1_% h(x) =0

(b) \h—>n—11 h(x) =-5

2. 10

-7

—4

fx) = xcosx
(a) lim flx)=0
®) lim f(x) ~ 0524

X

10.

11

12.

13.

14.

15.

. lim (x2 + 3x) = (-3)

S(e) =]t - 4|
@ lim £(f) = 0
() lim f(1) = -5

Llimx? =23 =8

x—2

. lim x* = (-2)" =16

x—-2

. lim (2x - 1) = 2(0) - 1 = ~1

x—0

. lim (Bx +2) =3(-3)+2 =7

x—>-3

P13(-3)=9-9=0

x—-3

fim (—x? + 1) = (1) +1=0

x—1

lim (247 + 4x +1) = 2(-3)" + 4(-3) + 1

x—>-3

=18-12+1=7

lim (3x3 - 2% + 4) =3(0) —2() +4 =5

x—1

l_im}\/x+1 =3 +1=

lirrif/x +4=3f4+4=2
P

fim (x +3) = (4 +3) =1

x—-4
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. 3 3 : ) — 2) _ —
16 lim (25 - 1)' = [2(0) ~ 1] = 1 2. () lim f(x) = 2(4?) - 3(4) + 1 = 21
| (b) lim g(x) = /21+6 =3
17. lim — = = At
x-»2 x 2 .
© lim g(/(2) = (21) = 3
18. lim 2 = 2 = =2
oEx+2 342 27. lim sinx = sin = = 1
x—>/2 2
9 im—* - L1
=lxt 44 1P+4 5 28. limtanx = tanz = 0
Xoa
L 2x =3 21)-3 -1
20. 1 = = — 3
-\']ER x+5 1+5 6 29. Iimcos—{[“—\:coszzl
ol 3 3 2
3 37) 21
21. lim = =— =17 .
=1 x+ 2 JT+2 3 30. limsinﬂzsinﬁzo
2 2 2
L oNx+ 2 V242 2
22. lim — = =— =~ 31. lim sec2x = sec 0 = 1
=2 x -4 2 -4 -2 x50
23. (a) lim f(x)=5-1=4 32. lim cos3x = cos 37 = -1
x->1 X7
(b) lim g(x) = 4 = 64
"“H“‘ 33. lim sinx = sin sz _ 1
(©) 113} g( f(x)) = g( f(1)) = g(4) = 64 x—>5a/6 6
. : = o oL
24. (a) ,\-ll,n_lg f(x)=(3)+7=4 34. V“ngrllr/3 COS X = CO8 3 "2
. e
(b) ‘h‘r)r}[L g(x) =4 =16 . - ar
i (f(\)) _ g(4) P 35, llw)n% tan T = tanT = -1
() lim g{/(>
25. (2) lim f(x) =4 -1=3 36. lim sec(ﬂ] = seclfi = i\/z
x—1 x=7 6 6 3

(b) hn§ gx) =~/3+1=2
© tim £(7(2) = 203 - 2

37. (a) lim[Sg(x)] = 5 lim g(x) = 5(2) = 10
() lim[ f(x) + g(x)] = lim/(x) + limg(x) = 3 +2 =5
@ tim[ /(x)e(x)] = [ /()| [ 1me()| = (3)2) = 6
f(x)  Hmr(x) 3

X=¢ —

(@ HmZ ol = w2 s
wegly)  lime(x) 2

38. (@ lim[4f(x)] = 4 lim f(x) = 4[%) =6

© 1) + (5] = lim () + limes) = 3 +

© tnl 9] - [y ] - (2
M ~ lim £ () 2

x—¢

(d llgig(w B lim g(x) 2
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39.

40.

41.

43,

44,

@ tim /(] = [1ims(9] = (@) = o4
(b) lim, [F(x) = /leri flx) =4 =2
(©) lim[37(x)] = 3 limf(x) = 3(4) = 12

@ tim[ /()] = [hm f(x)T/z - (@ =8

X—¢ x—>c

@ 1m3/f(x) = 3/limf(x) = 427 =3
1' -
® timf @ - ) 6 2 3

xoe 18 lim 18 18 2

© [T = [ims@)] = @) =729

@ tin[ 7" = [tims )] - @) -9

X

2
f(x) = x — land g(x) = i agree except at
X
x =0
(a) _}_iir(l)g(x) = }gr(l)f(x) =0-1=-1

(b) }irr_llg(x) = 1in31f(x) =-1-1=-2

2 "
. f(x) = —x + 3and A(x) = ¥t 3x agree except at
x = 0.
(a) }Ln;h(x) = }L}néf(v) =2+3=1
=3

(v) 1in})l1(x) = lirr%)f(x) =-0+3

3

F(x) = x(x + 1) and g(x) = al

X —

agree except at

(a) Lirrllg(x) = I_im1 flx) =2

(®) limg(x) = lim /(x) = 0

and f(x) = 2x

x -1 xX° = x

g(x) =

x = 0.

agree except at

(a) lin} /(x) does not exist.
Rl

(b) 1}115 Vi (A) =-1

Section 1.3 Evaluating Limits Analytically 63

2

45. f(x) = al _11 and g(x) = x — 1 agree except at
¥+
x = -1
fm /) = Jimgl) = =2
3 =
;‘f
~3 4
/ﬁjﬁ
= 4
2
46. f(x) = 2 X3 g(x) = 2x — 3agree except
X+
at x = —1.
fim f(x) = Jimg(x) = =5
4
s
-8 rd 4
A
ry
¥ -
47. f(x) = 5 and g(x) = x* + 2x + 4 agree except
Y —
at x = 2.

I/ = imets) = 12
1".\ fl'

.3

48, flx) = 2]

and g(x) = x> — x + 1 agree except at

lim f1 (‘c) = an_llg(\) =3

x—>=1

49, lim = lim = lim L = -1
x=0x* — x .\'AOx(x — 1) x=0x — 1

50. lim 3x = lim 3x = lim 3 = 3
x=0x? 4+ 2x A‘ﬁox(x + 2) x=0x + 2 2
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64

51,

52.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Chapter 1 Limits and Their Properties

. ox—4 . x—4 . X H+x—6 (x +3)(x - 2)
1 = lim———— .
SN 16 SNt A - ) BT e TG )
= lim —l :ﬁm}'_2:__5:§
x4y + 4 8 x=»-3x — 3 -6 6
N S . 2 osxed (r-4)x-)
I _ _ __1 X X B
Snx? =0 a3y —3)(x+3) sxt3 6 54. _\1-1_>4x2_2x_8_11—13(y_4)(x+2)
A ) N
\ﬁ4(\‘+2) 6 2
. ~Nx+5-3 L ANX+5 -3 ~Jx+5+3
lim = lim .
4 x — 4 =4y — 4 Vx4 543
TN ) ek SRR -t 1
*‘**4(x~4)(\/x+5+3) iy ¥5+3 JJo+3 6
LN+ 1 =2 N+l -2 Nx+1 42 . x =3 . 1 1
lim = lim . = lim = lim = —
3 x -3 x—3 x -3 \/X+1+2 an(x_g)[\/x+1+2:| .\'43\/’\—+1+2 4

LN X+ _\/E
lim =

x—0

oNX A+ »\/g
lim

x—0 X

N P
Jx+5++/5
(x+5)-5 _ 1 1

lim————tf———ec =

N NN

X

2+ x -2 hm\/2+x—\/§ V2 x + 2

J5
lim = = —
‘_’0\/X + 5+ \/g 2\/5 10

V2
4

= lim (2x + Ax) = 2x
Ax—0

X%+ 2xAv + (Ax)’ — 2x — 2Ax + 1 - x% + 2x — |

li = .
\ll}j(l) X x>0 X \/2 + x + \/5
N i Sk S Y ! L
-""’0(\/2 +x+ ﬁ)x =02+ x +/2 22
1 1 (
34y 3 S B G : - . -1 1
1 =1 = | =1 =
0 x D3+ ap() =03+ )B)x) 0B +xB 9
11 4-(x+4)

lim\+4~2 = lim 4(x+4)
x>0 X x>0 X

= lim——~———_1 = L

T o04(x +4) 16
_2(x + Ax) - 2x . 2x + 2Ax - 2x
lim = lim
Av-0 Ax Ax—>0 Ax

= lim 2 = 2
Ax—0

2 2 N2 2 ;
im (x + Ax) —x Cim Et 2xAx + (Ax)” — x - lim Ax(2x + Ax)
Av—>0 Ax Av—>0 Ax Av—>0 Ax
A —2(x A1 (B 2 )
Amg Ax leat)

lim (2x + Ax — 2) = 2x —
Av—0

Ax
2
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64.

65.

66.

67. lim

68.

69.

70.

71.

77.

Section 1.3 Evaluating Limits Analytically

65

lim (x + Ax)3 - - lim ® + 3x%Ax + 3x(Ax)2 + (Ax)3 - x
Av—>0 Ax Ar—0 Ax
Ax{3 + 3xx + (av)) .
= lim = lim (3x2 + 3xAv + (Ax) ) = 3x?
Av=>0 Ax Ax—0
in x i 72. limgsecg = n(-1) = —x
lim SF il [ S10X 1 _ (1) 1 _ 1 ¢%ﬂ¢ ¢ ( )
y—=0 S5x x>0 X 5 5 5
" 0 ) 73. 1im/2°°ix = lim sin x =1
— ( o A X 2 Ry
fim U= 08 ) _ 1im[3(—-—c—°—s—f—ﬂ = (30 =0 o
x>0 X x>0 X
74. lim .1 — tan x ~ lim — cos X — smx2
. sin x(l — ¢os x) i sinx 1 - cosx x—z/4sin X — €OS X  ¥—7/4sin X COS X — COS” X
= lim .
x>0 x? x>0 x X i ~(sin x — cos x)
= lim
= (1)(0) = 0 x=af4cos x(sin x — cos x)
- — lim —
limcos & tan 8 _ limsm 7] -1 v r/Acos X
90 2 950 @ R
= lim (-sec x)
x4
e .
lim = m{sm % sin x} = ()sin0 = 0 = /2
x>0 x x—0 X
sin 3¢ sin 3¢
) o 75, lim _1( j() U
limtan X - Im sin 2,\ - lim{sm X smz,\ } (-0 f 10
x>0 x x>0x cos® x  x=0 x cos” x
= (1)(0) =0 26, lims%n 2x _ im sin 2x Y1) 3x
x—=08in 3x HO 3 A sin 3x
) (l—cosh)2 . [1=—cosh 2
fig 5 = il ) - 2(1)(5]() -2
- (0)0) - 0
Jx+2 -2
) =——"F—"-
X
x -0.1 —0.01 -0.001 0 | 0.001 0.01 0.1
f(x) | 0.358 0.354 0.354 ? 10354 0.353 0.349

It appears that the limit is 0.354.
2

“'b\—‘_——-——._
-3 3

-2

The graph hasahole at x = 0.

Sriaoi

X

Ji+2+2

lm\/XT_\/E~
Ji+2+2

x>0 X

Analytically, 1_irr(1)

Xx+2-2 . 1
= lim———

¥=0 (m+\/_)

= lim =
x4 2+ 72

1 ? = 0.354.

N
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4-x

78. f(x) = e

x 15.9 15.99 15.999 | 16 | 16.001 | 16.01 16.1

fx) | -0.1252 | -0.125 | -0.125 { ? | -0.125 | -0.125 | -0.1248

It appears that the limit is —0.125.
1

-1

The graph has a hole at x = 16.

. 4-~[x (4 - Vx) - 1
B T v N R v

-0.1 -0.01 -0.001 ; 0 | 0.001 0.01 0.1

=

f(x) | -0.263 | -0.251 | -0.250 | ? | -0.250 | -0.249 | -0.238

It appears that the limit is —0.250.

-

I

—

-2

The graph has a hole at x = 0.

1 1
T 2~ (242 —x _
Analytically, lm2+X 2 _ iy ( ) R lim——— - L hm———l———« = ——1—.
x>0 x x>0 2(2 + x) x -\'%02(2 + x) x -\'—>02(2 + x) 4
¥ =32
80. flx) =
I =——
X 1.9 1.99 1.999 | 1.9999 | 2.0 | 2.0001 | 2.001 | 201 |21

S | 7239 | 7920 | 79.92 | 79.99 ? 80.01 80.08 | 80.80 | 88.41

It appears that the limit is 80.
100

The graph has a hole at x = 2.

S _ x = 2)(x* +2x° + 4x* + 8x + 16
Analytically, lim> 32 lim( )( ) = lim(x4 +2x° + 4x% + 8x + 16) = 80.
2 x — 2 X2 x =2 32

(Hint: Use long division to factor x° — 32.)
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81 f(f) _'sin 3t
t —0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f@® | 296 | 2.9996 3 713 2.9996 | 2.96

It appears that the limit is 3.
a4

25 ey PN Y

I.v‘f‘../

-1

The graph hasa hole at # = 0.

. . sin 3t . sin 3¢
Analytically, }13(1) = ’113(1) 3( v j =3(1) = 3.
cosx —1
82. X)) = ———
f( ) 2x2
X -1 -0.1 -0.01 | 0.01 0.1 1

Sf(x) | -0.2298 | —0.2498 | —0.25 | -0.25 | —0.2498 | -0.2298

It appears that the limit is -0.25.
1

-1

The graph has a hole at x = 0.

. x - +1 2x -1
Analytically, cos \:2 1 _cosx _ czos x
2x cosx +1  2x*(cos x + 1)
—sin’x

2x%(cos x + 1)
sin® x ‘ -1

x> 2fcosx +1)

.2 B _
lim| ¥ % ! = 1[—1j Lo g5
=0l x 2(cos x + 1) 4 4
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83.

84.

85.

86.

87.

Chapter 1 Limits and Their Properties

sin x?
X =
=2
x 0.1 -0.01 | -0.001 | 0 { 0.001 | 0.01 | 0.1
fx) | -0.099998 | —0.01 | -0.001 | ? | 0.001 | 0.01 | 0.099998
It appears that the limit is 0.
1
o |SA |'llﬂu L et
Lo IU]l.lw .
1
The graph has ahole at x = 0.
P P
Analytically, lim>™— = lim x[sm a ) = 0(1) = 0
=0 x x>0 X
sin x
2) =
X -0.1 —0.01 -0.001 | 0 | 0.001 | 0.01 0.1
f&x) | 0215 | 0.0464 | 0.01 ? ] 0.01 0.0464 | 0.215

It appears that the limit is 0.

The graph has a holeat x = 0.

sin x

. . . sin x
Analytically, }11)1}) e ‘h_r)% 352 (TJ = (0)(1) = 0.
limf(x+Ax)_f(x) _ lim3(x+m)—2—(3x—2) o X0 -2-3x+2 L 3Av
Ax—>0 Ax Av—>0 Ax Av—>0 Ax Ax—0 Ax
1imf(x+Ax)~f(x) B Hm\/x+m-\/; B im\/x+Ax_\/;~ ¥+ Ax + Jx
Ar-30 Ax T A0 Ax Av—>0 Ax r o+ A+ x
. X+ Ar—x . 1 1
= lim = lim =
A“-")A\'(\/x + Ax + \/;) ao0/x + Ar +/x 2/x
1
lilnf(x+A\‘)_f(x):limX+A‘€+3 x+3
Av—0 Ax Ax—>0 Ax
_ ox+3-(x+AMx+3) 1
= lim - —
a0 (x + Ax + 3)(x +3)  Ax
= lim ]
A\'—>0(x + Ax + 3)(x + 3)Av
= lim - S
S oas0(x + Ax +3)(x +3) (x4 3)
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89.

90.

91.

92.

93.

94.

Section 1.3  Evaluating Limits Analytically 69

; f(x+Ax)—f(x) : (x+Av)2—4(x+A\‘)—(x2—4x) . X2 4 2xAx + AY? — 4x — 4Ax — x% + dx
Im——%—>7 = lim = lim
Ax—0 Ax Av—0 Ax Av—0 Ax
AL lim (2x + Ax — 4) = 2x - 4
Ar—0 Ax Av—0
}%(4 B xz) < '}’gr(l)f(x) < }%(4 * \2) 95. f(x) =x sin%
4£}1_r)r(1)f(x)<4 05 ]
| S 7
herefore, lim /(x) = 4. DR 7
Therefore, lim (=) N \'\ b 5‘ / N
lim[b —|x — af] < limf(x) < lim[b +|x ~ al] 1™
b < Iimf(x) <b
xX—a i ) 1
Therefore, lim f(x) = b. PB}) +sm TJ =0
f(x) = xcosx 96. h(x) = xcos !
x

4

0.5
/\\ / s ]
3z e -

e

2 /\7* \\\7 05 )ﬁy N 05

lg

A

4 L~ -

lim(x cos x) = 0 -

X0
. lim(x cos lj =0
f(x) :’xsmx[ Y0 P
- 97. You say that two functions f'and g agree at all but one
y point (on an open interval) if f(x) = g(x) for all x in
N H‘g;f\k . . the interval except for x = ¢, where c is in the interval.

2
98. f(x) = al 11 and g(x) = x + 1 agree at all points

-2

lim|x sin x| = 0
,\‘~>0| ] except x = 1.

I (‘c) = |x’sin x 99. An indeterminant form is obtained when evaluating a
. limit using direct substitution produces a meaningless
e : fractional expression such as 0/0. That is,
AN e
.
v e g(x)
-6 for which lim f(x) = limg(x) = 0
X—=cC X—=>c

1im|x{sinx =0

=0 100. If a function fis squeezed between two functions / and

1) =1 g h(x) < f(x) < g(x), and & and g have the same limit
x) =|x|cos x

\Q\ 4,."
- T

Las x — c,then lim f(x) exists and equals L.
X—c

1im|x|cosx =0
x—>0
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i _ 2
101, £(x) = v g(x) = sin x, h(x) = sin x 103. s(r) = 16> + 500
X
2
2) — s(t —16(2)" + 500 — {~16£* + 500
7 (=2 D — ¢ 12 2 ¢
& ni L
I 5 436 + 161> — 500
B = lim————————
;;? - -2 2 -t
— ; 16(1* - 4)
When the x-values are "close to" 0 the magnitude of fis =5 2 —t
approximately equal to the magnitude of g. So, 16(r _ 2)(, i 2)
|g|/] /]~ 1whenxis "close to" 0. = Ilg%—z‘_r—
- = lim —16(¢ + 2) = —64 ft/sec
. sin” x 12
102. f(x) = x, g(x) = sin® x, h(x) = —— ) _
X The wrench is falling at about 64 feet/second.
2
v
8 xﬁ\u
—3 |== = 3
I-x’""-—:f/
o
A
-2
When the x-values are "close to" 0 the magnitude of g is
"smaller" than the magnitude of fand the magnitude of g
is approaching zero "faster" than the magnitude of /. So,
\gl/[f' ~ 0 when x is "close to" 0.
104. s(r) = —16/> + 500 = Owhen ¢ =, ’51.;60 = 5\2/3 sec. The velocity at time a = 5\15 is
2

)

. 0- (—16t2 + 500)

m —~ 2
H(zﬁ] 55 _ H[ﬁj 55 _,
: 2 2 2
16(72 - lisj
= lim N4
H[s_fz] 545
) T, T t
WOV PV
i 2 2
= im
H(zﬁ] 55
2 = !
= lim |-16/f + ﬁ = —80-/5 ft/sec
etE 2
2
~ —178.9 fi/sec.

The velocity of the wrench when it hits the ground is about 178.9 ft/sec.
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105.

1906.

107.

108.

109.

110.

s(t) = —4.9¢ + 200

5(3) = s(7)

—4.9(3)" +200 — (4.9 + 200)

lim = lim
=3 3 _¢ -3 3¢
49(r* — 9
= lim—(——)
3 3~
_ lim4.9(t - 3)(r + 3)
1->3 3 —¢
= lim[-4.9(1 + 3)]
= —29.4 m/sec

The object is falling about 29.4 m/sec.

—4.91* + 200 = 0 when ¢ = 200 = 20/ sec. The velocity at time a =

4.9 7
@ = s _ 0~ [—4.9¢% + 200]
i—>a a —t I—a a—1
_ lim4.9(r +a)t - a)
t—a a—1t

]

t_)zo;/?

Q

lim {4.9[1 + gﬂ = 285 m/sec

-62.6 m/sec.

Section 1.3 Evaluating Limits dnalytically 71

15

20:/5 .
7

The velocity of the object when it hits the ground is about 62.6 m/sec.

Let f(x) = 1/x and g(x) = -1/x. li_r}x})f(x) and
1in(1) g(x) do not exist. However,

lim[ £(x) + g(x)] = lim{l + [iﬂ = lim[0] = 0

x>0 x X x>0

and therefore does not exist.
Suppose, on the contrary, that lim g(x) exists. Then,
x—c
b i ist Id L x) + gl
ecause xlﬁmcf(x) exists, so wou xlﬂrrz[f(r) g(v)},

which is a contradiction. So, lim g(x) does not exist.
X—c

Given 1 (x) = b, show that for every £ > 0 there exists
a & > Osuch that | fx) - bl < & whenever
|x - ¢| < 8. Because ’f(x) - b| =|b-b|=0< &for

every £ > 0, any value of § > 0will work.

Given f (\) = x", n is a positive integer, then
limx" = lim(xx”’l)
X—oc X=>C

- [nmx] [limx”‘]] - c[l_im(xxnfz)}
o[ tim] [lim " | = efe)lim( )

xX—>e xX—=c X—=c

Il

o=

111 If b = 0, the property is true because both sides are
equalto 0. If b = 0, let & > 0 be given. Because
lim f(x) = L,there exists § > 0such that

X=>c

flx) - L‘ < &/|b| whenever 0 <|x — c|< 8.8,
whenever 0 < |x - c[ < &, we have

|8]| £(x) - L! <& or ’bf(x) - bL' <&

which implies that lim|&f(x)] = bL.

112. Given lim f(x) = 0:

X—o¢

For every & > 0, there exists § > 0 such that

If(x) - 0| < & whenever 0 < |x - ¢| < .
Now]f(x) - 0| :|f(x)| :”f(x)|— 0! < ¢ for
f(x)|= 0.

[x - c| < 8. Therefore, lim
Rerd

c

113. —Mf(v)| < f(x)g(x) < Mf(t)’

Therefore, Pgi F(x)g(x) = 0.
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72 Chapter 1 Limits and Their Properties

114. (2)  Iflim| f(x)| = 0, then hm[ |F()]] = o 122. False. Let
e » f(x) = Ix? and g(x) = x*.
)= £ =] 1) N
Then f(x) < g(x)forall x # 0.But

hm[ If ] hmf( < lim‘f(x)l
x->e lim f(x) = limg(x) = 0.
0< 11n/( ) <0 x—0 x>0
Therefore, limf(x) = 0. 123. 1im1 AL lim1 —cosx 1+ cosx
e x>0 X ¥=0 X 1+ cosx
(b) Given lim f(x) = L: . 1-cos’x . sin’x
x=c = lim = lim

. x-0x(1 + cos x x-0x(1 + cosx
For every & > 0, there exists 6§ > 0 such that w=0x( ) xox( x)

sin x sin x

|f(x)—L|< ¢ whenever 0 <|x - c| < &.Since = lim Pl a——
Hf(x)l—lLHS[f(x)— sin x
|x - cl < 6, then l_iml‘f(x)\ = |L| {‘*0 X ][‘*01 + cos \}

= ((0) =

L\ < g for

115. Let
if x 0, ifx isrational
f(x): 4, ifx =20 124, f(x):{ s o
-4, ifx <0 1, ifx isirrational
; _ 0, ifx isrational
Pgﬂf I 313})4 * g(,x) - {\‘ if x is irrational

hm f () does not exist because for

hmf( ) does not exist.

x <0, f(\) = —4andfor x 2 0, f(\) =

No matter how "close to" 0 x is, there are still an infinite

L S

number of rational and irrational numbers so that
hm f () does not exist.

116. lim f(\) = lim f(x) = limf(x) =3
x—27 x—2" Y2

The value of fat x = 2 is irrelevant.

117. The limit does not exist

st =

when x is "close to" 0, both parts of the function are

because the function "close to" 0.
approaches 1 from the right 3 seo v - 1
side of 0 and approaches 125. f(x) = —5—
—1 from the left side of 0. x

118, False, lim> =9 _ 9
X7 X T

119. True.

120. False. Let

Then 11311f(v) =1but f(1) =1

(a) The domain of fisall x # 0, 7/2 + nz.

(b

3n

I
!

ol

5

T
)

L]

[ e
I

1

1

1

The domain is not obvious. The hole at x = 0 is not

apparent.

© lms -3

! . : 2
121. False. The limit does not 4 (@ 2 ~1_secx-1 secxtl  secx-1
exist because f(x) x? X secx +1  x*(secx+1)
approaches 3 from the left _ tan’x 1 (sin’x) 1
side of 2 and approaches 0 ~° x*(sec x +1) coszxk x2 )sec x+1
from the right side of 2.
-2 So. lim €S -1 lim (sin \\ 1
P 0 xl xocos?xl  x? Jsec x+1

Il
—
=
-
S’
TN
N | —
~
i
2 |
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Section 1.4 Continuity and One-Sided Limits

- COS X . 1+ cosx
5 = lim
X x>0 X

1-cosx
. .

126. (a) lim1
x=0 1+ cos x

.1 -cos’x
lim——————
—0x*(1 + cos x)

B sin®x . 1
x>0 x2 14 cosx
1 1
= 1 — | = —
of3)-1
(b) From part (a),
1 - cosx ~ l31—c03‘c ~ —x? = cosx ~ 1 — =xforx

(© cos(0.1) = 1~ %(0.1)2 = 0.995
(d) cos(O.l) ~ 0.9950, which agrees with part (c).
127. The graphing utility was set in degree mode, instead of radian mode.

Section 1.4 Continuity and One-Sided Limits

73

0.

1 (2 lim f(x) =3 5. (a) lim f(x) = -3
x4t x—27F
(b) lim f(x) =3 (b) lim f(x) =3
x—>4" x—>27
() lin} f(x) =3 () lirr; f(x) does not exist
X X—>
The function is continuous at x = 4 and is continuous The function is NOT continuous at x = 2.
on (—o0, o).
6. (a) lim f (\) =0
{ xo-1
2. (a im f(x) = -2
® .\'~a~2+f( ) (®) lim f(\) =2
x—>-1"
b) lim f(x) = -2
®) x—»-z‘f( ) ©) lim1 f(x) does not exist.
X——
© xlin_lzf (Y) =2 The function is NOT continuous at x = ~1.
The function is continuous at x = —2.
. 1 1 1
7. lim = = —
3, (a) lim f(x) =0 r>8tx + 8 8+ 8 16
r—o3F
3 3 3
b) Iim f(x) =0 8. lim - - = —
( ) .\‘~>3_f( ) =5 X+ 5 5+5 10
(©) limf(x) =0 _x=5 1 1
9. lim 5 = =
The function is NOT continuous at x = 3. xostx” =25 sastx+ 50 10
4. (@) lim f(x) =3 0. lm 2% = fim-—_ -1
vo>-3* x—2t x2 - yo2t X+ 2 4
(b) lim f (‘c) =3
x—=-3" . X .
11. lim —==— does not exist because
(¢) lim f(x) =3 ¥>-3/x* - 9
x—>-3
The function is NOT continuous at x = —3 because - decreases without bound as x — -3,

f(3)=4= }in}sf(x).

x2 -9
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12.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Chapter 1 Limits and Their Properties

Jx -3 Vr =3 Jx+3

lim = lim 13.
9" X —9 9 X =9 \/'l—‘ + 3
—fim—2
597 (x — 9)(\/§ + 3) 14.
- fm—— =1
=~ x +3 6
1 —_ —
hmmﬂ_«\:nmx_ﬁ(jw_mﬁ)._l_:nmi
Av—s0” Ax ao0m X(x + AX) A a0 x(x + Ax) Ax

= lim -1

avm0 x(x + Ax)

-1

x(x + 0) x

(x + At)Z +(x + Ax) - (xz + x)

||

fim = gim =X = 1
x>0 X =07 X
x ~ 10 X —
limlx |: Iim————\ 10:1

10t x — 10 xostotx — 10

1

mx2+2x(Av)+(Ax)2+x+Av—x2—x

lim =
Av—o0t Ax Ax— 0t Ax
2
- m 2x(Ax) + (Ax)” + Ax
Av—0F A)C
= lim (2x + Ax + 1)
Ax—0"
=2x+0+1=2x+1
. . x+2 5 24. Lim (2x - [x]) = 2(2) - 2 =2
1 x) = 1 == / 4
Jim fx) = lim ===y

lim f(x) = lim(-x* +4x-2) =2 25.
x—>2+f( ) .\-—->2+( )
lim f(x) = lim (x? - 4x + 6) = 2
=27 x—27
. N =9
/)
lim f(x) = lim(x +1) = 2
xo 1t —=1*
lim f(x) = lim (¥ +1) = 2 26.
x—=>17 x>
li x)=2
lim /(%)
27.
lim f(x) = lim(1-x) =0
x—It x=1F
lim cot x does not exist because
X
lim cot x and lim cot x do not exist.
xoat x> 28'
lim sec x does not exist because
x—>xf2
lim secxand lim sec x do not exist.
x—(zf2)" x—(r/2)”
29.

lim (S[x] - 7) = 5(3) -7 =8

x4

([x] = 3for3 < x < 4)

lim(2 - I[—xll) does not exist because

x—3

lim (2 - [-x]) = 2 - (-3) = 5

x>3"

and

lim (2 - [-x]) = 2 - (-4) = 6.

x—3"

. x

115}[1 - H_E}D =1-(-)=2

f(x) = x2 _ 4

has discontinuities at x = -2 and x = 2 because

f(=2) and f(2) are not defined.

x* -1
X) =
f( ) x+1
has a discontinuity at x = —1because f(~1)is not

defined.

f(x):[[—;]]+x

has discontinuities at each integer & because
lim f(x) # lim f(x).
Xk~ xokt
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

X, x <1

f(x) =42,
2x -1,

x = lbecause f(1) =2 = lin}f(x) =1.

x = 1 has a discontinuity at

x >1

g(x) = V49 — x? is continuous on [-7,7)

F(f) = 3 =~/9 — £ is continuous on [-3,3]

lim f(x) = 3 = lim f(x).fis continuous on [-1, 4]
x>0 x>0

g(2) is not defined. g is continuous on [-1, 2).

6 . .
f(x) = = has a nonremovable discontinuity at x = 0.
X

f(x) = — has a nonremovable discontinuity at

x =2

J{(x) = x* - 9 s continuous for all real x.

f(x) = x* = 2x + 1is continuous for all real x.

f(x) = L ! has nonremovable

42 2-x)2+)
discontinuities at x = £2 because lim f(x)and
X2

lim f(x) do not exist.
x=>-2

is continuous for all real x.

1
f(x): 2+1

X

f (x) = 3x — cos x is continuous for all real x.

X .
f(x) = cos—~is continuous for all real x.
x .
f (x) == 1s not continuous at x = 0, 1. Because
X% —x
X 1 .
5 = for x # 0, x = 0is aremovable
x-x x-1

discontinuity, whereas x = 1is a nonremovable
discontinuity.

f(x) = 2x

0 has nonremovable discontinuities at
¥

x = land x = -1 because limI S(x)and lim1 f(x)do
x> x——

not exist.

x . .
! 1s continuous for all real x.

Section 1.4 Continuity and One-Sided Limits "5

46.

47.

48.

49.

50.

51.

X -6
X =
f( ) x2 _ 36
has a nonremovable discontinuity at x = —6 because

lim6 S () does not exist, and has a removable
.

discontinuity at x = 6 because

1 1
lim =1 = —,
.v—»éf(x) x—rf%x + 6 12

x+2

ﬂ”:@+n@-9

has a nonremovable discontinuity at x = 5because
lirrg S (x) does not exist, and has a removable
X—>

discontinuity at x = —2 because
. . 1
\li)n—lff(x) h .\'lln}z x -5 - —7
x -1
X) = —
/) = ey
has a nonremovable discontinuity at x = -2 because

lim f(x) does not exist, and has a removable
x—=>-2

discontinuity at x = 1 because

1 1
limf(x) = lim = —
x—)lf( ) xolx + 2 3
‘x + 7]
X)) =—"
f( ) x+7
has a nonremovable discontinuity at x = —7 because

lim_f(x) does not exist.
x—>-7

fx) = [x - :l has a nonremovable discontinuity at

x = 8because lin}; f() does not exist.
X

X, x<1

/() = {xz, x> 1

has a possible discontinuity at x = 1.

1. 7 (1) =1
lim f(x) = limx =1

2. x>0 x> li =1
lim f£(x) = lima? = 1[+5 ()
xoTt x>

3. /(1) = limf(x)

S is continuous at x = 1, therefore, fis continuous for all
real x.
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76 Chapter 1 Limits and Their Properties

2x+3, x<1

52. f(x) = {YZ

s

x 21

has a possible discontinuity at x = 1.

L. f)=1r=1
lim f(x) = lim (-2x + 3) =1

2. =17 x> 1 A =1
lim f (\) = limx* =1 »\_l—rﬁr}f(),)
1t o1t

3. 0= £13 f(x)

£ is continuous at x = 1, therefore, fis continuous for all

real x.

2

+
=
S
IN

X
53. f(x) =12
3-x, x>2

has a possible discontinuity at x = 2.

1. ﬂ@:%+1:z

lim f(x) = lim [i + 1) =2
9, =27 a2\ 2 lim f{(x) does not exist.

lim f(x) = im(3-x) =1 """
y—2t x->2%
Therefore, fhas a nontemovable discontinuity at x = 2.

-2x, x <2

54. f(x) = {

x—4x+1, x>2
has a possible discontinuity at x = 2.
1. f(2)=-2(2)=4

lim f(x) = lim (-2x) = —4
x—27 ¥—27

2. lim f(x) does not exist.

lim f(x) = lim (x* = 4x + 1) = =3|*>?
y—2t x>

2+

Therefore, fhas a nonremovable discontinuity at x = 2.

tan’2, |x| <1
4

55. f(\) =
X, \\‘ > 1
tan@;, -l<x<1
= 4
X, x < -lorx 21
has pessible discontinuities at x = -1, x =1.
1. f(~1) = -1 f(l) =1
2. 1irr‘1‘f(x) =-1 l_imlf(x) =1
3 /(1) = lim /() £0) = lim7(x)

fis continuous at x = *l, therefore, is continuous for all real x.
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—, -3/<2
56, f(x): CcsC X [
2, |x—3]>2
cscﬂ, 1<x<5
= 6
2, x<lorx >S5

has possible discontinuities at x = 1, x = 5.

L f)= e =2

c f(5) = cscs?” =2

2. limf(x) = 2

X1

3 /0) = tm /()

lim f(x) = 2

x—=5

f(5) = lim f(x)

fis continuous at x = land x = 5, therefore, fis continuous for all real x.

57. f(x) = csc 2x has nonremovable discontinuities at 63. f(1) =3
integer multiples of 7/2. Find a so that lim (ax - 4) = 3
x—>1"
58. f(x) = tan% has nonremovable discontinuities at each a(l) -4 =3
a="17.
2k + 1, k is an integer.
64. (1) =3
59. f(x) = [x — 8] has nonremovable discontinuities at
. Find a so that lim (ax + 5) = 3
each integer k. st
60. f(x) = 5 — [x] has nonremovable discontinuities at al) +5 =3
. a = -2.
each integer k.
61. lim /(x) = 0 65. /(2) =8
x—0
. . 2 _ 8 _
lim f(x) -0 Find a so that xll)rgax =8=a= 2 2.
x>0
fis not continuous at x = ~2. 66. lim g(x) = lim 4sinx _ 4
50 x—0" ¥—=>0" X

\ / lim g(x) = lim (a - 2x) = a
x>0t x>0F

Let a = 4.

62. lim f(x) =0

x—0"
lim f(x) = 0
x—07
fis not continuous at x = —4.
20
Y {
% /
-8 T 8
d
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67. Find a and b such that lim (ax + b) = —a + b = 2and lim (ax + b) = 30 + b = 2.

yo =1t x=37
a—b=-2
(+)3a + b= -2 2, x < -1
4a = -4 f(x): —-x+1, -l<x<3
a= -1 -2, x=>3
b= 2+(-1)=1
2 2 2
. X - x*=3x, x> 4
68. limg(x) = lim i 75. o(x) = 1" ’
o e x - €)= 1, 5, x<4
= lim(x + a) = 2a . . -
x—>a There is a nonremovable discontinuity at x = 4.
Findasuch 2a = 8 = a = 4. 10 ‘
/
09, f(a(x) = (x 1) d
Continuous for all real x. -2 — 4 8
1 &
70. f(g(x)) = ——
x -1 cosx — 1 0
Nonremovable discontinuity at x = 1. Continuous for 76. f(x) = PR
all x > 1. 5x, x20
M Ae() = e = A
. 4 — ‘2 _ - ,_2 _ °
(,\ + 5) 6 x -1 lim flx) = fim M =0
Nonremovable discontinuities at x = 1 '\AT}O .\-?o !
lim f(x) = hm+(5x) =0
x-0F x>0

72. f(g(\)) = sin x*

Therefore, lim f(x) = 0 = £(0)and fis continuous on
Continuous for all real x 0

the entire real line.

73,y = [x] - x (x = 0 was the only possible discontinuity.)
Nonremovable discontinuity at each integer : ‘{1
0.5 {
-7 - 2
_3 o < 3
's
SN |
o 77 -
. f(x) =
1 f( ) M +x+2
4. h(x) = ——————
7. h(x) (x +)(x - 2) Continuous on (o0, o)
Nonremovable discontinuities at x = —land x = 2.
) ! 78. f(\) =xJx +3
/,’l lll Continuous on [-3, )
-3 [m== a4
I'Il‘ | 79. f(x) = sec%

Continuous on:

cou (=6, =2),(~2, 2),(2, 6), (6, 10), ...

80. f(x) = 2~

Continuous on (0, «)
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82.

83.

84.

85.

86.

Section 1.4 Continuity and One-Sided Limits

The graph appears to be continuous on the interval
[4, 4]. Because f(0) is not defined, you know that fhas

a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

88.
x> -8
f(x) Cox-2
14
7
\ /
R
-4 4

The graph appears to be continuous on the interval
|4, 4] Because f(2) is not defined, you know that f

89.

has a discontinuity at x = 2. This discontinuity is
removable so it does not show up on the graph.

f (v) = %x“
[1,2] F(1) = %and f(2) = -3 By the Intermediate

— x> + 4is continuous on the interval

Value Theorem, there exists a number ¢ in [1, 2] such
that f(c) = 0.
f(x) = x> + 5x — 3is continuous on the interval [0, 1].

f(0) = -3 and f(1) = 3. By the Intermediate Value

90.

Theorem, there exists a number ¢ in [0, 1] such that
fle) = 0.
f(x) = x* =2 — cos xis continuous on [0, 7].

70) =

Intermediate Value Theorem, f(c) = 0for at least one

—3and f(7) = #* =1 = 887 > 0.By the

value of ¢ between 0 and .

5 . . .
-+ tan[?) is continuous on the interval [1, 4].
x

J(x) =
z
F) =5+ tan(ﬁj ~ —4.7 and

f(4) = —% + tan(z?”] ~ 1.8. By the Intermediate

Value Theorem, there exists a number ¢ in [1, 4] such

that f(c) = 0.

87.

79

f(x)zx3 +x -1
f(x)is continuous on [0, 1].
f(0) = ~1and f(1) =1

By the Intermediate Value Theorem, f{c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you find that
x = 0.68. Using the root feature, you find that
0.6823.

14

X

Q

f(x):x3 +5x -3
f(x)is continuous on [0, 1].
F(0) = -3and f(1) =3

By the Intermediate Value Theorem, f (c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.56. Using the root feature, you find that
x = 0.5641.

g(r) = 2cost — 3¢
g is continuous on [0, 1.
g(0) =2 > 0and g(1) » -1.9 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(), you find that

Zl

0.56. Using the root feature, you find that
t = 0.5636.

11(6) =1+68—-3tand
h is continuous on [0, 1].
h(O) =1> 0and h(l) ~ —2.67 < 0.

By the Intermediate Value Theorem, A(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of /7(9), you find that

6 ~ 0.45.Using the root feature, you find that
6 =~ 0.4503.
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91. f(x) =x>+x -1
fis continuous on [0, 5].
f(0) = —land f(5) = 29
-1 <11 <29
The Intermediate Value Theorem applies.
¥ rx-1=11
¥ 4+x-12=0
(x+4x-3)=0

x=-4dorx =3
¢ = 3(x = —4 is not in the interval.)
So, f(3) = 11.

92. f(x)=x>—-6x+38
fis continuous on [0, 3].
/(0) = 8and f(3) = -1
-1<0<38
The Intermediate Value Theorem applies.
¥ -6x+8=0
(x - 2)(x - 4) 0

x=2o0rx =4

¢ = 2 (x = 4isnot in the interval.)
So, £(2) = .

93. f(x):x3—x2+x—2
fis continuous on [0, 3].
f(0) = =2 and f(3) =19
-2 <4 <19
The Intermediate Value Theorem applies.

¥-xr+x-2=4

¥ -x+x-6=0

(x—2)(x2+x+3): 0
x=2

(xz + x + 3 has no real solution.)
c =2

So, f(2) = 4

94,

95.

96.

97.

x4+ x

105 =

x -1
. . 5
fis continuous on E, 4 |. The nonremovable

discontinuity, x = 1, lies outside the interval.
5 35 20
—| = —and f(4) = —

13) = Smir =5

33 <6< 20

The Intermediate Value Theorem applies.

2
X"+ X
=6

x—1
2+x=6x-6
%2 -5x+6=0
(x—2)(x—3):O
x=2o0rx =3

¢ =3 (x = 2isnot in the interval.)
So, f(3) = 6.

(a) The limit does not exist at x = c.

(b) The function is not defined at x = ¢.

(¢) The limit exists at x = ¢, but it is not equal to the
value of the function at x = c.

(d) The limit does not exist atx = c.

Answers will vary. Sample answer:

The function is not continuous at x = 3 because
lim f(v) =1=20= lim f(‘c)
x—3* x—3"

If fand g are continuous for all real x, then sois f + g
(Theorem 1.11, part 2). However, f/g might not be

continuous if g(x) = 0.For example, let f(x) = xand

g(x) = x* — 1. Then fand g are continuous for all real

x, but f/g is not continuous at x = 1.
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98. A discontinuity at ¢ is removable if the function f'can be

99.

100.

101.

102.

103.

made continuous at ¢ by appropriately defining (or
redefining) f(c). Otherwise, the discontinuity is

nonremovable.
| -4
a x) = et
@ f() =2
sin(x + 4)
b x) =
®) f( ) x+4
I, x>24
()f() 0, 4<x<4
[ x) =
1, x=-4
0, x <-4
x = 4 is nonremovable, x = —4 is removable
y
4l
3l
2l
-] 1 G
T
w
-2
True

1. f(c) = L is defined.
2. limf(x) = L exists.
x=>c
5. /(0) = lim /()
All of the conditions for continuity are met.

True. If f(x) = g(x), x # c,then
lim f(x) = limg(:x) (if they exist) and at least one of
X—c X—=cC

these limits then does not equal the corresponding
function value at x = c.

False. A rational function can be written as
P(x)/O(x) where P and Q are polynomials of degree m

and n, respectively. It can have, at most,
discontinuities.

False. f(1) is not defined and Iirr% /() does not exist.
X—=>

lim /(r) ~ 28

>4~
lim f(r) = 56
t—4%
At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 oz. At the beginning of day 4,

more chlorine was added, and the amount is now about
56 oz.
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104. The functions agree for integer values of x:

105.

106.

g(x) :3—[[—x]]=3—(—x):3+x
for x an integer
f(x) :3+1[x]]:3+x
However, for non-integer values of x, the functions differ
by 1.
f(‘c) =3+ [[;\]] = g(x) -1=2 —II—x]].
For example,
fE)=3+0=3¢%)=3-(-1)=4

0.40,
C(f) = 10.40 + 0.05[r — 9]}
0.40 + 0.05(r — 10),

0<t<10
t > 10, f not an integer

t > 10, t an integer

0.7
0.6
0.5+
0.4 Pty
0.3+
0.2+
01+

o
(o]
[0
[es )
o

There is a nonremovable discontinuity at each integer
greater than or equal to 10.

Note: You could also express C as

0.40, 0<t<10
1040 - 0.05[10 - ¢], ¢ > 10

25(2{[ﬂ - rj
2
1

t 0 181 2 3

_
~

~—
Il

38

N(t) |50]25| 5 |50]25| 5

Discontinuous at every positive even integer. The
company replenishes its inventory every two months.

N

Number of units
oW & W
< =] E=1 i=1

>

2 4 6 8 10 12
Time (in months)
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107. Let s(r) be the position function for the run up to the -1, ifx<0
campsite. s(0) = 0 (t = 0 corresponds to 8:00 A.M., 112. sgn(x) = 40, if x =
5(20) = k (distance to campsite)). Let r(r) be the L ifx>0
position function for the run back down the mountain: (a) lim sgn(x) = -1
1(0) = k, r(10) = 0.Let f(r) = s(t} - r(t). x>0
When ¢ = 0 (8:00 AM.), (b) lim sgn(x) =1
/(0) = 5(0) = r(0) = 0~ k < 0. (©) }_i})r})sgn(x) does not exist.

When ¢ = 10(8:00 A.), £(10) = 5(10) = #(10) > 0.
Because f(0) < Oand f(10) > 0, then there must be a
value ¢ in the interval [0, 10] such that f{r) = 0.1f
£(t) = 0,then s(r) - r(t) = 0, which gives us

- N oW e
B et
t

s(f) = r(7). Therefore, at some time 7, where

0 < t < 10, the position functions for the run up and the

run down are equal.
4 113. (a) ¢
108. Let V = gmﬁ be the volume of a sphere with radius .

V is continuous on [5, 8] 7(5) ~ 523.6 and 0

5007
3

204+
= 20487 ~ 2144.7.Because

7(8)

PR
1

523.6 < 1500 < 2144.7, the Intermediate Value A AR
Theorem guarantees that there is at least one value r
between 5 and 8 such that ¥(r) = 1500. (In fact,

(b) There appears to be a limiting speed and a possible
cause is air resistance.

o~ 7.1012)
0, 0<x<b

109. Suppose there exists x; in [a, b]such that 114. (@) f(¥) = {b, b<x<2b

f(x)) > Oand there exists x,in [a, b]such that y

f(x,) < 0.Then by the Intermediate Value Theorem, wl

f(x) must equal zero for some value of x in

[x1, %] (or [x;, % ]if x, < xl). So, fwould have a zero in b O

[, b], which is a contradiction. Therefore, f (x) > Ofor ) ‘ A

allxin [a, blor f(x) < 0 forallxin [a,B]. v a

110. Let ¢ be any real number. Then lim f(x) does not exist
X

. e 0<x<b
because there are both rational and irrational numbers

arbitrarily close to ¢. Therefore, fis not continuous at c.

() g(x) =
. b < x<2b
111 If x = 0,then f(0) = 0 and }13})/‘@) = 0.So0, fis .
continuous at x = 0. Wl
If x # 0, then [ILH% f(¢) = 0 for x rational, whereas
llgr} ) = }Lr%/d = kx # 0 for x irrational. So, fis not by

continuous for all x # 0.

Continuous on [0, 2b].
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¥, x<c¢

115. f(x) = {1 -

Jis continuous for x < cand for x > ¢. At x = ¢, you

X, X>c

need 1 - ¢ = ¢ Solving ¢?

1144 —1£4/5

2 2

+ ¢ — 1, you obtain

\/X+C2—C
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116. Let y be a real number. If y = 0,then x = 0.If
y > 0,thenlet 0 < x, < 7/2 such that

M =tanx;, >y (this is possible since the tangent
function increases without bound on [0, 77/2)). By the
Intermediate Value Theorem, f(x) = tan xis
continuous on [0, xo] and 0 < y < M, which implies

that there exists x between 0 and x; such that
tan x = y. The argument is similar if y < 0.

117. f(x): ,¢ >0
x
Domain: x + ¢2 20:>xzmczandx;t(),[—cz,O)u(O,oo)
. Nx+cd—¢ CNx+ - Nx+ +o . (x+cz)_cz . 1 1
lim = lim . = lim = lim =
=0 X x—0 X \/X+Cz +e

Define f(0) = 1/(2c) to make fcontinuous at x = 0.

118. 1. f(c)is defined.

2. limf(x) = Alimof(c + Ax) = f(c)exists.

x—c

[Let x = ¢ + Av. As x — ¢, Ax — 0]

3. 1imf(x) = f(c)

X—>¢

Therefore, fis continuous at x = c.

119, h(x) = xﬂxﬂ

15

Mo
~ | 2

-3 B,

-3
h has nonremovable discontinuities at
x = 1, £2,+43,....

120. (a) Define f(x) = f,(x) — fi(x). Because f; and
/> are continuous on [a, 5], so is f.
f(a) = fz(a) - ﬁ(a) > 0 and
J(8) = £(b) = /() < 0

By the Intermediate Value Theorem, there exists ¢ in
[a, b] such that f(c) = 0.

7(e) = £e) = file) = 0 = fi(e) = £le)

(b) Let £i(x) = xand fo(x) = cos x, continuous on
[0, z/2), 4(0) < £2(0)and fi(7/2) > fo(x/2).
So by part (a), there exists ¢ in [0, z/ 2] such that
¢ = cos(c).

Using a graphing utility, ¢ ~ 0.739.

.\'—)Ox[\/x FPEE c} =0 rp 4o 2

121. The statement is true.
If p>0and y < 1,then y(y —1) < 0 < %, as
desired. So assume y > 1. There are now two cases.

Casel: Ifx < y — %, then 2x + 1 < 2y and

Wy =) =yy+1)~2y
S(x+l)2—2y
=x* +2x +1-2y
< x? 42y -2y

XZ

Case2: Ifx > y ~%

2

2 (-4
=y -y+g
>yt —y
=¥y -1

In both cases, y(y — 1) < x%.

122. P(1) = P(0* +1)

)

P(2) =
P(5) = P(2* + 1)

POy +1=1

P2 +1) = PI)" +1=2
=P2y +1=5

Continuing this pattern, you see that P(x) = x for

infinitely many values of x. So, the finite degree
polynomial must be constant: P(x) = x for all x.
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Section 1.5 Infinite Limits

1 -l
x4 470 = (x - 4)

As x approaches 4 from the left or right, (x - 4)2 isa

1. f(\) =

As x approaches 4 from the left, x — 4is a small
negative numbet. So,

lim f(\‘) - o small positive number. So,
o4 lim f(x) = lim f(x) = —.
x—47 x4t

As x approaches 4 from the right, x — 4 is a small
positive number. So,

. X
lim f(x) - o 5. Alm;2 vz ~ }: [o'e]
xo 4" o ’
r lim 2| ’ =
2. £y = x| XT -
f( ) x—4
As x approaches 4 from the left, x — 4is a small 6. Lim 1 - o
negative number. So, yo-2t X 4+ 2
lim f{x) = oo. lim LA
x—d” -2 X +
As x approaches 4 from the right, x — 4is a small
positive number. So, 7. lim tan 2= = —oo
st
lim f(x) = —o. A 4
x4t . X
lim tan — = o©
| x—o=2"
3 ) = —
& P ’
(x —4) 8. lim sec > =
2 x> -2t 4
As x approaches 4 from the left or right, (x — 4)"isa x
- lim sec — = —o0
small positive number. So, o
lim f(x) = lim f(x) = c.
x4t x4
1
9 X) =
f( ) \2 _ 9
X -35 | 3.1 -3.01 | -3.001 | -2.999 | -2.99 | 2.9 -2.5

f(x) 0.308 | 1.639 | 16.64 | 166.6 | —166.7 | —16.69 | —1.695 | ~0.364

lim f(x) = o 2

x—>-3 E ?l
lim f(\) = Y S

y—o-3* :{ 4l
P

2

X
10. f(k) = 79
X -3.5 =31 -3.01 -3.001 | =2.999 | -2.99 | -2.9 -2.5

f(x) -1.077 | -5.082 | -50.08 | —500.1 | 499.9 49,92 | 4915 | 0.9091

lim f(x) = ~ 2
o N
e LA A
i n
h :
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11.

12.

13.

14.

15.

16.

17.

Section 1.5 Infinite Limits 85

X
X =
f( ) 1(.2 -9
X -3.5 | =3.1 | =3.01 | -3.001 | =2.999 | -2.99 | 2.9 -2.5
f(x) 3.769 | 15.75 | 150.8 | 1501 -1499 | —-149.3 | —-14.25 | -2.273
lim f(x) =
x—>-3"
lim f(x) = -0
x—-3%
4
ol [ \: i
-4
fx) = sec—=
x -3.5 -3.1 -3.01 ~3.001 | =2.999 | -2.99 | 2.9 | 2.5
f(x) —3.864 | ~19.11 | =191.0 | —-1910 | 1910 191.0 | 19.11 | 3.864
lim f(,\) = —o0
x—>-3
lim f(x) = o
x—-3%
4
h i
! x_j:
-6 + + 6
“\,il ?//"
1 -~ I
lim iz —w o~ lim Lz 18. sgrg_h(s) = —o0 and SEI_I;h(s) = o,
x0T X x50" X
Therefore, x = 0 is a vertical asymptote. Therefore, s = =5 is a vertical asymptote.
lim h(s) = —o and lim A(s) = .
5557 s>5%

lim 7 =
x—2F (x — 2)

lim =
x—27 (x — 2)

Therefore, x = 2 is a vertical asymptote.

2 2
. . x
Iim > = oand lim 5 = —©0
x—»>-2- X" — -2t Xt — 4
Therefore, x = -2 is a vertical asymptote.
. x? . x2
lim o = —oo and lim S =®©
x-27 X7 — 4 x=2t X" — 4

Therefore, x = 2 is a vertical asymptote.

No vertical asymptote because the denominator is never
Zero.

No vertical asymptote because the denominator is never
ZEero.

19.

Therefore, s = 5 is a vertical asymptote.

lim _\_2_—_2_ = o
o (x = 2)(x + 1)
x> =2

i - Nr+1)

Therefore, x = 2 is a vertical asymptote.

lim L - w0
yo-It (x - 2)(x + 1)
x2 -2

lim —> — %
o (= 2+

Therefore, x = —1is a vertical asymptote.
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20.

21.

22.

23.

24.

25.

26.

Chapter 1 Limits and Their Properties

fim -2t % jim 2T o
o1 = x) xoetx?(1 - x)

Therefore, x = 0 is a vertical asymptote.

2+ x

lim ——— = ©
x->1" xz(l - x)

. 2+ x
lim———— = -

w1t x?(1 = x) B

Therefore, x = 1is a vertical asymptote.
lim[l - iz) = —o0 = lim(l - izj
t>0 t 0" t
Therefore, ¢+ = 0 is a vertical asymptote.

(2 - x? —4x 13" ~ 2x - 8)
332 —6x-24 6 x*-2x—38

glx) =

x # 2,4

No vertical asymptote. The graph has holes at x = -2
and x = 4.

‘) = 3 = >
U e TS R

Vertical asymptotes at x = 2 and x = 1.

4x + x - 6)
x(x® — 227 = 9x + 18)
4(x + 3)(x — 2)

x(x - 2)(x2 - 9)

4
= —70),0 -3,2
-3

/%) =

Vertical asymptotes at x = 0 and x = 3. The graph has
holesat x = —3and x = 2.

x3+1~(x+1)(x2—x+1)

x+1 x+1

f(x) =
has no vertical asymptote because

. (2 _
‘\Ahﬁn_l1 f(x) = ‘\Ali)na(/\ X+ 1) 3.

The graph has ahole at x = —1.

hx) = x2 -4 (x4 2)(x-2)

x3+2x2+x+2_(x+2)(x2+1)

has no vertical asymptote because
. . ox =2 4
lim A(x) = lim \2 = ——

x—>-2 x2x° + 1 5

The graph has ahole at x = 2.

217.

28.

29.

30.

31.

32.

33.

_ x2+3,x¢5
x +1

PESNCED (FE
(x - 5)(x2 + 1)
No vertical asymptote. The graph has a hole at x = 5.
it —2)
(r-2)(r+ 2)(t2 + 4)
-
(t+2)( +4)

Vertical asymptote at ¢ = —2. The graph has a hole at
t =2

h(t) =

# 2

sin zx .

f(x) = tan zx = has vertical asymptotes at
cos 7x

2n +1 .

x = 7 1 any integer.

f (v) = SeC X = has vertical asymptotes at
cos 7x

2n +1 .
x = 7 n any integer.
! .
s(t) = —— has vertical asymptotes at ¢ = nz, na
sin ¢
nonzero integer. There is no vertical asymptote at
¢t = 0 since
. f
lim—— = 1.
1—0sIn ¢
tan & sin & .
g(d) = = has vertical asymptotes at
é 6 cos 0

@n+r ,
0 =—"—-= By + nz, n any interger.

2
There is no vertical asymptote at § = 0 because
.t
lim o2 6 = 1.
950 @

2

lim = = fim(x - 1) = 2
x=-lx +1 x—>-1

2
-3 - 3

-5
Removable discontinuity at x = ~1
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35.

36.

37

38.

39.

40.

41.

42.

lim = lim(x -7) = -8
x——1 x +1 x—o-1
2
-3 3
_F"F’-H-H-—’ﬂd.
a—ﬁf
-12
Removable discontinuity at x = —1
¥+l
x->-I" X + 1
.oxr 41
lim = -0
x-1" X + 1

Vertical asymptote at x = —1
8

-

T
1
t
'
-3 A 3
'
'
1
1

B

-8

sin(x + 1
LG

x=-1 x +1

Removable discontinuity at

x =-1

43,

44,

45.

46.

47.

48.

49,

50.

51.

52.

53.

54.

55.

Section 1.5 Infinite Limits 87

lim x+3 — fim x+3
x>-3" (x2 + x — 6) x>-3" (x + 3)(x - 2)
= lim ! = L
x—=-3"X — 2 5
T el BN (Bx — )(2x + 1)
xo={y/2)* 4x? —4x - 3 xo—(1f2) (2x - 3)(2x + 1)
3x -1 5
= m = —
,\'—)—(1/2)Jr 2x — 3 8
. x =1 \ 1 1
lim: = lim -

x—o0tsin x

lim = ©
,\'~>(7r/2)+ COos x

lim = lim(«/x sin x) = 0
X7 CSC X x>z
. (x + 2) .
I =1 x+ 2ftanx| =0
lim o xlirz)[(r + 2)tan \]
lim xsec(zx) = coand lim xsec(zx) = —oo.
x> (2)” x-(1f2)"

Therefore, lim x sec(7x) does not exist.
x->(1/2)

lim x? tan zx = oo and
.\'—)(1/2)4

lim x? tan zx = —oo. Therefore,
x=(/2)"

lim x? tan 7x does not exist.
.\'—)(1/2)

2 +x+1 2 +x+1
/) = XX -1 _(x—l)(x2+x+l)

li x) = lim = 00
\Elllf(\) sortx — 1
3
i
-4 E '\\‘”‘_h' 5
T~ 1
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56.

57.

58.

59.

60.

61.

62.

63.

Chapter 1 Limits and Their Properties

-1 (x—l)(x2+x+])

f(x):x2+x+1: 2+ x+1
lim f(x) = lim(x - 1) = 0
x=1" x—>1"
4
.l"z
e
-8 v 8
r':f
—4
1
f (\) - 2 =25
lim f (\) = —00
x=»57
0.3

-0.3

A limit in which f(x)increases or decreases without

bound as x approaches c is called an infinite limit. o is
not a number. Rather, the symbol

limf(x) = w

X—>¢

says how the limit fails to exist.

The line x = cis a vertical asymptote if the graph of
approaches too as x approaches c.

One answer is

x -3 x -3
/) = (x —6)(x +2) x> —dx—12
No. For example, f(x) = — has no vertical
x*+1

asymptote.

¥

64. No, it is not true. Consider p(x) = x* — 1. The function

f(\) - Q - _}l(f)_

x -1 x -1

has a hole at (1, 2), not a vertical asymptote.

65. m = T
1- (1/2/02)
limm = lim ——0 = o
voe” voem 1 — (VZ/CZ)
66. P = k
-
Vll)nol*; = k() =

(In this case you know that & > 0.)

67. @) r = S0z seczg = Z930—7[«&/56:(:

(b) r =507 seczg = 2007 ft/sec
() lim [507r sec? H] = o0
O0->(xf2)”
2(7) 7
68. (a) r = ——=—= = — fifsec
@ V625 — 49 12 /
2(15) 3
b) r = —p=—te—— = —ft/sec
®) 625 — 225 2 /
© lim—2 -

5251625 — x2

Total distance

69. (a) Average speed

Total time
2d
50 = e
(d/x) + (d/y)
50 = 2y
Y+ x
50y + 50x = 2xy

50x = 2xy — 50y
S0x = Zy(x - 25)

25x
x =25 Y
Domain: x > 25
) [
x| 30 40 50 | 60
y 1 150 | 66.667 | 50 | 42.857
(c) limi:oo

y257/x — 25

As x gets close to 25 mi/h, y becomes larger and larger.
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70. (a)
X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
F(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | =0 | =0 =
0.5
u\\\ %
-15 -’"’f 15
~0.25
X —sin x
,\'I—S)IJr X B 0
©)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = 0 =
0.25
J'".ff..-'
-15 1.5
—
|~
-0.25
X —sin x
,\'l—gl* Xz =0
(c)
X 1 0.5 0.2 0.1 0.01 0.001 0.0001
Ff(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667
0.25
-15 15
-0.25
lim =22 = 01667 (1/6)
x>0 X
(d)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
Sf(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0
15
S L 15
-1.5
lim x —sinx _ w
x>0t x* -
For n > 3, lim 220X _
x—>0F x”"
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1. (2) 4 = %bh ~ %;«29 = %(10)(10 tan 6) — %(10)29 = 50tan 6 — 500

Domain: (0, f-]
2

(b)
0 03 106 |09 |12 |15

7(6) 047 | 421 18.0 68.6 630.1

100

(¢) lim 4=

G- xf2"
72. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

() 2(20 cot @) + 2(10 cot ¢): straight sections. The angle subtended in each circle is 27 — (2(% - ¢D =7 + 24

So, the length of the belt around the pulleys is 20(z + 24) + 10(z + 2¢) = 30(z + 24).
Total length = 60 cot ¢ + 30(r + 2¢)

Domain: (0, ﬁ}
2

(d)

¢ | 03 0.6 0.9 12 1.5

L | 306.2 217.9 195.9 189.6 188.5
(e) 40

[SE]

(fy lim L =60z =~ 188.5
p—{n/2)"

(All the belts are around pulleys.)

(g) limL =ow
$—>0"
73. False. For instance, let 76. False. Let
2
xt -1
flx) = * or _ l, x#0
x -1 f (\) = qx
( ) X 3, x=0
glx) = .
x?+ 1 The graph of fhas a vertical asymptote at x = 0, but
74. True f(O) =3

75. False. The graphs of
y =tanx,y = cotx,y = sec xand y = csc x have

vertical asymptotes.
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77.

78.

82.

Let f(x) = ;1~2-and g(x) = x—14, and ¢ = 0.

.1 .1
lim—- = o0 and lim—- = oo, but
x>0y r—>0x

(1 1 _(x* -1
1&2)(?—;;]:\1’%( x4 J:—OO;/:O.

Given lim f(x) = wand limg(x) = L:
X—c

x->¢

(1) Difference:
Let h(x) = —g(x). Then lim h(x) = ~L, and

tim[ /() ~ g(x)] = lim[.f(x) + k()]
o0, by the Sum Property.

(2) Product:
If L > 0,thenfor & = L/2 > 0 there exists
'8 > Osuch that [ g(x) = L| < L/2 whenever
0 <|x = ¢|< 6.0, L/2 < g(x) < 3L/2 Because
Pgi S(x) = oothen for M > 0, there exists
& > Osuchthat f(x) > M(2/L)whenever
|x - c] < &,.Let & be the smaller of & and
8,. Then for 0 < [x - c| < &, you have
f(x)e(x) > M(2/L)(1/2) = M. Therefore
}_i_)nif(x)g(x) = o0, The proofis similar for L < 0.

(3) Quotient: Let & > 0 be given.
There exists &; > 0 such that
f(x) > 3L/2& whenever 0 < |x - ¢| < &and
there exists §, > 0such that
]g(x) - L[ < L/2 whenever 0 <|x - c| < &,.This
inequality gives us L/2 < g(x} < 3L/2.Let & be
the smaller of §,and &,. Then for

0 <’x —c‘< &, you have

g(x)
f(x)

32
3L)2¢

<

Therefore, limﬂ = 0.

=210

16 =

5~ 6 < x < 5. Equivalently, x — 5 > ~]1\7whenever [x - 5| < 8, x < 5. Equivalently,

79.

80.

81.

! s is defined forall x < 5.Let N < Obe given. Youneed § > 0 such that f(x) =

Section 1.5 Infinite Limits 91
Given lim f(x) = oo,let g(x) = 1. Then
xX—¢

lim g(x) = 0 by Theorem 1.15.

S0

Given lim f(l ] = 0. Suppose lim f(x) exists and equals L.
x-¢ flx x—>c¢
iml
Then, lim——- L8 =— =0,

e f(x) - lim £(x) L

This is not possible. So, lim /(x) does not exist.
X

f(x) = ! 3 is defined forall x > 3.Let M > Obe
Y —

given. Youneed § > Osuch that

fx) = ! 3 > M whenever 3 < x < 3 + 6.
¥ —

Equivalently, x — 3 < ﬁwhenever

x—3|<§,x>3.

Sotake § = i Then for x > 3and

1
>

|x—3‘<5, 1
x -3 8

= Mandso f(x)> M.

< N whenever

X —

1
< —— whenever
|x-5| N

|x = 5]< 8,x < 5.S0take & = ~%.Notethat 8 > Obecause N < 0.For |x - 5| < & and

xS A > yad - Ly
5| &

=<
x -5 [x—S]
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92 Chapter 1 Limits and Their Properties

Review Exercises for Chapter 1

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly longer than the
distance between the two points, approximately 8.25.

d

-9 - 8
—1

2. Precalculus. L = /(9 — 1)2 +(3- 1)2 ~ 825

4 - - 5
3 f(x) _ X+ .
X -0.1 -0.01 -0.001 0.001 0.01 0.1

f(x) | -1.0526 | -1.0050 | —1.0005 | ~0.9995 | —-0.9950 —0.9524

X 0.1 -0.01 | -0.001 | 0.001 | 0.01 0.1

f@&) | 1432 | 1416 | 1414 1414 1§ 1.413 1.397

lim f(x) ~ 1.414

x>0

-3 3

5, ljrrll(x+4)=1+4:5

Let & > 0 be given. Choose § = & Then for 0 < \x - 1] < § = & you have

}x—ll<g
I(x+4)~5|<g
|f(x)—L|< 8.
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6.

10.

Review Exercises for Chapter |

lim/x = /9 =3
Let & > 0 be given. You need
’\/;—3|<a:>]\/;+3”\/;~3‘< 81\/;+3':>|x—9’< g!\/;+3!.
Assuming 4 < x < 16, you can choose § = 5.
So, for 0 <|x — 9| < & = 5¢, you have
|x = 9] < 55 <|/x + 3¢

’\/;—3’<5

|f(x)—L|<e.
.m(l—xz):l—ﬁ:—sz

Let &£ > 0 be given. You need

ll-«xz—(—3)‘<8:>[x2~4’:]x—2”x+2]<£:>‘x~2]< !

[x + 2|£
Assuming 1 < x < 3,you can choose § = %
So, for 0 <[x - 2[ <6 = g,youhave
[x - 2] < o £
5 ]x + 2[
Ix—2||x+2|< &
‘xz - 4‘< £
!4 - x2’ <&
‘(1 - xz) - (—3)‘ <eg
If(x) - L‘ < &.
. }13:1; 9 = 9.Let £ > 0be given. & can be any positive 11. li—)né(x _ 2)2 - (6 _ 2)2 - 16

number, So, for 0 < |x - 5] < 0, you have

. 4_ _ 4_ 4 _
|9—9‘<g 12. .EI_I)I}](IO—X) —(10 7) =3* =8l

| /() - 1] < . 3. lim /142 = A+ 2 = 6 = 245

4x — x? x(4 - x)

h(x) = = =4—x,x#0 14. }ii‘f;3’y*1‘=3|4‘11=9
@ limh(x) =4 -0=4 T
15. lim > = lim =
(b) limh(x) = 4-(-1) =5 2 — 4 -2 4
x—>-1
. 2 - .
o(x) = == 16. lim—— = lim(r +3) = 6

x -3

(2) limg(x) does not exist
x—3

. -2(0
(b) limg(x) = -(% =

93
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94  Chapter 1 Limits and Their Properties
17 mYF o3 =31 Jx-3+1 1. lim[1/(x +1)] -1 R (x+1)
o4 x — 4 x4 x -~ 4 \/x ~3+1 x>0 X ¥—0 x(x + 1)
. (x-3)-1 4
= lim =K -1
TRy W x4 1
fm—b =1
d/x =3 +1 2
. NAd+x -2 CNd -2 A+ x+2
18. lim————— = lim .
x=0 X x>0 X \/474_ X+ 2
clime— =1
=04+ x +2 4
(i/~1+5) -1 (NTHs) -1 (VT s)+1
20. lim = lim .
50 s 50 s (1/@) +1
L] R, -1 S
[N RS s[(T+s) + i 2
3 x + 5)(x* - 5x + 25
21, tim 515 g O N = 5x + 29)
xo=5 x+5 x5 x+5
= lim(x? — 5x + 25) = 75
x—>-5
2 _ . .
22. lim al 4 = lim (/\ hl 2)(“\ 2)
r>2x0 + 8 -“—’“Z(N + 2)(x2 - 2x + 4)
. x -2 4 1
= lim———— =~ = =
oyt —2x+4 123
2. i l-cosx x (1 - cosxj _ (1(0) = 0
" y50 sinx ¥—0{ sin x x
24. lim G/
x> (/4)tan x 1
25 lim sin[ (7/6) + Ax] - (1/2) ~ lim sin(7z/6)cos Ax + cos(z/6)sin Ax — (1/2)
Av—0 Ax Ar—0 Ax
- nml.MJr hmﬁ.sinm :0+\_/—_3_(1):£
Av>072 Ax Ax—0 2 Ax 2 2
26, lim cos(rr + Ax) + 1 _ Jiyn 05 7 €08 Ax — sin 7 sin Ax + 1
Av->0 Ax Ax—0 Ax
= lim {———*—(COS el l)} — lim {sin ”sin A\}
Ax—0 Ax Ax—0 Ax
- 0- () = 0
27, lim[ 1) - ¢()] = (-3)(3) = -2 2. lim[f(x) + 2(s)] = 3+ 23) = &
- f(x) lim £ () ~3/4 9 , 2 [ . T ( 3)2
28. | _ i _ = = 30. 1 . =1 X =1—-=| =
Segly)  lmg() 23 8 fim{ /()] = |lim /() 4
x—c
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Review Exercises for Chapter 1 95

3. f(x) = Na+1-4/3
x -1
(a)
X 1.1 1.01 1.001 1.0001

Jx) | 0.5680 | 0.5764 | 0.5773 | 0.5773

lim M—;—ﬁ ~ 0.577 (Actual limit is </3 /3)
=1t X —
(b) 2 The graph has a hole at x = 1.
lim f(x) ~ 0.5774.
'\_\H x—>1+f( )
‘_\_\_‘_\_—\.—
-1 2

0

N PN NN s AN - BNy PN

¢) lm——"—-"" = |lim
()x—>1+ x -1 x> T* x -1 \/2x+1+\/§

o (x+1) -3

x—»l*(x - 1)(\/—m + \/5)

2
= lim ——a
o> 2x + 1 + \/_?;
_ 2 _ 1 _AB
23 3003
1-3x
32. =
(a)
x 1.1 1.01 1.001 1.0001

fx) | -0.3228 | -0.3322 | -0.3332 | —0.3333

_ 3
liml Yx =~ —0.333 (Actual limit is ~l)
x> X~ 3
(b) 2 The graph has a hole at x = 1.
_3 . ‘}in;f(x) ~ 0.333.
_____Rf‘_ :

I 1_\3/;.1+\3/;+(\3/35)2

(c) lim 1- = lim

=t x =1 o x =1 1+\3/;+(\3/;)2

. 1-x
S (x - 1)[1 +3x + (\3/5)1
- lm— 1

=4 3 o+ (\3/;)2 3
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33.

34.

3s.

36.

37.

38.

39.

40.

41.

Chapter 1 Limits and Their Properties

y = lim———s(4) - ()
(—4 4 —f
-4.9(16) + 250 — | 4.9/ + 250
L [4900) + 250] -[457 + 250
t—4 4 —t
4.9(:* - 16
D)
t—>4 4 — ¢
_ im4.9(r — 4)(r + 4)
t—>4 4 — ¢

= lim[-4.9(1 + 4)] = -39.2 m/sec

The object is falling at about 39.2 m/sec.
492 +250 =0 = 1 = %sec
50 o
When a = - the velocity is

lims(a) — S(r) = lim

[4947 + 250] - [-4.97 + 250]

t>a a —t t—>a a —t

49(t* - a*

= 1im~—~——(r ? )
t—a a—1

_ 1im4.9(7‘ - a)(t + a)
t—a a—1

= lim[-4.9(t + a)]

i—a

- s (o-F)

= -70 m/sec.

The velocity of the object when it hits the ground is about 70 m/sec.

|x-3] _ lim—(x~3) -1

3 x —3

lim
X3 X —

lirril][x - 1]] does not exist. There is a break in the graph
x>

at x = 4.
I 0) =

limg(x) =1+1=2

X1t

lim A(r) does not exist because lim W) =1+1=2

11 117

and limh(r) = (1 +1) = L.

11+

lim f(s) = 2

§—>-2

flx) = 3 +7

Continuous on (—oo, oo)

42.

43.

44.

45.

1) =2

Continuous on (—co, 0) U (0, @)

fx) =[x+ 3]

lim [[x + 3]] = k + 3 where k is an integer.
xokt

lim [x + 3] = k + 2 where £ is an integer.
x>k~

Nonremovable discontinuity at each integer &

Continuous on (k, k + l) for all integers &

:3x2—x~2_(3x+2)(x—1)
x—1

/(%)

x -1
Continuous on (o, 1) U (1, o)

N 3 -x -2 (3x+2)(x—1)
f(x) - x -1 - x -1
E&f(x) = llinl (3x+2)=>5

Removable discontinuity at x = 1

Continuous on (o, 1) U (1, «)
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46.

47.

48.

49,

54.

58.

5—-x, x<2

76 - {

2x -3, x> 2
lim (5 - x) =3
x—27
Xl_i)r;(Zx—B)zl

Nonremovable discontinuity at x = 2

Continuous on (~o0, 2) U (2, ®)

S(x) = (x - 2)2
lim—l——2 = ©
2y - 2)

Nonremovable discontinuity at x = 2

Continuous on (-0, 2) U (2, )

x+1 1
X) = =, 1+ =
JO) =\ = 1 S
. 1
lm, 1+~ = w
x=0" X

Domain: (—, —1], (0, )

Nonremovable discontinuity at x = 0

Continuous on (-0, —1] U (0, )

3

1) =

limf(x) = —o
)=

+

x>

lim f(x

x>l
Nonremovable discontinuity at x = —1

Continuous on (~o0, —1) U (-1, )

lim (x + 1) =2
x=1t
lim(x +1) = 4
x->37

Find 5 and ¢ so that lim (x2 + by + c) =2and lim

x—=1"
Consequently you get 1+b+c¢ =

Solving simultaneously, b =

50.

51.

52.

53.

(x2 + bx + c)

2 and 9+ 3b+ ¢ = 4.

-3 and

Jfis continuous on [1, 2]. £(1) = -1 < Oand

f(2) = 13 > 0. Therefore by the Intermediate Value

Theorem, there is at least one value ¢ in (1, 2) such that

2 -3 =0

c =4,

56.

Review Exercises for Chapter I 97

1
/(x) = 2);:2

x+1 1

lim —— = =
=-12(x + ) 2
Removable discontinuity at x = —1

Continuous on (—e0, —1) U (-1, »)

f(x) = csczg—

Nonremovable discontinuities at each even integer.
Continuous on
(2k, 2k + 2)

for all integers £.

f(x) = tan 2x
Nonremovable discontinuities when
(2n+ Dz
X ="t
4

Continuous on

((2;7 - Dz (2n + 1)7r]

E

4 4

for all integers n.

f@=:s
Find ¢ so that lim (cx + 6) = 5.
=2t
2)+6=5
2¢c = -1
1
c = 2
2

Clx) = 12.80 + 250 [-x] - 1], x>0
= 1280 - 250[[-x] +1], x>0

25

o—e
o—=e
o—e

ol)_f----s

10

C has a nonremovable discontinuity at each integer
L, 2,3,..
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57.

58.

59.

60.

61.

62.

63.

64.

65.

76.

Chapter I Limits and Their Properties

x* -4 x — 2

R N =
(@ lim flx) = -4

®) ‘\_lirgf(x) - 4

(©) iii% () does not exist.

flx) = J(x -

(2) Domain: (~o, 0] U [L, )

() lim f(x) = 0

() lim f (x) =0

2

x)=1+—

2(x) x
Vertical asymptote at x = 0

4x
h(x) = 4 — x2

Vertical asymptotes at x = 2 and x = 2

g
(x - 10)°

Vertical asymptote at x = 10

flx) =

f(x) = csc zx

Vertical asymptote at every integer k

2 +x+1

66. li - =
x—lir}‘ xt -1 o (x2 + 1)(x - 1) 4

67. lim

1 .
X+l lim

¥+ 2x+1

= x—1

68.

Rl

1 1

x2 - 2x +1
2 TErT T »

-1t x+1

69. lim (x - 33—) —
x>0t X

70. lim ——1-—— = -
2 x2 — 4

71. 1

72. lim

sec X

0t X

73. lim

csc 2x

i

fl_ sin 4x _i
50 4x 5

. sin 4x .
im ——— = lim
x=0t S5x x=0F

1

= oo

x>0t X 07 X sin 2x

74. lim

cos? x

x0T X

75. C

~80,000p
100 - p

,0< p <100

(a) C(15) ~ $14,117.65

(b) C(50) = $80.000

(©) C(90) = $720,000

lim
x—-2" x + 2
. GY)
lim = o0
ao(py 2% — 1
.ox+1 . 1
lim — = lim 5 =
ro-rxt + 1 asarrxt —x+1
tan 2x
x) =
sl =
(a)
x -0.1 -0.01 -0.001 | 0.001 0.01 0.1
fx) | 2.0271 | 2.0003 | 2.0000 | 2.0000 | 2.0003 2.0271

lim =2
x=0  x
tan 2x
(b) Yes, define f(x) = x .
2, x=0

Now f/(x) is continuous at x = 0.

lim
p—100-100 — p

80,000p _

© 2010 Brooks/Cole, Cengage Learning



Problem Solving for Chapter | 99

Problem Solving for Chapter 1

1. () Perimeter APAO = [x* + (y —1)" + /x> + )2
= x2+(\2 1)2+\/ +x* 41

=]
[¢]
=8
8
e
w
=
o]
)
]
/\
:‘/
N
+
<,
+
r{
+
=

:«/(x—l)2 +xt et
x2+(x2—1)2 +x% Xt 1

(b) r(x) =
\/(x—1)2+x4 +Vxr+xt +1
x 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 098 | 095 |1 1.05 | 1.005
1+0+1 2
I E R
© Yfiy() 1+0+1 2
2. (2) Area APAO = b = »1—(1)(\-) =X
' 2 2N T
Area APBO = Lpj = 1(1)(y) 2o
2 2 2 2
2
) alx) = Area APBO _ x*[2 ]
Area APAO  x/2
x 4121 0.1 0.01

Area APAO |2 | 1| 12 | 20 | 1/200

Area APBO | 8 |2 | 1/2 | 1/200 | 1/20,000
a(x) 40211 1/10 | 1/100

(¢) lima(x) = limx =0
x—0t

x> 0F

3. (a) There are 6 triangles, each with a central angle of 60° = /3. So,

Area hexagon = 6[%bh} = 6[%(1) sing] = 3—\/:— ~ 2.598.

Ji = sin 60°
1
VA W |
h=sinf
1
9 o\
. 3f
Error = Area (Circle) — Area (Hexagon) = 7 — =" ~ 0.5435
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100 Chapter 1 Limits and Their Properties

(b

©

(d)

4. (a)

(b)

(©

(@

There are n triangles, each with central angle of 8 = 2x/n.So,

A4, = n[lbh} = n[l(l) sinz—”} =
2 2 n

2

n sin(27/n)

n

6 12 124

48

96

4

n

2.598 3 3.106

3.133

3.139

As n gets larger and larger, 27z /n approaches 0. Letting x = 2x/n, 4, =

which approaches (1)z = 7.

4-0 4
Slope = ——— = =
ope 3-0 3
3 . 3
Slope = 2 Tangent line: y — 4 = —Z(x -3)
3 25
y = —x
4 s
Let O = (x,¥) = (x, N 25 - xz)
oo N5 -4
! x-3
. 25—t -4 25 —x* + 4
limm, = lim .
x—3 =3 -3 \/g _ x7— + 4
. 25 - x2 - 16
= lim
(- 3)V25 - 4 4)
- lm (3-x)3+x)
P -3)V2s -+ 4)
. —3+x) -6 3
= lim = = -
=325 - x4 4+4 4

This is the slope of the tangent line at P.

sin(27/n) _

sin(272'/n) B sin x

2/n

(27/n) " x

. (a) Slope = —1—52~

(b) Slope of tangent line is 1—52—

5
12=—Ax-5
y+12 =3l =)
y = %x - 1—1622 Tangent line
) Q=(xy)= (x,—\/169 - xz)
/169 - x* +12
m, = ————————
’ x=5
12 - /169 — % 12 + /169 — ¥

(@) 1irr§171x = lim

x5 x—-5

12+ 169 - £

144 — (169 - xz)

lim
=3 - 5)(12 + /169 - <)

lim x2S

=5 - s)12 + V169 - )

P G k) E LN
512 4 \/169 — 12+12 12

This is the same slope as part (b).

\/a+bx*\/§.\/a+bx+\/§

\/a+bx~\/§:
X

X \/21+bx+\/§
(a+bx)-3

x(\/a + bx + \/5)

Letting a = 3 simplifies the numerator.

So,

. b
Setting ———+—
Eh B

= lim

bx
NN NG

b
= lim—————pr
s=0-/3 + bx + /3

= \/5, you obtain b = 6. S0,

a=3and b = 6.
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7.(a) 3+xP >0
P = -3
x = =27

Domain: x > 27, x # lor [-27,1) U (1, »)
(b) 0.5

S,

-0.1

Py
© lim f(x):ifﬂ__zz:_z_:L

x—>-27F —27 - 1 —28 14
/ 3 13
@ limf(x):lim 3+ x 2 V3+x7+2
¥ x->1 x -1 \/3 + x1/3 +2
. 3+ 4
= lim
Pl - )[V3 4 2)
) xl/3 -1
= lim

U ) (V3 P 4 2)

1
m
“‘(xz/3 + x4 1)(\/3 + B 4 2)

1 1

(+1+12+2) 12

8. lim f(x) = lim(a® - 2) = a* - 2
x—=0"

x>0

lim f(x) = lim = a(because lim PR E _ 1]

x—0F x>0t fan x =0 x
Thus,
a*-2=a
a-a-2=0
(@a-2)a+1)=0
a=-1,2

9. (a) limf(x) = 3: g, g4
X2
(b) fcontinuous at 2; g,

() lim f(x) = 3: g;, g3, &4
x—>2

10.

Problem Solving for Chapter 1 101

() lim f(x) = 1

(c) fis continuous for all real numbers except

x=0,4L 4L 40

>t =7
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11.

Chapter 1 Limits and Their Properties

¥

¥ 13. (a)
41
2t
a
2
i
. 1T B
60090 040>
—4 -3 =2 ~1 1 2 3 4
e e e O e P Oy e e
a2t - )
o >
=31 a b
it

@ fO=[]+[]=1+)=0 ® A.l_iffﬁvb(x) =1

0 (i) lim P, ,(x) =0
x>a
0

(i) Lm B, ,(x) = 0
b

© tim 2) - - @) Jim (o) =1
)

"‘_)17 . . o .
lim f(x I (¢) P, ;is continuous for all positive real numbers
¥o!* except x = a, b.
xlgﬁzf(x) =1 (d) The area under the graph of U, and above the x-axis,
(c) fis continuous for all real numbers except is 1.
x = 0,+1,+2,£3, ... 14. Let a # Oand let & > 0 be given. There exists
8 > Osuchthatif 0 <|x - 0| < & then
, 192,000 2
12. () vis— % — 48 |f(x)-Li< e.Let & = &/|al. Then for
92 ) 0 <|x—-0/< 8 = 6/lal,youhave
1 ,ooo:vz_voz+48 | | i/]al.y
r 5
. 192,000 |x| < a
v — 2 + 48
a,x! < 0
lim 7 = 192,000
v—0 48 — v,2 !f(ax) - L| <
Let v, = /48 = 43 mi/sec. As a counterexample, let
20 0 and £(x) L, x=#0
= 0and f(x) = .
(b) v2:1-9—+v02—2.17 2, x=0
-
1920 _ 5 W 217 Then }{r}r})f(x) =1=L,but
r . o L B
1920 fim f(ax) = lim 7(0) = lim 2 = 2.
r== 2
v o=yt + 217
. 1920
imr = ——
-0 2.17 - 1)02
Let vy = ~/2.17 mifsec (~ 1.47 mi/sec).
10,600
c =
© v: — 12 + 6.99
. 10,600
lim r =

0 699 — v’
Let v, = ~/6.99 =~ 2.64 mifsec.

Because this is smaller than the escape velocity for
Earth, the mass is less.
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