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19.

20.
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22.

23.

24,

Chapter 2: Limits and Continuity

- Change [22 +4| <1to—1 <2244 < 1 to =5 < 22 < —3 to —; <e< -

Answer: d)
[£2] <1 leads to |¢ — 1185, -5Sa—1<5, -4 S ¢ £ 6. Answer: i)

Change |2$T+ll<1to|2m+1]<3to—3<23:+1<3to——4<2:v<2t0
-2 <z < 1. Answer: a)

ly—2/<5 -5<Sy-2<5 -3y,
ly+3l<1. =1<y+3<1,—d<y< -2

12y — 5] < 1. —1<2-5<1,4<2 <6,2<y<3.
Answer: -3 <y < —2

Change[%—l|§1to—1§%—1§1t00§%§2t00<y§4. Answer:
0=y=4

Answer: 3 <y <5
m—m<;-g<z—y<g—%<—y<-gg<y<%.

PE <1 J5—2y <3, ~3<5-2 <3, —8< -2 <—2 1<y<d

The midpoint of the interval is 18 = 2 and it has radius ?—1=1 Answer:
!ZL’ - %I < %

The midpoint of the interval is =7 = 2 and it has radius T—2 =2 Answer:
51 _ 9
IIZ? — 5' < 2

[

The midpoint of the interval is = —% and it has radius 1 — (-3) =4
Answer: |z + 2 < 8
The midpoint of the interval is =2l = —2 and it has radius —1 — (—9) = 1

Answer: |z + 2] < I

0.5 < 2% < 1.5 yields /0.5 < || < /1.5 or after appropriate rounding
0.71 < |&| < 1.22. Thus we obtain —1.22 < z < —0.71

H0<a<Z 03<sinag <07 yields sin™ 0.3 < 2 < sin"10.7. In the
second quadrant we need 7 — sin™10.7 < & < 7 — sin=! 0.3 or, rounding
appropriately, 2.37 < 2 < 2.83.

. For z in the interval [0, %), cos @ is decreasing and so0 0.2 < cosz < 0.6 yields

cos™1 0.6 < @ < cos™1 0.2, or rounding appropriately, 0.93 < 2 < 1.36.
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T4, y=2a%® s o0asz— 00 y— 0asaz— —o0.

75,

76.

2.5

=3

As 0 increases sin 8 steadily oscillates between the values —1 and +1 passing
through all intermediate values. No matter how large 6 gets, sin 0 thereafter
does not stay arbitrarily close to any fixed value.

We assume that the numerator and denominator of the rational function have
no common factor of the form @ —a. Then the number of vertical asymptotes
is the number of distinct factors of the denominator of the form 2 — a. For

example, % has the three distinct factors x, @ + 1, 2 — 2 in the
denominator anc\ has the vertical asymptotes @ = 0, = = —1, @ = 2. If the

degree of the numerator is larger than the degree of the denominator, the
value of the function becomes infinite in absolute value as @ — too and there
is no horizontal asymptote. If numerator and denominator have the same
degree, then there is one horizontal asymptote y = k # 0 as in Example 12.
Finally, if the degree of the denominator exceeds that of the numerator, there
is one and only one horizontal asymptote y = 0 as illustrated in Example 13.

CONTROLLING FUNCTION OUTPUTS

. a) 0 < 2 < 6. Not equivalent. b) 1 < 2 —1 < 7. Adding 1, we get

2 <z < 8. Equivalent. ¢)1 < § <4. Multiplying by 2, we get 2 <2 <8.
Equivalent. d) % < -1{ < 3. Taking reciprocals, we get 8 > @ > 2.
Equivalent. e) @ > 8. Not equivalent. f) ¢ —5] <3. =3 <a-5<3
Adding 5, we get 2 < & < 8. Equivalent. g) 4 < @ < 10. Not equivalent,

h) —8 < —a < —2. Multiplying by —1, we get 8 > 2 > 2. Equivalent.

. All are equivalent except c), d) and h).

Change |t +3] < 1to -1 <a+3 <1to—4 <2< —2 Answer g).
Equivalently, we can read |z + 3] < 1 as | — (=3)| < 1, that is, the distance
between ¢ and —3 is less than 1 and thus —4 < & < —1.

Change |z — 5] < 2 to 3 <z < 7. Answer: c)

. Change [Z] <1to -1 < £ <1to -2 <& <2. Answer e)

=2l <2o0r |z —1] < 2yields =1 < @ < 3. Answer: b)

Change [22 — 5] < 1t0o -1 <20 -5<1tod <20 S6to2 S @
Answer: h)

A
w2
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

1.98 < tanz < 2.2 yields tan™11.98 < 2 < tan™'2.2 (since tanz is an
increasing function on [0, %)) or, rounding appropriately, 1.11 < z < 1.14.

The graph of y = cosz is symmetric with respect to the y-axis. We need
only reflect the corresponding interval in [0, 7] found in Exercise 25 over the
y-axis. We obtain —1.36 < z < —0.93.

By the symmetry of the graph of y = tanz with respect to the origin, we
need only take the reflection of the interval found in Exercise 26: —1.14 <
z < —1.11.

99.9 < 2% < 100.1 yields v/99.9 < = < 4/100.1, or rounding to thousandths
appropriately, 9.995 < & < 10.004.

From Exercise 29 we obtain —10.004 < z < —9.995.
Change 3.9 < vz —7 < 4.11t03.92 <z —7 < 4.1% to 22.21 < z < 23.81.

Change 2 < v/19—2 < 4tod <19 —a < 16 to =15 < —a < =3 to
3 <2 <15

120 1o & 1 . . .
Change 4 < =% <6to ;> 155 > 5 t0 30 > 2 > 20 or 20 < 2 < 30.

Change } < £ <3to2>4z>2toj>a>jorg<az <3

The graph of y = 322 js steadily falling as it passes through the horizontal
channel between y = —3.1 and y = —2.9. Next we solve for 2 in terms of
yi(z—1y=3-2z, cy—y=3-2z, sy+2z =y +3, ¢(y+2)=y+3, ¢ =
(y+3)/(y+2). Thuswheny = —2.9, & = (—2.943)/(-2.942) = -4 = —3

9

and, similarly, when y = =3.1, = &. Answer: — <z <
y = % yields (z + 2)y = 3z +8, ay +2y = 32 + 8, z(y —3) = 8 —

8—-2y

2y, @ = “ZF. When y = 0.9, we get @ = —62/21. When y = L1, we
get © = —58/19. Thus —58/19 < & < —62/21, or rounding to hundredths
appropriately, —3.05 < 2 < —2.96.

10.5 < 2% — 5 < 11.5 leads to 15.5 < 2% < 16.5, +/15.5 < & < +/16.5 since
2o > 0. Thus 3.94 < 2 < 4.06 rounding to hundredths appropriately.

Since the graph is symmetric with respect to the y-axis, we obtain, using
Exercise 37, —4.06 < z < —3.94.
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39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

Chapter 2: Limits and Continuity

We graph y = 4.8, y = 5.2 and y = 2® — 9z in the same viewing rectangle,
[—4,5] by [~10,10], for example. We then zoom in on the two points of
intersection near v = —3. Rounding to hundredths appropriately, we obtain
—2.68 < & < —2.66.

In the same viewing rectangle we graph y = —5.2, y = —4.8 and y = 2% —
1022, Then zoom in on the two points of intersection near ¢ = 1. We obtain,
rounding to hundredths appropriately, 0.72 < 2 < 0.74. In this example it is
also possible to solve algebraically. y+25 = 2*—1022425, y+25 = (22—5)2,
and since @ is near 1, & = /5 — \/y + 25. We can now find the endpoints of
the desired interval using y = —4.8 and y = —5.2.

0.4 < e” < 0.6 leads to n0.4 < fne® < £n0.6 since {nz is an increasing

function. Because ne® = x, we obtain after rounding appropriately to
hundredths —0.91 < 2 < —0.52.

L9 < fnz < 2.1 yields e!® < 2 < e*! or 6.69 < ¢ < 8.16 rounding to
hundredths appropriately.

|f(z) = ol < B = 0.5 is equivalent to |z + 1 —4| < 0.5 or |z — 3| < 0.5 which
is the desired inequality.

|7(2) ~ yol = [22 — 1+ 5] = 2|z +2| < 1 is equivalent to |z + 2| < 1 which is
the desired inequality.

In the same viewing retangle we graph y = 2.8, y = 3.2 and y = 2224 1. The
latter curve is rising near = 1 and we zoom in on its points of intersection
with the horizontal lines near = = 1. The curve is in the channel for 0.95 <
¢ < 1.04 after appropriate rounding. Thus we may take |2 — 1| < 0.04.

1.98 < v/2¢ —3 < 2.2 yields 1982 < 2z — 3 < 2.2% and 28198 < 5 < 3422
After rounding to hundredths appropriately, we obtain 3.47 < z < 3.92.
Thus we may take |z — 3.5 < 8:0%:

) '38
limyq @ = 1, limg_y 22 =1, limg_,/gsine = 0.5, limg_s i—’fé = 4, respec-
tively.

limg_, ;2% = 1, limy ,grpesinz = 0.5, limgn, cosz = 0.4 where zp =
cos™ 0.4, limgy_z, tanz = 2 where 2o = tan™ 2, limgy_,q, cos & = 0.4 where
2o = cos™! 0.4, limg_,y, tanz = —2 where 79 = tan~!(—2), respectively.
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49.

50.

52.

53.

54.

limg—10 2 =100, limg_,_102% =100, limg._23 «/ L — 7 4, img10v/19 — 2 =
3, 11111L_424(120) = 5, llmm.ﬂ/‘l(%) =1, lim,. 3 lime__3 B,ff =1,
respectively.

limg..a(z? — 5) = 11, limy——4(2? — 8) = 11, limlys, (2* — 92) = 5 where z
is a solution of 23 — 92 = 5 near —3, limy_,,(2* — 102?) = —5 where zq is

the solution of a* — 102? = —5 near 1, limyy, €* = 0.5 where 2o = {n 0.5,
limg ez bna = 2, limy_a(z -+ 1) = 4, limy,—o(2z — 1) = ~5, lim,_,1 (222 +
1) =3, limgss V22 — 3 = 2, respectively.

. 8.99 < w(x/2)* < 9.01 leads to 22 < (£)? < 24 4(8—'9~9—) < 2% < 0 and to

w !

\/ﬁ%gng <uw < \/4(9 1) Roundmg appropriately to Lhousandl,hs we obtain
3.384 < @ < 3.387 or, in symmetric form, |z — 20| < 0.001.

120

49 <l <blordd < 1lea,dsto——>v>o—iandlol——

Rounding to tenths appxopuately, we obtain 23.6 < R < 244 or |R — ?4]
0.4.

flz) = 2t =3+ Lo — 3 as @ — oo (the equality can be obtained by
long division). [he same equality (or a graph) shows that f(z) > 3 for
z > 2. Thus we Want to solve 3 + 7—1—2 < 3.01, = > 2. This leads to
Lo <001, @ =2 > 5 (since z — 2 > 0), @ > 702.

f(L)~ e S ;5-(—5??;9-—()- Thus f(z) — % as @ — oo and f(z) > 2 if
x> g Zeth < (.41 leads to 22 +5 < 0.41(5z —7) (since we may take © > ),

20 45 < 2,062 — 2.87, 0.06z > 7.87, & > 157.4.

. By long division f(x) = 27-at2 9 + = 0= This shows f(a) < 2 for @ > 10

r2-4
and f(z) =2+ L/“?-%"/p/”) —240= 2 as T — 00. f() > 1.99, 2 > 10
leads to 222~z +2 > 1.99(2? —4), 0.012? —2+49.96 > 0, 2?—100z+996 > 0.
By the quadratic formula, the larger root of the quadlatlc is 50-44/1504. Thus

we require @ > 50 + /1504 ~ 88784 M\Cﬁ y Li

5. By long division f(o) = 25241 = ‘jj ~ At Thus f(2) - 2 as ¢ — oo

20345
and f(z) < 2 for z > 0. f(z) > 1.5 0. 01 = 1.49 leads to 3a° — @ +1>
1.49(223 4 5) (since 22* -5 > 0), 0.023, -z ——G.LL > 0, 22% — 100z — 645 > 0.
By ZOOM-IN, the cubic has the unique root 2 = 9.2186... Hence we require

> 9.2186...
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57.

58.

59.

60.

61.

62.

2.6

Chapter 2: Limits and Continuity

In the interval [0,27], sinz = lg has two solutions I in the first quadrant
and 7—% = % in the second quadrant, recalling that sin(r —x) = sin z for all
z. We first solve the problem in the first quadrant. We use the result to solve
the problem in the second quadrant and then use the periodicity of the sine

function to give the complete solution set. Graph y; = sinz, 1y, = 3@ —0.1

and y3 = %—5 + 0.1 in [0.6,1] by [0.5,1]. We then zoom in to the two points
of intersection and find that they occur at z; = 0.65241449698 and z, =
0.93923517764. Thus in the first quadrant we must have 2y < z < 5. In the
second quadrant we must have r — 2z, < 2 < 7 — z1. The complete solution
set is {z | 21+ 2n1 < 2 < 234 2n7 or 2n+Dr—2s <z < (2n+ D)1 —a1).

Let h be the width of a stripe in cm. Let AV be the volume of liquid in the
cylinder at the level of the entire stripe. Then AV is the volume of a small
right circular cylinder of base radius 5c¢m and height hem. AV = 752k gives
AV in cubic centimeters. Since 1 liter = 1000cm?®, we need AV = ok = h
to have AV represented in liters, Thus we must have Z—g < 9%1 = 0.005
since the middle of the stripe corresponds to exactly one liter. h < 2 01;005 ~
0.06cm.

=3 1 7

By long division f(v) = 23 =1 Ty > 3 for ¢ < =1, and f(z) — i
as ¢ — —oo. f(z) < 0.51 leads to 21131 <0.51, =3 > 0.51(2¢ + 1) (since
2041 <0),2—3>1.02z + 0.51, —=3.51 > .02z, & < —175.5.

flz) = 24 =%+2(2%1—) < §for e < }and f(z) — 2 as v — —oo.
Jotd > 149 leads to 3z 4 4 < 1.49(2z — 1) (since 2z — 1 < 0), 0.02z <

—5.49, & < —274.5.

By long division f(z) = 224 = 1 —3(%31_) <-f &t o laszr o —oo

T 1-3w 3 * 1-3z
=l f% ~ 15 = — 3 leads to 300(z —4) > —103(1 - 3z) (since 1 —3z > 0
for ¢ < 1), 9o < —1200 + 103 = ~1097, & < 109,
flz) =52 = -2 s <—2whenz < —1. f(z) > —~2 as ¢ — —oo and
§% > —2.01 leads to 5 — 2z < —2.01¢ — 2.01 (since 2 41 < 0 for z < —1),
0.01z < —=7.01, = < —701.

DEFINING LIMITS FORMALLY WITH EPSILONS AND
DELTAS :

cto—a=0—-1=4andb—2y=7-~5 =2, Since 2 < 4, we choose § = 2,

Then |z — 2ol <201 [0 — 5| < 2 implies3 <z <7andso 1 < 2 < 7.
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2.

10.

11.

12.

13.

14.

. From the glaph we see that

§=1
cwp—a=-3+7=1andb-mo=—-L+3=2% Sincel<: §=1
Lo=1

. From the graph we see that if « is between 4.9 and 5.1 on the z-axis, then y

on the curve (corresponding to ) is in the range 5.8 < y < 6.2. The1efo1e
we can take § = 0.1 because 0 < |z — 5| < § = 0.1 does imply |f(z) — L| =
ly —6] <02=c¢.

. 6=0.1

. From the graph we see that /3 < @ < /5 implies that |f(z) — L| < .

Rounding the first inequality appropriately to hundredths, we get 1.74 <
@ < 2.23. Since 2 is closer to 2.23 than to 1.74, we take § = 2.23 — 2 = 0.23.

§ = min{—1+ 5@, —@ + 1} = 0.11 rounded to hundredths appropriately.

& <z < 2 implies |f(z) — L| < € =

1-£& =% and 2-1= 2 Thus 1 is closer to =, We take § =
Note that 1’1, — 'L()I < § is the same as |z — 1| < <% which is equivalent to

16
—<'L<—« 805—1-éw01ks

’631*’.:-_1»-‘

§ = min{3 — 2.61,3.41 — 3} = 0.39

lime1 (22 +3) = 5. |f(e) =L =20 +3=5] =22 —2| = |2(z — 1)| =
!2”% —1| = 2|z — 1| Thus |f(z) — L] < 0.01 is 2|z — 1] < 0.01 which
is equivalent to |z — 1] < 22 = 0.005. Thus § = 0.005 will do because
0<]z—-1]<0.005 = |f(z)— L] < 0.01 =e.

limg3(3 — 22) = —3. |3 =204 3| = |2(83 — z)| = 2|z — 3] < 0.02 if and only
if |2 — 3] < 0.01. Thus § = 0.01 will do.

hmx_ﬁ —hm zﬂw—hmm_@(m—}—m—él If ¢ 2, m_4——1-}—2
and we may assume this here because z is never equal to 2 as ¢ — 2. Thus
|f(z)— L] =|z+2—4| = |z —2| < e = 0.05 is equivalent to 0 < |z —2| < 0.05
and we may take § = 0.05.

limg_,_s “—“—ii?"s = lim,, ____lw+21£§+1 =—4. f o # -5, |f(z) - L] = |(z +
“1)+ 4| = |z + 5. Sowemayta,ke6~€—005
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15.

16.

17.

18.

19,

20.

21.

22.

Chapter 2: Limits and Continuity

L =lime11 vz — 7 = /11 = 7 = 2. Theinequality |/z — 7—2| < 0.01 leads
successively to —0.01 < \/x =7 -2 < 0.01, 1.99 < /z -7 < 2.01, 1.99% <
T -7 <201% 7T+199% <z < 7+2012 10.9601 < = < 11.0401. The
distance, 0.0399, between zg = 11 and the left endpoint is less than the
distance between zy and the right endpoint. Thus we may take § = 0.0399.

L =lim, 31 -5z = /1415 = 4. The inequality |/1 — bz — 4| < 0.5
leads to —0.5 < /1 — 5z —4 < 0.5, 35<\/1——3—{<45 3.52 <1-5z <
4.5%, —4.5%7 < br — 1 < —3.5%, 1= 4 <z <z 25 —3.85 < 2 —2.25. The
distance, 0.75, between zg = ~3 and the right endpoint is smaller than the
distance between @ and the left endpoint. Thus we may take § = 0.75 or
any other smaller positive number,

limg.s 2 =2. |f(= ) Ll <eis equ]valent to each of the followmg |2 -2| <

2 12 1
0.4_—2——< <2+5,3< <5,12< <8,3<:L< y 2—3 <

<2 + The last inequality is satisfied if le ~ 2| < 1. We may therefore
take § = 2

3
lim 3 2 =38 If( ) — L| < € is equivalent to each of the followin'g' |2 -8] <
1 199 201 25 25 100
004 —8 < <8}‘5,2—5'< <—2'5—7201< <199’201<’L<
100, %— < < 1+ 3:}»3 Thus we may take § = o5 OF 5 = 0.0024 rounding

to ten thousandths appropriately.

|f(w) =5] =9 -2 —5] = [4—z| = |x —4|. Thus |f(z) — 5| < € is equivalent
to |¢ — 4| < e. Thus in each case § = ¢. '

— 5] = |3z — 12| = 3|z — 4| < € if and only if |z — 4| < £/3. Thus

()
= 0.001, 0.0001, €/3, respectively.

|f
)
Let f(w):f_—f%:(—”f{—i)liwl + 5 hmm_)oo(l—{—mﬂ)—l Let€>0be

given. Then [f(z) — 1] = 5 (f01 m > —1) <eifand only if 2 +1 > % or
¢>1—1 Thusif N=1—1 o> N implies |f(z) — 1| < e.

Let f(z) = %% By long division f(z) = 1 + m We can see that
limge0 f(z) = 3. Let € > 0 be given. |f(z) — 1| = 2(21—21 (fora> ) <e

is equivalent to 222 — 1 > 51;, 222 > 1+ 51;, @ § 4 2 - Thusif N =

V3 T iz @ > Nimplies |f(2) — | <e.
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23.

24.

25.

26.

27.

28.

29,

30.

Let f(z) = 22 =1 4 _1-. Here since & — -—1+, z>-—lora+ l > 0. Let
N > 1 be given, f( ) > N is equivalent to 1+ - >N, 2= > N—1, 241 <

T bl
L. Let § = . Then =1 <2 < =1 +46 1mphcs f(z) > N. This proves

N- -
hm’: S f( ):
Let N > 2 be given. Here 22% — 1 > 0 because © > V2, flz) = %2 ;>N
leads to @* > (22% — 1)N, 2*(1 — 2N) > —N, 'L(2N—])<N’L<2N1,

: N V2 [ N _ V2 , — )
¢ <\onmp T 5 < ayog 2.Sovxechooseé_,/2 ' — 2 Then

3@ <z < %—2— + 6 implies f(z) > N. This proves 1imw_ﬁ?é+ s2 = oo.

lim,,y sin@ = 0.84(= sin1) rounded to hundredths. In the viewing rectangle
[0.99,1.01] by [0.83,0.85] we graph y = 0.84 and y = sinx (which appears
as a straight line). Using the endpoints of y = sinz in this rectangle, we
calculate the slope m = 284808360 . ( 54 Ag in Example 6, § = a]m]

1.01-0.99
€/0.54 = 1.85¢ rounding 6 down to be safe. , 01

lim,—,1 tan 2 =tan 1 =1.56 after rounding. In the viewing rectangle [0.99, 1.01]
by [1.55,1.57) we graph y = 1.56 and y = tan & (which appears as a straight
line) Usmg the endpomte of z/ tanz in the 1ecta,ngle we find m = 3.44

lim,,1 cos z == cos 1 =0.54 after rounding. In the viewing rectangle [0.99,1.01]
by [0.53,0.55] we graph y = 0.54 and y = cosa. Using two points on the

graph of y = cos 2, we get for the estimate of m, m = —0.85. Thus 6 =
€/0.85 = 1.17¢. oz

lim,.,4sece = secd = —1.53 after rounding. We graph'y = —1.53 and
y = secw in the viewing rectangle [3.99,4.0] by [—1.54, —1.52]. Our estimate

of m is m = ~1.78. Hence § = ¢/1.78 = 0.56¢.

limgogs(a® — 4a) = (0.5)° — 4(0.5) = —1.88 after rounding. In the viewing
rectangle [0.49,0.51] by [—1.89,1.87) we graph y = —1.88 and y = 2° — 4z,
Using the endpoints to estimate the slope, we get m = —3.25. Therefore
§ = €/3.25 = 0.30e rounding down to be safe. , 0o 3}

limy 25 92 —2® = 6.875. In the V]erIlg rectangle [2.49,2.51] by [6.874,6.876]
we graph y = 6.875 and y = 92 — 2% In this viewing rectangle, the latter
graph appears as a vertical hne and we are unable to calculate a slope. In
several smaller viewing rectangles we obtain slope estimates near —10. To
be sate we round |m| to be 11. Thus § = /11 is our estimate.
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31.

32.

33.

34.

35.

36.

37.

Chapter 2: Limits and Continuity
limg—,—1 ;%7 = 3. In the viewing rectangle [~1.01,—0.99] by [0.32,0.34] we
graph y = 0.33 and y = %, Using the endpoints of the latter graph, we
get our estimate of the slope, m = —0.56. Thus § = ¢/0.56 = 1.78¢ rounding
appropriately. ,Q0¢ S

limg——1 522 = —3. Inthe viewing rectangle [—1.01, —0.99] by [—0.51, —0.49]
we graph y = —0.5 and y = 2%, Using the endpoints of the latter graph, we
get our estimate of the slope, m = 0.75. Hence our estimate is § = & = 4&,

fm| — 3

Ve —5 < els equivalent to @ — 5 < €% or & < 5+ ¢? since ¢ = 5. Thus
I'=(5,5+¢?). Since 5 < & < 5+ ¢* implies |/z — 5 — 0| < ¢, this verifies
that lim,_ 5+ vz — 5 = 0.

V4 —z < ¢is equivalent to 4 — < ¢ or 4 — € < gz since 2 < 4. Thus
I = (4 —¢€?4). This verifies lim,_,4~ /4 — 3 = 0.

Y=t (x)

[(—2,3] by [~1,16]

Since y Z 2, we need only be concerned that y < 2 + €. For & < 1, this is.
equivalent to 4 — 22 < 2 + ¢ which leads to 2 < 2z + ¢ and to > 1 — /2.
Fora 21, y <2+eis 62 —4 < 24¢ which leads to = < 14&/6. The largest
6 can be is the smaller of £/2, ¢/6 which is ¢/6 and I = (1 — ¢/6,1 + e/6).

f(z) = ~1for ¢ < 5and f(z) =1for & > 5 and f is not defined for x = 5.
Ifte=4,1—e< f(z) <1+ ¢ becomes —3 < f(z) < 4 which is true for all
e#5 fe=2 ~1<f(z)<3istrueforallz >5. Ife=1,0< f(z) <2

istrue forallz > 5. Ife =1, 1 < f(2) < 2 is true for all z > 5.

limg—; f(z) = 5 means corresponding to any radius & > 0 about 5, there
exists a radius ¢ > 0 about 2 such that 0 < |2 —2| < & implies |f(z) = 5| < e.
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38.

39.

40.

41.

42,

43.

limg—0g(2) = k means corresponding to each radius ¢ > 0 about k, there
exists a radius § > 0 about 0 such that 0 < |z — 0| < 6 implies lg(z)— r’»[ <€,
z in the domain of g,

sSince we need [¢? — 4| < e < 4, 2 cannot be 0 and 50 § < 2, 0 < 2 — s <,
e, x > 0. Now |z? — 4| < ¢ is equivalent to each of the following: —¢ <
a?—d <e d—e<a? <d+te,Vh—e<|e| < I Te, /4 d—e<ax</d+e
since > 0. The distance from = = 2 to the left endpoint is 2 — /4 — ¢ =

(2 — /4 )%\/: “‘i“e) = grvi—s and the distance from @ = 2 to the right

endpoint is /4 + ¢ — 2 = (Vi+e— 2) (ﬁiz) \/LT+—+2 Since the second
distance has a Imgel denominator, it is smaller and § = /42 + & — 2. This
verifies lim, .y 2* = 4 or lim,_9(2?® — 4) =0. § = 0as e — 0. The graph
of ¢ as a function of & can be viewed by glaphlng of 6 as a function of € can
be viewed by graphing y = /44 z — 2 in the rectangle [0,4] by [0,1]. The

endpoints are not included.

%4 —1] <eis equlvalent to the following: —e < L -1 <e, 1—¢e< —% <
1+e, 1+5<~”“—< (smcee<1),1+€<m 1<ﬁ, 1+1is<a<l+ <.
The distance between 3 and the left endpoint is 3 — (14 2-) = 2( ) =

d

1+e
The distance between 3 and the right endpoint is 1 + A -3= 2(
1) = 7= We must use the shorter distance so § = 2¢/(1 + e) This veuﬁes

111’1—].33...,3 2 =1or hmm_.g(—— —1)=0.6§=2/(1+¢)— 0ase — 0. The
graph of 6 as a function of & may be viewed by graphing y = 22/(1 + 2)
in the rectangle [0, 1] 3y [0,1] and excluding the endpoints since 0 < ¢ < 1.
This verifies hmm_‘g 2. =1or llmm_;g( ~-1)=0.

One need only reverse the order of the steps in IExample 3. Bach line implies
the preceding line in that list of steps.

a) The inequality is supported by graphing y; = 2“, Yo = 3, Y3 = 5 in
[0,2] by [-1,3].  b)He>2, < 32 fails because ;1= is negative.

Supposee<2 Then § = e & — 0.5] < 8 implies ~ 3 <~ 1<

2(71;) < 2(2_ . We may now use the steps in Example 4 1n reverse order to
obtain [f( ) 2| < €. Now suppose € 2 2, § =1, o - 05| < 6 = % implies
T<w <3 f<tcy, 2 <——2<2Whlchnnphes]1—2] <2Ze.
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44. a) Graph y; = 2% 4 1.001 + 0y/z and y, = 2%+ 0.009 + 0v/=z in [~1,1]
by [—0.9, 1.6]. b) Since limg_o+ f(z) = 1.001 # 0.009 = lim,_o- f(x),
lim,_,0 f(2) does not exist. ¢) If @y is negative and a, is positive, then
|f(z2) — f(21)] > 1.001 — 0.009 = 0.992. For & = 0.4 the implication fails
no matter what 6 > 0 is. Because if it did hold, and if ; is negative and
3 1s positive, both within § of zy = 0, we would have |f(zq) — flzd)| =
[F(@2) = L4 L= flon)] £ [flas) = LI+ |L - f(1)] < e+ = 2¢ = 0.8, 2

contradiction.

45. a)

[-2,2] by [-1,1]

b) Since [f(z) — 0| = |f(z)] £ |2] = |& — 0|, we may take § = ¢ in the
definition of limit to prove lim,_,o f(z) = 0.

z41 —1, z < -1 . !
46. Let f(z) = lwil'. Then f(a) = 1 oe> 1 For any 6 > 0 let 29 =
—1—% Then 0 < |ug+ 1| = § <8, but |f(zo)—1] =|—1—1] =2. Thus

given ¢, 0 < ¢ < 2, there is no corresponding § as in the definition of limit.
Hence the limit is not 1 and it therefore does not exist.

PRACTICE EXERCISES, CHAPTER 2
1. Exists 2. Exists 3. Exists

4. Does not exist. The right-hand and left-hand limits exist but are not equal.

5. Exists 6. Exists 7. Continuous at ¢ = a




