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129. (a) f(x) = sec x f(z/6) = %
f'(x) = secx tan x f(z)6) = %
S(x) = sec x(seczx) + tan x(sec x tan x) f(x[6) = %

130.

131.

132.

133.

134.

= sec’® x + sec x tan® x

W N

R(x) = e - /) + 72

w03 ) -5k
450 S G
f&ﬁ j

(b)

(c) PR is abetter approximation than B.

(d) The accuracy worsens as you move away from x = 7/6.

False. If y = (1~ x)l/ ? then y = - x)fl/z(—l)_

False. If f(x) = sin® 2x,then f"(x) = 2(sin 2x)(2 cos 2x).
True
() = a sin x + a, sin 2x + - + a, sin nx
f(x) = a cos x + 2a, cos 2x + -+ + na, cos nx
f(0) = a + 2a, + - + na,
| + 2a, + W =|/(0)] = tim /) _f(o)‘: lim ]_r(x) N ELEI . f(x) <1
x>0 x-0 x—0|sin X X x=>0| sin x

P,(x) ] _ (xk - I)HHP,,'():) - B(x)(n + 1)(xk - l)nkx"‘l B (xk - I)P,,/(‘c) (n+ l)loc" 'P,(x)
(-1 (- 1)
By(x) = (x* - I)M%Lk 1~ J =

n+2 d d" 1

Ba(x) = (x* - 1) E{a’x”[xk - lﬂ = (x* = DB/(x) = (n + Dioc* B (x)
Bunll) = ~( + DB ()

s
For n = 1, j[ L } -k = A() = B(l) = —k Also, R(l) = 1.
X

SR B P

You now use mathematical induction to verify that P, (1) = (—k)" nlfor n > 0.Assume true for n. Then

P, H(l) = —(n + l)k P,,(l) = —(n + l)k(—k)”n! = (—k)"“(n + 1)!.
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162 Chapter 2 Differentiation

Section 2.5 Implicit Differentiation

L. x*+32=9

2x + 2y
, X
J) = ——

)}

2. -yt =25

2x =2y =0
., X
y ==
Y
3. X2 Y2 =16

1 -1/2 Loya s
—X + =y =0
2 2J Y

L2
y = _W
- _ |2
x
4. P+ =64
3x2 +3y%' =0
! —LZ
y = yz
5. Bty =7
3 - —y+2p =0
2y - x)y =y -3
2
) = y - 3x
2y — x
6. Py + yix =2

¥y 420+ P+ 2 =0
(x2 + 2xy)y' = —(yz + 2xy)

.=y + 2x)
y = 2 T2
x(x + 2y)

Il
o

7. Y -y-x
3%y + 352 -y —1=0
(3x3y2 - l)y’ =1 — 3x%y°

. 1 =3x%°
Y =333
3x’y” —1

8. \/E =x*y +1
1 - ’
5() Plo' + ) = 20 + 5y

= 2xy + x°y

X ' Y
—_— + QU A—
NN

X ¥2 V= 2xy — Y
2 xy 2/ xy
J
2xy -~
) = 7 Xy
X2
2./ xy
¥ = dxyJxy ~y
x — 2x2/xy
9. ¥ -3xy + 207 =12

3x2 —3x%y — 6xy +4xpy + 257 =0
(4xy - 3x2)y' = 6xy — 3x% — 27
. 6xy —3x% —2y?

7z 4xy — 3x?

10. 4cosxsiny =1
4[-sin xsin y + cosxcos y y'] = 0

cos x cos y ¥ = sin xsin y

y = sin x sin y
COS X COS ¥
= tan x tan y
11. sinx +2cos2y =1
cos x — 4(sin 2y)y’ = 0
, _ cosx
4sin 2y
12. (sin 7zx + cos 7ry)2 =2

2(sin 7zx + cos ﬂy)[;r cos 7zx — 7z(sin 7ry)y'] =0

7 cos x — z(sin zy)y' = 0

. COSZX
sin 7y

13. sinx = x(1 + tan y)

x(sec2 y)y’ + (1 + tan y)(1)

, _cosx—tany —1

Cos x

11

xsec’y
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Section 2.5 Implicit Differentiation 163

14. coty =x—y 15. y = sin xy
(escta)yf =1 Y = [+ eos()
y - 1 1 _tan?y ¥ — xcos(xy)y’ = y cos(xy)
1-csc’y  —cot?y . y cos(xy)
y = 2 )
1 - x cos(xy)
16. x = secl
))
1= —Lzsec—tanl
y y y
2
' -y 2 1 1
= 2 = ~|cot| =
7 sec(l/y) tan(1/y) 7 COS[ y] © ( y]
17. (@) x* + y* = 64 (b) "
y2 = 64 — x*
y = /64 — x? ﬂ

(c) Explicitly:

1 ~1/2 TXx —X
—(64 — x* -2x) =
dx 2( * ) (-24) J64

~x2_i\/64—x2 ;

' X
V==
y
18. (a) (x* —4x+4)+ () +6y+9)=—9+4+9 by
(x - 2)2 +(y+ 3)2 =4,  Circle I
il —
(y+3) =4~ (x-2) _z_mr‘““‘““ 7
2 -3+ '
y=-3%J4-(x-2) s f;
(c) Explicitly: I
dy 1 2 TV2 $(x - 2) ~(x - 2)
Do pda—(x-2 (-2 = -
ke 2[ ] Ja-(x-2)  wfa-(x-2)
_ —(x-2) ~(x-2)

(d) Implicitly:
2x+ 2y ~4+6) =0
(2y + 6)y' = 2(x - 2)

A=)

B y+3
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164 Chapter 2 Differentiation

19. (a) 1632 = 400 — 25x
, 1

16
P = 5(400 - 16x2) = 2—5(25 - x*)

y = %\/25 - x
(b)

(c) Explicitly:
dy 4 2\-2
= i1—0(25 - x?) 7 (=2x)
4x —4x 16x

= $ - = =
525 — a2 5(5/4)y 25y
(d) Implicitly: 32x + 503" = 0
, 16x

25y

20. (a) 16y% = x? + 16

y =

(b) 3

(c) Explicitly:
1 2 -1/2
& ia(,\ +16)
dx 4
_ +x o EFx X
4x 116 4(x4y) 16y

(d) Implicitly: 16y* — x* = 16

()

32y = 2x =0
32y = 2x
, 2x X
T3y 16y

21. Xy =6
xy’ + 1) =
Xy = =y
y=-Z
X
At (—6, —1) ¥ o= —l
6
22, -y =
2x —3y%' = 0
P2
2
At (L1): y' ==
L0y =3
2 _ 49
23, =2
Y X% + 49
, (x2 + 49)(2x) - (x2 - 49)(2x)
2y = 5
(x2 + 4)
2y’ = 196x !
(x* + 49)
, 98x

y =
y(x2 + 49)2
At (7, 0): y'is undefined.

24, (x + y)3

¥+ 3x%y + 397 + )P

3x2y + 3xy?

xy + xp?

x%y' + 2xy + 209" + 2
(x2 + 2xy)y'

J)

At (-L1): y' = -1

25. P y2/3 =5

2 o 2 py
—x 77+ = =0
3 3)’ y

Y
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_—x"'/3
Y =" =~

=%+

=5 1y

-7 +2)

_y(y + 2x)
x(x + 2y)

X



26. ¥+ =6xy~1
3x% 4+ 33%y = 6xy" + 6y
(3y2 - 6x)y’ = 6y — 3x*

. 6y —3x?

3y — 6x
At(2,3), V= 18 — 12 :izg
27-12 15 5

27. tan(x + y) = x

L+ y)sec?(x +y) =1

_1=sec’(x + )

!

r sec’(x + y)
_ —tan’(x + y)
B tan*(x + y) + 1
= —sin’(x + )
= — xz
x4+ 1
At (0,0): y' =0
28. xcosy =1
x[—y'sin y] + cos y = 0
J = o8y
X sin y
1
= —cot y
x
_ cot y
x
T 1
At12, =y = —
( 3] SRENG
29. (x* +4)y =8
(x2 + 4)y’ +y(2x) =0
;o —2xy
r = 2+ 4
—2x[8/ (x2 + 4)]
- x* + 4
_ -16x
(x2 + 4)2
=32 1
At (2,1): y = =2 = 2
@1 ==
(Or, you could just solve fory: y = — i 4)
x
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30. (4 - x)y2 =5
(4 - x)20") + ¥ (-1) = 35?
L 3P 4yt
y = —
2y(4 - x)

At (2,2): y' =2

31. (x2 + y2)2 4x%y

Il

2(,\‘2 + y2)(2x +2y) = 4xy" + y(8x)

43 + 4xtyy + dxy? + 4y*y = 4x%y + 8xy
4xtyy’ + 437y — 4x%y' = 8xy — 4 — 4n?

4(2xy - ¥ - xyz)

S
Py + - ¥

4y'(x2y + 3% - xz)

i

J)
At (L1): y' =0

32. ¥+ —6bxy=0
3x2 + 3% ~ 6xy' — 6y =0
)/'(3)}2 - 6x) = 6y — 3x?

y,_6y—3x2 _2y—x2

3y? — 6x B y? - 2x

At(ﬁﬁ]' ,_(163)-(6/9) 32 4

33 (64/9) - (8/3) 40 5

3. (y-3) =4(x-35), (61)

2(y~3)y':4
. 2
V=03
2
At (6,1 = =1
61, ¥ =173

Tangent line: y —1 = —1(x — 6)
y=-x+17

34 (x+2) +(y -3 =37, (44)
2zx+2)+2(y-3)y' =0
-3y =-(x+2)

J - (x+2)
y=3

At (4,4), ¥ = —? = -6

Tangent line: y — 4 = —6(x - 4)
y = —6x + 28
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166 Chapter 2 Differentiation

3. w=1L (L) 39, 3 +52) = 1000 - 52), (4,2)
wry=0 6(x + 37)(2x + 2y') = 100(2x — 23
oY
YT At (4,2):
At (L1): y' = -1 6(16 + 4)(8 + 4y') = 100(8 — 4y")
Tangent line: y - 1 = —l(x _ 1) 960 + 480_}) = 800 — 400))
880y = —160
y=-x+2 s
Yy =1
3. ¢ -6y 4137 - 16 =0, (V3,1) Tangent line: y-2=-2(x-4)
‘ TS
14x - 63/3x) = 6/3y + 263y’ = 0 1y + 2x =30 = 0
J 63y — 14x p=-2x+ 2
26y — 6/3x
22 2\ _ a2
. 63-14/3 83 40. Pt t) =24 (L)
At(V3,1): ' = - - /3 S 2
26—6\/5\/3 8 yoxt + yt = 2x
Tangent line: y - 1 = _\/g(x _ \/g) 2)/);’x2 + 2xy2 + 4y3y’ = 4x
= —Lixsa At(1,1);
2y + 2+ 4y =4
37. x2y? — Ox? — 4y? = 0, (—4, 2\/5) 6y =2
r_ 1
¥22p + 2xp7 —18x — 8y’ = 0 ry=3
o 18x — 2xy° Tangent line: y — 1 = %(Y -1)
2x*y — 8y | )
18(—4) — 2(—4)(12 R
At (4,203 5 = S04 - 200(02)
2(16)(2/3) - 16v/3 LR
@ Z+2L -1, 1,2
_ ¥ 1 3 L
483 23 6 X+ 241 -0
Tangent line; y — 2+/3 = %(L +4) y = _4x
y
y = %x + 2\/5 At (1,2): Y = =2
Tangent line: y — 2 = —2(x — 1)
38. Pyt =5 (81 y = 2x+ 4
2 -1/3 2 —1/3., 2 2 ' 2
X7 + =y =0 x 2x 2 , —b°x
3\ 33 y (b) ;_+Z_2:1:>_2+23}:O:>y:a2\
J)
-3 /3
yo= X = _(Z) —b%x
y s x Y=Y = azyoo (x = xp), Tangent line at (xo, yo)
At(8,1):y':~~1~ B i N
2 2 4 &2
. 1
Tangent line: y =1 = ——(x - 8) Becauseﬁ + ﬁ = 1, you have 22 4 2% _
2 a* b Y b? a* '
1
y = ——2~x +5 Note: From part (a),
1(x) 2
ﬁ—k@:l:l)) =—lx+1:> y =-2x+4,
2 8 4 2

Tangent line.
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Section 2.5 Implicit Differentiation

2 2 43, tany = x
2.0 =-2 -1, (3-2) 4
6 8 ¥ sec’y =1
Xy,
- — =y =0 e :COS2 ,—— < < —
3 4 4 sec?y ‘ 755
%y':g sec’y = 1+ tan’y = 1 + x?
1
,  4x =
y = 5 7 1+ x2
4(3) 44. cosy = x
At(3,-2): y = L _ 5 , ,
( ) Y 3(_2) —siny - y' =1
Tangent line: y + 2 = —2(x — 3) y = —_:l—, 0<y<nm
siny
y=-"2x+4 ., )
sin“y + cos”y =1
2 2 2 ' ,b2 .
(b) x__y_zljz_x_ﬂ:()jy’:f_ sin?y = 1 — cos?y
a b? a* b ya*
b . siny:\/l—coszy N
y = Yo = ——(x — xp), Tangent line at (xp, yp) -1
Yod o= d<x<l
2 2 1-x*
Mo Yo _ XX X
b? &P
Because 2 — 20 = 1, you have 225 — 20 _ |
ecause — e you have e e =L
Note: From part (a),
)
3—)'—Q:1:>lx+1=1:> y=-2x+4,
6 8 2 4
Tangent line.
45. x* + 3yt =4
2x+ 2y =0
, X
y =—
J)
a_ YD oy xly) P-4
YTy T I
46. x3y? —2x =3
2%y + 202 -2 =0
'+ 2 -1=20
2
)/, = 1 w
2
x*y
2xpy + xz(y’)2 +xhy 4 209" + 2 =0
dxyy' + xz(y')2 + "+ 32 =0
2
_ 2 1 - x?
4 4xy + ( 232 ) + xzyy” + y2 =0
x x’y
dxy? — 4x2p* 11 - 207 4+ 2Bt + MY+ Pyt =
¥y = 2%yt - 2% 1
= 2x%p% ~ 2% ~ 1
s

167
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168 Chapter 2 Differentiation

47. ¥t — 3% =36
2x =2y =0
;X
Y=
))
x=p' =0
" ’ 2
L' =(¥) =0
N2
I—JW”-[ij =0
y
-y =
w Y- x2 36
Yy = J 5 = ——
)) J)
48. 1-xy =x—y
y =Xy =X - 1
x =1
) = = —1
) 1 -x
y' =0
J)” —_
49, yr =41
2y = 3x?
) 2y 2y xy  2x ¥
2x(3y") — 3y(2
= 2 : ¥(2)
4x
_ 2x[3 . (3y/2x)] -6y _ 3y
4x* 4x?
50. y? = 10x
2yy" =10
, 5
y ==
)/
51 5 25
l!:_s -2 L e
Y Yoy L}Z} B I
51. i+ Jy =5 0
L i 2y
—x + =y 7y =0
> Yy
' _\/; -1

AL

2x

3x
4y

At (9,4)y" = —21

Tangent line:

1l
(=3

2x + 3y - 30

y—4:—~(x—9)

52.

53.

R 1
7 X2 +1
) (xz + l)(l) (= D2%) 2 41— 202 4 2x
2yt = 2 = 2
(xz + 1) (x2 + 1)
y:1+2x—f
2y(x2 + 1)2
|
— -l {.,_' — 5
-1
At;ﬁi:y: l+4-4 1
5 (25) ERTNG
At (4 + 1)
5
‘ 5 1
T t line: —— = ——(x -2
angent line Y- n \/g(\ )
104/5y ~10 = x — 2
x—10/5y +8 =0

¥+ 3?7 =25

2x + 2 =0
, X
Y=
))
At(4,3):
Tangent line:

y—3=74(x—4):>4x+3y—25:0

Normal line: y — 3 = %(\ -4)=>3x -4y =0

6

AN
||)r ..f"f '1;(:-1 K
I} e " .JI \"\
] - *

-8
At(-3, 4Y:
Tangent line:

y~4:%(x+3):>3x—4y+25:0

Normal line: y — 4 = _?4(\ +3) = 4x+3y =0
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54,

55.

¥t + yr =36
2x + 2y =0

, X

y =-=

y

At (6, 0); slope is undefined.

Tangent line: x = 6

Normal line: y =0

-12 (/J_Pﬁ‘\ SN P
N

:]

At (5, \/1—1), slope is %

y =N = (s
Vly =11 = =5x + 25
5x+ /11y — 36
11
y—\/r:£(x—5)

Tangent line:

Il
<o

Normal line:

5
5y - 5V11 = J1lx - 511
S5y —~/1lx =0
8
L
-12 // \ 12
-8
4yt =
2x+ 2y =0
y o= == slope of tangent line
y

P slope of normal line
x
Let (x,, yp) be a point on the circle. If x, = 0, then the

tangent line is horizontal, the normal line is vertical and,
hence, passes through the origin. If x, # 0, then the
equation of the normal line is

Y
y =y = H{x = x)

Xo

Yo

y=-x
Xo

which passes through the origin.

56.

57.

Section 2.5 Implicit Differentiation 169

))2:4x
2y =4
2
"= 2 =1at(l,2
y=2=ta(l2)

Equation of normal line at (1, 2) is
¥y — 2 =-1(x = 1), » = 3 — x. The centers of the

circles must be on the normal line and at a distance of 4
units from (1, 2). Therefore,

(-1 +[B-x-2] =16
2x -1 =16
x=1+242.

Centers of the circles: (l + 2\/5, 2 — 2\/—2_) and
(1-2v2.2+22)

Equations: (x -1~ 2\/5)2 + (y -2+ 2\/5)2

(x-1+2\/5)2+(y—2—2\/§)2_16

16

it

|

25x% + 169% + 200x — 160y + 400 = 0
50x + 32y + 200 — 160y’ = 0
, 200 + 50x

7 7 160 — 32y
Horizontal tangents occur when x = —4:
25(16) + 16y + 200(—4) — 160y + 400 = 0
y(y —10) =0=y=0,10
Horizontal tangents: (—4, 0), (-4, 10)
Vertical tangents occur when y = 5:
25x% + 400 + 200x — 800 + 400 = 0
25x(x +8) =0 = x = 0,-8
Vertical tangents: (0, 5), (-8, 5)

¥
(=4,10)
104+

(-8,5)

-10 -8 -6 -4 2
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58.

59.

60.

Chapter 2 Differentiation

4x> + y* - 8x +4y+4=0

8x + 2y —8+4y =0
, 8 -8 4 — 4x
J}: =
2y + 4 y+2

Horizontal tangents occur when x = &

407+ —8(1) + 4y + 4
yz + 4y

Horizontal tangents: (1, 0), (1, —4)

0
:y(y+4):0:>y:0,—4

Vertical tangents occur when y = —2:

437 + (<2)" —8x + 4(-2) + 4
4x? - 8x

Vertical tangents: (0, —2), (2, -2)

0
4x(x—2):0:>x:0,2

Find the points of intersection by letting »* = 4x in the equation 2x> + ¥? = 6.

24 32—
0 23+ 3y°=5

4
1,-4)

¥

(1,-n
hS

2,

yo=x

2x* +4x =6 and (x +3)(x - 1) =0
The curves intersect at (1, +2).
Ellipse: Parabola:
4x + 2){)7' =0 2}{)}' = 4
, 2x .2
)7 = —— J) = —
y Y
At (1, 2), the slopes are:
y' = -1 y' =1
At (1, —2), the slopes are:
y’ =1 y’ = —1
Tangents are perpendicular.
Find the points of intersection by letting »? = x*in the equation 2x> + 31* = 5.
2x? +3* =5 and 3x* +2x* -5=10
Intersect when x = 1.
Points of intersection: (1, +1)
JI'/,J-F'_'_
¥ =k 2x* + 3y = 5 2
2y = 3x? 4x + 6’ =0 1
> 2 ) 3y
At (1,1), the slopes are:
g3 ro 2
) 2 7 3
At (1, —1), the slopes are:
g3 o2
) 5 y 3

Tangents are perpendicular.

3
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61.

62.

63.

68.

y=-x and x = sin y

Point of intersection: (0, 0)

y =X X = sin y:
Yy =-1 1=1y'cos y
¥ =secy
At (0, 0), the slopes are:
y o =-1 ¥y =1

Tangents are perpendicular.
4

yi
4 [x+y=0

©,07F

Rewriting each equation and differentiating:
¥ = 3(y - 1) x(3y - 29) =3
X’ 1[3 j
=—+1 =——+29
7 3 Y A x
1
f x2 -

[xGr-29=3] 5 [F=3y-3]
Y

-5 = 12
i

-3

For each value of x, the derivatives are negative
reciprocals of each other. So, the tangent lines are
orthogonal at both points of intersection.

x =C -y =K
' +y=0 2x = 2p' =0
! ) ’ X
.V:”i y =

x v

At any point of intersection (x, y) the product of the
slopes is (—y/x)(x/y) = —1. The curves are orthogonal.

\

2

<

-2

-2
4sinxcosy =1

(a) 4sin x(-sin y)y' + 4cosxcosy =0

,  COSXCOSy
y o =-——"
sin x sin y

Section 2.5 Implicit Differentiation 171
64. x* + y* = C? y = Kx
2x + 2y =0 y =K
, x
y =-—
Y

At the point of intersection (x, y), the product of the
slopes is (=x/y)(K) = (—x/Kx)(K) = —1. The curves

are orthogonal.

7] e
X R

) -2

65. 252 —3x* = 0

(@) 4y —12x° =0

dyy' = 12x°
c_ 230
4y y
dy Jdx
b) 4y— — 12x°— =0
®) 4 dr
yﬂ = 3x3§
dt dt

66. x> —3x? + 3 =10
(@) 2x —3p* —6xy' +3y% =0
(~6xy + 3y2)y’ = 3y? — 2x

. 3y - 2x
v
3y° — 6xy
dx dx dy dy
b) 2x— — 3y — — 6ap—= 2 =0
®) 2 = Y T
dy
2x — 33— = (6 2=
(e =397 = (6w =37
67. coszy —3sinzx =1
(@) —xsin zy(y") — 37 cos 7x = 0
, _ —3cosmx
sin 7y
(b) —z sin ﬂy[Q] — 37 cos ﬁ\(ﬂj =0
dt dt

—sin ﬁy(ﬂJ = 3 cos ﬂx(ﬂ]
dt dt

. . dy dx
b) 4sinx(—sin y)| — |+ 4cosx|—|cosy =0
® asineoin ) 2+ 4cos s E s,
(dxj S [dy)
cos x cos y| — | = sin x sin y| —
dt dt

© 2010 Brooks/Cole, Cengage Learning




172

69.

70.

73.

Chapter 2 Differentiation

Answers will vary. Sample answer: In the explicit form
of a function, the variable is explicitly written as a
function of x. In an implicit equation, the function is only
implied by an equation. An example of an implicit

function is ¥* + xy = 5.In explicit form it would be
y = (5 - xz)/x.

Answers will vary. Sample answer: Given an implicit
equation, first differentiate both sides with respect to x.
Collect all terms involving 3" on the left, and all other
terms to the right. Factor out y' on the left side. Finally,
divide both sides by the left-hand factor that does not
contain 3.

(@ x*= 4(4:{2 - y2)

4y? = 16x* — x* %
b '||
-10
o= 4x? - %x“ A
1 ~10
=+ [4x? — =x*
7 4

(b) y=3:>9=4x2~%x“

36 = 16x% — x*
xt—16x2+36=0

2 :16i\/256-144 —8+/28

2

71.

72.

10

Use starting point B.

Highest wind speed near L

2
Notethat x* = 8§ + /28 = 8 + 2./7 = (1 + \/7) . So, there are four values of x:

17,1 -1, 4+ V7,147

To find the slope, 2yy’ = 8x — x* = y' =

For x = -1 — \/7, y' = %(\/7 + 7), and the line is

x(8 - xz)

2(3)

);1:%(\/7+7)(x+1+\/7)+3: [(\/7+7)x+8\/7+23:1.

1
3

Forx =1-~/7,y = %(\/7 - 7), and the line is

y2:é(ﬁ—7)(x—l+\/7)+3:é[(\/?—7)x+23-8\/7].

For x = -1 +~/7,y = —%(\ﬁ - 7), and the line is

by = —-;-(\/7 ~ ) +1-/7) +3 = —%[(\/7 - 7)x - (23 - 87))

For x =1+ \/7, y = —%(\/7 + 7), and the line is

Y4

_%(\/7 P -1-7) 43 = _é[(\/? + 7 - (87 + 23)}
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(c) Equating y;and y,:
1

—5(\/7—7)(x+1—\/_7—)+3
VR

Section 2.5 Implicit Differentiation 173

1

—g(ﬁ+7)(x—l—\/7)+3
(7 e -1-7)

11

Jix+ T =797+ 9T =Tx =T =7+ Tx = 7-17J/7
1637 = 14x
LT

87

If x

74. (a) True

icos(yz) = 2y sin(y?).
dy N V)

(b) False.

(c) False. gjcos(f) 2 sin(yz).

X

Je

0

Ay
N

75.

NI
L d
2\/;dx
L4
dx

1
—
2x

Tangent line at (xy, yo): ¥ — yo = —

x-intercept: (xo + \/)TO \/E , O)
y-intercept: (O, Yo + \/g \/% )

Sum of intercepts:

— then y = 5 and the lines intersect at

S
NS

7

8\/75
5|

(x - )

(10 + ron/30) + (30 + on/30) = 10 + 25050 + 70 = (Vo + ) = (Ve = ¢

76. y = x?/%; p, q integers and ¢ > 0

¥y =x

qu—!y' =
=1
. x?

y

y!

xP!
P —x
X

pla = P plg-1
q

So, if y =

1

x",n = p/q,then y' = nx""\,

77. ¥ + y? = 100, slope = %

2x + 2y =0

, x
y =-—=
Y
¥+ (Exzj =100
9
Ex2 = 100
9
x =16

Points: (6, —8) and (-6, 8)
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78.

79.

81.

!
Chapter 2 'Differentiation
y4 = y2 — x?
4y’y" =2y - 2x
2x = (2)) — 43)3)))'
, 2x

)):——-——————-:

0=>x=0
2y — 4y° .

Horizontal tangents at (0, 1) and (0, -1)

Note: 3* — 3> + x> = 0
14/1- 47
2

If you graph these four equations, you will see that these
are horizontal tangents at (O, il), but not at (O, O).

J)Z =

2

X ¥?
I+?—l, (4,0)
g§+2)9»’20
4 9
y'=ﬁ
4y
9x  y-0
4—y_,\‘—4

—9x(x — 4) = 4y2

But, 9x% + 4y? = 36 = 43* = 36 — 9x%. So,
—9x% +36x = 4y =36 - 9x* = x = 1.

Points on ellipse: (l, + %\/gj
At (1,%\/5}3/ = i = _—9 - _ﬁ

At (1, —%\/3} y = 3

3):—3(x—4):£x—2\/§
2 2
P
a —+—==1
® 32 8
2+2yy:0:>y’:_—x
32 8 4y
-4 1
At (4,2)y = — = —
R

Slope of normal line is 2.
y—2= Z(x - 4)
y=2x~-6

80.

y

2yy'

1l

x
1

i

’

1 .
y' = —, slope of tangent line
2y

i

Consider the slope of the normal line joining (x,, 0) and

(x, y) = (yz, y) on the parabola.

y-0
oy =
’ - x
e
1
Yo =x -
2
(@) If x = L, then y* = - — 1 = —1 which s

impossible. So, the only normal line is the x-axis
(v = 0).

(b) If xy = 1, then > = 0 = y = 0. Same as part (a).

1

2

(©) If x5 = 1, then y* = % = x and there are three
normal lines.

1 1
The x-axis, the line joining (x,, 0} and | —, —= |, and
Joining (2. ) (2 Np ]
the line joining (x,, 0) and l, L
2 2
If two normals are perpendicular, then their slopes are —1
and 1. So,

-—2)}:-—1: JZ)_O :>y:l
J) - xo 2

and

1/2 1 1 3
—V— =1 — Xy == = x) = —
(1/4) - Xy 4 2 4
The perpendicular normal lines are y = —x + 7 and

_ L3
y =3 "
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(b 4

1A
7

-4
2 2
L+ (2x 6)
32 8
X2+ 4(4x2 - 24x + 36) =132

©

!

17x* = 96x +112 = 0
(7%~ 28)(x —4) = 0 = x = 4,2
17
Second point: ﬁ, %
17 17

Section 2.6 Related Rates

L oy=+x

d (1 )

dt  \2v/x) dt

dx dy

& _ 2 i Y

dt Vx dt

(a) When x = 4 and dx/dr = 3,
dy 1 3
Yo =2
dt 2JZ( ) 4

(b) When x = 25and dy/dr = 2,
% = 2:/25(2) = 20.

2. y= 4(x2 - Sx)

D _ (8x - 20) %
dt dt

dx 1 dy
dr 8x - 20 dr
(a) When x = 3and dx/df = 2,
% = [8(3) - 20](2) = 8.
t
(b) When x = land dy/dr = 5,

dx 1 5
Z e (5= ——
de 8(1) - AT

Section 2.6 Related Rates

3. xy =4
xd—y + yﬁ =0
dt dt

@‘G%ﬂ
dt x) dt
& _ (x|
dt y) dt
(a) When x = 8,y = 1/2, and dx/dt = 10,
A _ 120, _ 5

(b) When x =1,y = 4,and dy/di = -6,

dx 1 3
a0y
4. x* + P =25

Zxd—: + 2))—4)—} =0
Do [_E|E
dt y) dt
Q_Ggﬂ
dt x) dt
(a) When x = 3,y = 4,and dx/dt = 8,
dy 3
D - 28) = 6.
dt 4( )

(b) When x = 4,y = 3,and dy/dt = -2,

dc 3 3
2o J2)=2
i e A

175
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176 Chapter 2 Differentiation

5 y=2x"+1 8. y =cosx
L] =72 @ =2
dr dt
g}i:ﬂrxﬂ ﬂ:—sinxﬂ
dt dt dt dt
(a) When x = -1, (a) When x = z/6,
@ 4(-1)(2) = 8 cm/sec. @D (—sin Z)(2) = —1 cm/sec.
dt dt 6
(b) When x = 0, (b) When x = #/4,
da
FJ; = 4(0)(2) = 0 cm/sec. % = (—Sin %}(2) = —/2 cm/sec.
(c) When x =1, (c) When x = z/3,
D4 (2) = 8 e/ dy i
g (1)(2) = 8 cm/sec. = = (~sin —](2) = —/3 cm/sec.
dt 3
6. y = ! 9. Yes, y changes at a constant rate.
1+ x?
dr ﬂ = q - ﬂ
7" =2 dr dr
No, the rate dy/dr is a multiple of dx/dt.
& |2 |
de (1 + xz)z dt 10. Answers will vary. See page 150.

(2) When x = -2, 1. D= /x"+y* =/ 4-(x2 4—1)2 =Jxt +3x +1

-2(-2)2

D M—) = icm/sea dx _ 2
(b) When x = 0, D _ —1~(x4 +3x7 + 1)71/2(4x3 + 6):)ﬂ

dy dt 2 dt

o 0 cm/sec. _ 2 +3x  dx
(c) When x = 2 Vat + 357 41 dt

3 .
& 2002 -8 4 Abx
- = s = 55 cm/sec. m
7. y =tanx 12. D= \/x2 + % = Jx? + sin’x

b _, @,
dt dt
P secx e . _ l(x2 + sinzx)_l/2(2x + 2ssin x cos x) i3
dt dt dt 2 dt
(a) When x = —z/3, _ X+ sin x cos x dx

dy , %+ sin?x df

o (2)°(2) = 8 co/sec. _ 2x +2sinxcosx

N x? 4+ sin?x

(b) When x = —x/4,

Q: \/522 = 4 cm/sec.
dt

(c) When x = 0,
.‘% = (1(2) = 2 cm/sec
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13. A = zr?
ar _ 4
dt
aa = 27n‘i
dt dt
a4 -
(a) When r = 8,—d—t = 27(8)(4) = 647 cm*/min.

(b) When r = 32,% = 27(32)(4) = 2567 cm®/min.

4 A=ar
a _, 9
di dr

If dr/dt is constant, dA/dt is not constant.
dA/dt depends on r and dr/dt.

1/2)b
15. (a) singzg—/——)~:> b = 2ssin2
2 K 2

4
cos —

]

h a
— = h = scos—
s 2

A= lbh = l(ZS sin g](s cos ﬁ)
2 2 2 2

2 2
:S—2sinﬁcos—9~ :S—sine
2 2 2 2

2
b) a4 =2 cos Hﬁwhereig— = lrad/rnin.
dt 2 dt a2
When o 2,44 _ 25)1)
6 d 2 2 \2 8

2 2
WhenH:z,d—A::s—l)(l):f—.
3 20202) 8

(c) Ifs and% is constant, % is proportional to cos 8.

Section 2.6 Related Rates 177

16. V =—ar

dr _
dt

CLagyp— dr
dt dt

(a) When » =9,

(Z—I: = 47r(9)2(3) = 9727 in2/min.

When r = 36,

% = 47(36)’(3) = 15,5527 in’/min.

(b) If dr/dt is constant, d¥/dt is proportional to 7%

A 7
17. V= 3m~3,~‘3”— = 800
3 dt
A g &
d dt

dr 1 (dV 1
LU A 800
dt 47rr2( dt) 47zr2( )
(a) When r = 30,
ar _ —1—2(800) -2 cm/min,
dt 4z(30) 7

(b) When r = 60,
dr 1

— = =(800) = L cm/min.
dt 47:(60) 187

18. V =%
dx
dt
Vel

X
dt dt
(a) When x = 2,
@ _
dt
(b) When x = 10,
av

= 3(10)*(6) = 1800 em/sec.

3(2)2(6) = 72 em’/sec.

© 2010 Brooks/Cole, Cengage Learning




178 Chapter 2 Differentiation

19. s = 6x°

g
dt

ﬁ = 12xﬂ

dt dt

(a) When x = 2,
ds 2
— =12(2)(6) = 144 cm?/scc.
dt

(b) When x = 10,

&

- (10)(6) = 720 cm?/sec.
d

dt
v _ 37rr2i
dt dt
(a) When r = 6,

% = 37r(6)2(2) = 2167 in’/min.

(b) When r = 24,

% = 37(24)}(2) = 34567 in¥/min.

22. V= lm‘zh = lﬂ'ﬁhB = 257 n
3 3 144 3(144)

ar
dt
dv 257, dh dh ( 144 jdV
— = h— = — = e
dt 144 4t dt 257h* ) dt
dn 144 (10) = -2

When h = 8, — =
dt 257r(64) 107z

=
V

=10

12

= —— ft/min,

2. V7V = l7rr2h = l;r 2172 i [because 27 = 3h]
3 3 (4

_ 37
4
a1
dt

dv. 9z, dh __ dn  Adv/dr)
T s
dt 4 g dt Orh?
When h = 15,

ﬁ = 4(10)2 = Lft/min.
dt 97[(15) 4057

l/ 5
= —h.
12 12

. . r 1
By similar triangles, 3 =— = F
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Section 2.6 Related Rates 179

(a) Total volume of pool = %(2)(12)(6) + (1)(6)(12) = 144 m’

Volume of 1 m of water = %(l)(6)(6) =18m®  (see similar triangle diagram)

% pool filled = %(100%) = 12.5%

(b) Because for0 < & < 2,b = 6h,you have
v = %bh(6) = 3bh = 3(6h)h = 182

dh 1 1 1 .
= - = —— = —— = — m/min.

Pl =2 e
dt da 4  dr 144h 144(1) 144

M.V = %bh(lz) = 6bh = 6K* (sinceb = h)

A B
dt dt dt 12h dt
When /1 = landﬂ = 2,@ = L(2) _1 ft/min.
dt de - 12(1) 6
) If dh 3 in./min = 1 fyminandh = 2 fi, then a (12)(2)(—1~—j = 3 8/min.
dt 8 32 dt 32 4
2S. xt + 3y = 25
ini{ + 2y Q =0
dt dt
- _ 25
b _zx & because—@:z. Y
dt y dt ¥ dt
dy ~2(7) 7
a) When x = 7,y = /576 = 24,— = —~ = —— fi/sec. ¥
® Y dt 24 12
dy —2(15) 3
When x = 15,y = /400 = 20, — = ——~ = —— ft/sec.
e a 20 2
~2(24
When x =24,y = 7,@ = ——(-—) = —ﬁft/sec.
dt 7 7
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180 Chapter 2 Differentiation

1
b) A= -—xy
(b) >
d4d  1{ dy dx
= x4 Y
dt 2\ dt dt
dx dy 7
From part (a) you have x = 7,y = 24, — = 2, and — = —— So,
part (a) y § ? dt dt 12
a_1 7 —lj +24(2)| = 2zftz/sec.
dt 2 12 24
©) tan 6 = =
)}
Se&gﬁ:l.ﬁ__x_._@i

dt y dt y* adt

D o Lod
dt

Using x = 7,y = 24,ﬁ = 2,@ =~ Land cos 6 = 22, you have
dt dt 12 25
2
ﬁ = ﬁ L(z) _ 7 7(_1J = Lrad/sec.
dar \25)|2477  (247\ 12)| 12
26. (\‘2 4 ))2 =25
in\; + Zyﬂ)i =0
dt dt
ﬁ - . @ = _0—'12 (becauseﬁ = 0.15)
dt X dt X dt

V18.75

2.5

0.15 ~ —0.26 m/sec.

When x = 2.5,y = \/18.75,% = -
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Section 2.6 Related Rates 181

27. When y = 6,x = V122 = 62 = 6</3,and s = \/x* + (12 - y)’ = /108 + 36 = 12.

i s
12—y
¥
1 )
! :
! 12 :
| &
|
¥+ (12 - y)2 = §?
dy ds
2x = + 2(12 — p)(-1) = = 25—
x— 212 = y)(-1) = = 2
dx y _ . as
SRl G bl
Also, ¥* + y? = 122
LN d _oxdx
dt dt dt y dt
—x dx ds
So, x — ~12 =5
o, x— + (¥ )(y dt] s~
% X —Xx+ 12x = s% = @ =2 as = m(—O.Z) = =L = :-{?’—In/sec(horizontal)
y rdr 12x df (12)(6\/5) 53 15

_ - /3
b oxdx _6\[3— ( ) = lm/sec (vertical)
d vy dt 6 15 5

28. Let L be the length of the rope.
(a) I? =144 + x?

[since @ = —4 ft/secj
dt

When L = 13:

NP~ 144 = /169 — 144 = 5

% - mi‘%i) - —§ = 104 ffsec

Speed of the boat increases as it approaches the dock.
dx
dr

dL x5y 2 720 e
d Ld 13 13

dL _ xdv NP -144

= = -4
dt Lt T,
dL

I

X

) IfE = 4, and L = 13

lim lim —4 I 144 = 0
L2t dt L2t L
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182 Chapter 2 Differentiation

29. (a) 2 = x4+ y?

L3 -450
dt
& = —-600
dt

2s£]i = 2xi{+ 2yﬂ
at dt dt
ds _ x(dx/dt) + y(dy/dr)
dt s

————
00 200 300

x

When x = 225 and y = 300, s = 375 and
ds _ 225(-450) + 300(-600)
dr 375

375

(b) t:—:lh = 30 min
750 2

30, X+ =P

2x dx + 0 = 2s ﬁ (because ﬂ =0
dr dr dt
de _sds
dt x dt
When 5 = 10, x = /100 — 25 = /75 = 5/3,
d 10 480

o = m(240) = NE

= ~750 mi/h.

= 160/3 ~ 277.13 mi/h.

31.

32.

s =907 + x?

x =30

s

dt
2s£:2xdx 2§:,_v'dx

dt dt dt s dt
When x = 20,5 = </90% + 20* = 10/85,
ds 20 =50
g (-25) = ~ =542 ft/sec.
di 10-/85" ) /85

2nd
20 f
3rd// Ist
90 ft
v Home
52 = 90% + x?
x=90~-20=170
& s
dt
& _x &
dt s dt
When x = 70,5 = ~/90% + 70> = 10/130,
b _ 70 (25) = 175 ~ 15.35 fi/sec.
dt 10~/130 130
QHd%()ﬂ

3rd I\Sl

Home ¥
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Section 2.6 Related Rates 183

15 y [ 2
33.(a) — = = 15y -15x =6 35, x(t) = —sin—, x* + y* =1
@ =5 y y (1) = 5sin = )
5 2
= —X a) Period: — = 12 seconds
Y =3 (a) /6
ﬁ =5 2
it (b)Whenx:—lz—,yz 12_(3 zém.
f{.)i = éﬂ = 2(5) = Z.S.ft/sec
d 3 dt 3 3 3
Lowest point: [0, —2—]
(c) When
2 vl
x=l, y= 1—(lj = 15andr:
4 4 4
dx 1(7[} 7 zt
— = —{~—lcos — = —cos —
. 2\6 12 6
¥+ =1
(b)
N DO N Y
d dt dt y dt
20 y
34. (a) = =
6 y-x So,%:— /4 '%cos(%)
20y — 20x = 6y N
14y = 20x i [L)ﬁ ol _
10 Jis\i2) 2 2445 120
y=—x
7 ~\/§7z \/gﬂ
d Speed = = —— m/sec
& _ 5 120 120
dt
& _W0d E(—5) = 2 fgec
dt 7 dt 7 7
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36.

37.

38

Chapter 2 Differentiation

%sinm‘,x2 +y* =1

x(r)

(a) Period: 2z = 2 seconds
V4

2
3 3 4
b) When x = —, y =  J1 - |=| =—-m.
(®) 5 ( 5] 5
. 4
Lowest point: | 0, 3
2 /
(c) Whenx:i,y =,/1- 1 :jandizésinms sin 7t :—1-:>1‘:l:
10 4 4 10 5 2 6
dx 3
— = =7 cos mt
a5
¥+ y? =1
2xﬂ+2yﬂzoz>ﬂ:__xg£
dt dt dt y dt
So, '@i = —¥10 . g7z cos(ﬁJ
dt J15/4 5 6
97 95z
255 125
Speed = |— V57| 05058 misec
125
Because the evaporation rate is proportional to the 39 1 1 .
surface area, dV/dr = k(47rr2). However, because ) R R )
V = (4/3)zr?, you have % =1
4
LAY @,
dt dt dt
Therefore, k(47zr2) = 47p? dar =k = d—] 1 AR _ 1 a1 dR
dt dt R* dt R* dt R? dt
dx dy When R, = 50and R, = 75:
i) (a) — negative = — positive
@ (a) —-neg P R =30
dy . dx .
(b) Eposmve = Enegatwe drR _ (30)2 1 1)+ 1 (15)| = 0.6 ohmsec
dt (50) (75)
b . d .
(i) (a) fZ};negatwe = —J; negative 40. Py =k
. dav dp
0.3 139P _
® L positive = ‘g]‘} positive L3pVr—+ V- =0
V°‘3(l.3pd—V + Vd—pj =0
dt dt
1.3 pd_V = Vd_p
dt dt
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41, rgtan @ =?

32rtan @ = v¥,  r is a constant,

32r 563029ﬁ =2v &
dt dt
ﬂ = & secld ﬁ
dt Y dr
Likewise, a9 _ v cos’@ ﬂ
dat 16r dt
42, tan 6 = Pa
50
Q = 4 m/sec
dt
secto - 90 _ 1d
dt 50 dt
i = i cos2@ - d_y
dt 50 dt

50

N\ﬁ

Wheny~509—Zandcost9— . So,

2
40 _ 1] ﬁ (4) = L rad/sec.
dt 500 2 25
43. sin 6 = 1—0
X
& (1) ft/sec
dt
(d@j -10 dx
cos 6 =
dt 2 dr
dg  -10dx
E = —x—z‘“E(SQC 9)
_~10 25
AN T
25% - 10
101 2
2552 2521
= ——25“2 =~ 0.017 rad/sec

Section 2.6 Related Rates 185

44, tnd =2,y =5
x
L = —600 mi/h
dr
(secZQ)— = —iz &
dt Xt dt
a6 _ coszﬁ(—%
dt x
(2 (ljﬁ’f
I} \5)dt
1
= (-sin?@)| =
(e 1 -
R
L,/// |
.7 | y=3
o !

(a) When 6 = 30°,

do _ 120
dt

(b) When € = 60°,
dg
dt

(c) When 8 = 75°,
dae

45, tan 6 = x
50
0 _
dt

seczﬁ(-d—é—?j = dx]
dt 50 dt

= 30rad/h = Erad/mm
3 3 .
— = 120(—) = 90 rad/h = = rad/min.
4 2

o =120sin? 75° ~ 111.96 rad/h = 1.87 rad/min.

30(27) = 607 rad/min = 7 rad/sec

& 50 sec?8 a0
dt dt

s Y |

(a) When & = 30°, &
dt
(b) When @ = 60",ﬁ
dt
(¢) When 0 = 70°,§
dt

i

u

w ft/sec

2007 ft/sec.

427 437 ft/sec.
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186 Chapter 2 Differentiation

46. % = (10 rev/sec)(27 rad/rev) = 207 rad/sec
x
a cos f = —
(@) 30
—sin «919— = Lé
dt 30 dr
i{ = —30sin & ﬁ
dt dt
= —30sin §(207)
= —6007 sin £

—2000

(c) |dx/dt| =|-600r sin Hl is greatest when
|sin 6| =1= 6 = % + o (or 90° + n - 180°).

|dix/dit |is least when 6 = nz (o n - 180°).
(d) For 6 = 30°,

e _ ~6007 sin(30°) = —6007r—1— = -3007 cm/sec.
dt 2
For 8 = 60°,
ﬂ = 6007 sin(60°)
dt
= _600;r% = —300~/37 cm/sec.

2
50. x? + y* = 25; acceleration of the top of the ladder = %
t

First derivative: 2,\'5]'E +2 yﬂ =0
dt dt

\E]l + y@ =0
dt dt

Second derivative: x 2

d*x  dx dx d*y dy dy
st — Aty + == =0
dt dr dt dt drdt

47, sin18° = X

y
0= _X & 1
)/2 dt y dt
% -2 d_); = (sin 180)(275) ~ 84.9797 mi/hr
y

¥

18°

48. tanH:—i\;Dx:SOtané
50

de 50 sec? Hﬁ
dt dt
2 = 50 sec? Hﬁ
dt
ﬁ:Lcoszg, T o<k
dt 25 4 4

49. (a) dy/dt = 3(dx/dr) means that y changes three times
as fast as x changes.

(b) y changes slowly when x ~ 0 orx = L.y changes
more rapidly when x is near the middle of the
interval.

dy (1) _ > _ (ﬁ) _ [f_’J_’j
dr “dr \dr dr
. . 2.
When x = 7,y = 24, ﬂ = —l, and é = 2 (see Exercise 25). Because i{iis constant, —2\ =0
dt 12 dt dt dt

- o0 -(]- 4+ 2

_625 ~ —0.1808 ft/sec?
144
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2
51. I? = 144 + x%; acceleration of the boat = fj;;—
First derivative: 2L£{£ = 2xﬂ
d dt
L_d£ = _xdx
dt dt
2 2 ; .
Second derivative: Ld— + daL . dL = xd—f + & &
dar*  dt dt dt dr dt
d*x (1 d’L [dLT (dsz
— | — ) — | = P
dr x) df dt dt
2
When L =13,x = 5, i3 = —10.4, and daL = —4 (see Exercise 28). Because —C—I—L—is constant, —2L =0
dt dt dl dt
d*x 1[ 2 2
X _ 13(0) + (~4) - (104 }
P~ i3(0) + (-4 - (1049
= %[16 - 108.16] = §[-92.16] = —18.432 fi/sec?
52. (a) Using a graphing utility, 53. y(1) = 4.9 + 20
Y _ g3
m(s) = —0.4988 8+ 26.6255% — 472.09 5 + 2815.0. @ !
y(l) = —49 + 20 = 15.1
® I (~1.4964 5> + 53.25 5 - 472.09)§ Y1) = -98
dt dt
ds
If; = 0.75and ¢ = 10, then s = 17.8and
al; ~ 1.23 million/yr.
20
y
12 .
©,0) ’
P X 3]
By similar triangles: 20 =2
X x—12
20x — 240 = xy
When y = 15.1: 20x — 240 = x(lS.l)
(20 - 15.1)x = 240
_ 20
49
20x — 240 = xy
ZOiiE = xﬂ + yé
dt dt dt
& _x &
dar 20— ydt
Att = 1,ﬁ = M(—QS) ~ —97.96 m/sec.
dt 20 -15.1
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188 Chapter 2 Differentiation

Review Exercises for Chapter 2

1. f(x):x2—4x+5
f(x+A\f)—f(x)

S = T
[(x+Ax)2—4(x+Ax)+5}—[x2—4x+5:|
= lim
Av—0 Ax
[ 2(A) (A - dx - 4(A) ) = (2 - e 5)
- Al\lglo Ax
~ 2 .
i 2 ) A o o ax - 4) = 20— 4

Av—0 Ax Av—0

2. f(x) = Jx+1
im flx + Ax) - f(x)

f(x) - Algao Ax
(\/x+m+1)—(\/§+1)
= lim
Ax->0 Ax
 Nxd A -~x Jr+ Ax+ASx
= lim .
a0 Ax Vx4 Ax +/x
— lim (x + Ax) - X
oA x + Ax + /x)
= lim ! -
a0 x + Ar +x 24x
x+1
3 f(x) B x -1
¥+ Ax+1 x+1
fl(x.):lmf(l+Ax)_f('x):hmx+AX—l x —1
: Av—0 Ax Av30 Ax
B Iim(x+Av+1)(x—1)~(x+Ax—1)(x+l)
A0 Mx(x + Ax = 1)(x - 1)
) (x2+xA\f+x—x—Ar—1)~(x2+xA\'*x+x+Av~l)
= lim
Ar—>0 Ax(x + Ax = D)(x ~ 1)
= lim 2 = lim -2 -2
B A\‘—>0Ax(x + Ax — 1)(x - 1) B A\'~>0(x + Ax - 1)(x - 1) B (x - 1)2
6
4. f(x) = T
vy o S+ Ax) = f(x)
=T
6 _6
= limX+tAr x _ hmw - limA = lm-— -6
Ax—0 Ax Av—0 Ax(x + A\‘)x A\'—>0Ax(x + A\‘)x A\'—>0(x + Ax)x x2

5. fis differentiable for all x # 3.

6. fis differentiable for all x = —1.
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7. f(x) =4 -]x - 2]
(a) Continuous at x = 2

(b) Not differentiable at x = 2 because of the sharp
turn in the graph. Also, the derivatives from the left
and right are not equal,

44
3L
./2

T D ;

t t +——t——t I Eatd
/'—1_‘123456\

¥ +4x+2, ifx< =2

8. flx) = .
() {1—4x—x‘, if x > 2
(a) Nonremovable discontinuity at x = -2
(b) Not differentiable at x = -2 because the function is
discontinuous there.

>

o+ f—f3m ¥
-5 -4 \ -2 -l 12
\O L
-2
4

9. Using the limit definition, you obtain g'(x) = $x — %. At

10. Using the limit definition, you obtain #'(x) = 2 — 4x. At
x = -2,

W(-2) =3 -4(=2) = &

11. (a) Using the limit definition, f(x) = 3x*. At
x = -1, f'(~1) = 3.The tangent line is
y = (-2) = 3(x - (1)
y =3x+1.
® 0 ,
/

=1,-2)

—4

Review Exercises for Chapter 2

12. (a) Using the limit definition,

S'(x)

-2
(x + 1)

At x = 0, /'(0) = —2. The tangent line is

y

(b)

3. ¢'(2)

4. f'(3)

15. y =

16. y =

17. f(x)

18. g(x)

-2 = —2(x - O)
y o= 2x + 2.
\&‘; ©,2)
—4
&) — &)
X2 x-=2
- limM-
x-2 x -2
. X —-x*-4
= lim————
X2 x =2
_ lim(x - 2)(x2 + X+ 2)
X2 x -2
— N 2 _
—lg(x +x+2)=8
S0 10
x—3 x -3
1 1
— hmx +4 7
=3 x -3
- hm_u
—xo3(x = 3)(x + 4)7
- lim_—l -1
Coi(x +4)7 49
25
0
=30
0
_ 8
= 8x’
= 52
= 20x"

19. h(r) = 13¢*
H(r) = 527

189
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190 Chapter 2 Differentiation

20. f(r) = 8¢ 31 )
1) =

s
f1(1) = 40 2t

21. f(x) =x - 117 N
f(x) = 3x* = 22x

22. g(s) = 4s* — 557

s f' > 0 where the slopes of tangent lines to the graph of
g'(s) = 165° — 10s

fare positive.

23. h(x) = 65/x + 33x = 622 + 3P 32 ;
' - - 3 1 1
h (x) = 3x 2 + X 23 = ﬁ + 3 xZ ! f

Wl
vl

24, f(x) = 22 - XV - \/
N 1 oy x4 /i ,
2

f' = 0 where the slopes of tangent lines to the graph of

25. g(1) = gt’z fare 0.
glt) = 2 = 2 3. F = 200JT
3 3 100
F'(t) = —=
0 0=T77
26. h(x) = —x7 o
49 (a) When T = 4, F'(4) = 50 vibrations/sec/Ib.
) 20 _ 20
H(x) = 9 P= - 4920 (b) When T =9, F'(9) = 33% vibrations/sec/1b.
27. f(6) = 46 - 55in 0 34. s = —16% + 5,
7(6) =4 —5cos0 First ball:
—16:2 +100 = 0
28. g(a) =4cosa +6 0
g'(a) = 4sina "=\
10
i = — = 2.5 seconds to hit ground
29. f(6) = 3cos 6 - 228 4 &
cos & Second ball:
f'(6) = -3sin 6 - 1662 + 75 = 0
, [75
5sin a =\
30. g(a) = - 2a 16
3 53
, 5cos a = —— =~ 2.165 seconds to hit ground
gla) = -2 4
3

Because the second ball was released one second after
the first ball, the first ball will hit the ground first.

The second ball will hit the ground
3.165 — 2.5 = 0.665 second later.

35. S(I) = —161% + s,
5(9.2) = ~16(9.2)" + 5, = 0
so = 1354.24
The building is approximately 1354 feet high (or 415 m).
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36. s(t) = —161% + 14,400 = 0
1612 = 14,400
t = 30sec

Because 600 mi/h = %mi/sec, in 30 seconds the bomb

will move horizontally (%)(30) = Smiles.

3. ()

151

Total horizontal distance: 50

(b) 0 = x — 0.02x?
0=x1- ij implies x = 50.
50

(c) Ball reaches maximum height when x = 25.

(d) y = x - 0.02x?

Y = 1- 0.04x
y(0) =1
y'(10) = 0.6
y(25) =
y'(30) = 0.2
y'(SO) = -1
€ y(25)=0

Review Exercises for Chapter 2 191

38, 7

,\

N

~
i

x - 3—22x2 = x[l - izz—x)
Vo Vo

O0if x =0orx R
32

il

Projectile strikes the ground when x = v / 32.
Projectile reaches its maximum height at
x = v2/64 (one-half the distance).

64

) =1

2 2
\)Vherxxzﬂ)——,y':l—64vL =0
64

vt 64
© y=x—3—22x2 =x(1—3—22x]:0
Vo Vo

when x = 0 and x = s,° /32. Therefore, the range

is x = »,2/32. When the initial velocity is doubled

the range is

oo @)
32 32

or four times the initial range. From part (a), the

maximum height occurs when x = v,?/64. The

maximum height is

v vt 2w _w v _w
64 64  v,2\ 64 64 128 128
If the initial velocity is doubled, the maximum
height is

(2w) | _ (2w) v’
y e e =1 4 _—
64 128 128
or four times the original maximum height.
(d) vy = 70 ft/sec

2 (70)°
Range: x = h oo ( ) = 153,125 ft
32 32
2 (700
Maximum height: y = (B ( ) ~ 3828 ft
128 128
0
0 160
0
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192 Chapter 2 Differentiation

39 x(t) = =3 +2=(r-2)(r-1)

(@ vr) =) =20-3
(b) W(r) < Oforr <3
(© w(t) =0fors=2

(d) x{r)=0forsr =12
)] =[20) - 3] = 1
M2 =2(2) - 3| =1

The speed is 1 when the position is 0.

40. (a) y = 0.14x* — 4.43x + 58.4
(b) 320

3
e

.

0

(C) 12

/

[} 60
0

(d) If x = 65, y = 362 feet.

(e) As the speed increases, the stopping distance

increases at an increasing rate.

41 f(x) = (55" + 8)(x* — 4x - 6)

F1(%) = (527 + 8)(2x — 4) + (»* — 4x - 6)(10x)
= 10x° +16x — 20x% — 32 + 10x* — 40x? — 60x

= 20x% — 60x% — 44x ~ 32
= 4(5x3 —15x% ~11x — 8)

42.

(
(

x) = (x3 + 7x)(x +3)
x)

g
g' (x3 + 7x)(1) +(x + 3)(3x2 + 7)

i

X+ Tx + 3% + 9x2 + Tx + 21

4x% + 9x% + 14x + 21

1

43. h(x) = x sin x = xV2sin x

H(x) = 1 sin x + ~/xcos x

W
4. f(t) = 21°cos t
f1(r) = 26 (=sin 1) + cos 1(10¢*)

= —28sin ¢t + 10t*cos ¢

45.

46.

47.

48.

49.

50.

51.

52.

53.

X2 4+x-1
x? -1

(¢~ 1)2x + 1) = (x? + x - 1)(2x)

(o)

(x2 + 1)(6) - (6x - 5)(2x)
(x2 + 1)2
2(3 + 5x - 3x?)
(x2 + 1)2

(0 - ax?)”
8x

= (9 - 4x?) "(-8x) = m

= 9(3x* - 22)
18(1 - 3x)

= -9(3x% — 2x) "(6x - 2) = b o)

4

Cos X

(cos x) 4x* — x*(-sin x)

cos’x

4x3cos x + x* sin x

COSZX

sin x
4

x
(x4) cos x — (sin x)(4x3) _ xcosx — 4sinx

g ;

3x? sec x

3x? sec x tan x + 6x sec x

2x — x? tan x

2 — x?sec’ x — 2x tan x

X COoS X — sin x

—x §in x 4+ €cOS X — COS X = —x sin x
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54. g(x) = 3xsinx + x*cos x
g'(x) = 3xcos x + 3sin x — x’sin x + 2x cos x

= 5xcosx + (3 - xz)sin x

26 — 1
55. f(x) = xxz

fix)=2+2x7
f()=4
Tangent line: y — 1 = 4(x — 1)

=2 -x7% (L))

y=4x-3

56, f(x) = - 1,6,—3)

x -1

Tangent line: y + 3 = —8(x - %)
y=-8x+1
57. f(x) = -xtanx, (0,0)
F(x) = —xsec’ x — tan x
f() =0
Tangent line: y — 0 = 0(x — 0)
y=20

l+cosx (7
8. f(x) B 1 —cosx (5’ 1]

(1 - cos x)(-sin x) — (1 + cos x)(sin x)

fx) =

(1 - cos x)2
-2sin x
(1 - cos x)2

Tangent line: y — 1 = —Z(x - —)

1l
|
N
=
+
4+
]

y

59, 36 -1, 0<t<6

<
~—~
~
~—
Il

60.

61.

62.

63.

64,

65.

66.

Review Exercises for Chapter 2

90t
) = 4t + 10
ff) = (41 +10)90 — 290;(4)
(41 + 10)
_ 900 225
(4 + 10 (2t +5)
(@ 1) = 2} = 6.43 fi/sec

a(l) = % ~ 4.59 ft/sec?

® v(5) = %(05) = 15 fi/sec

225
a(5) = o s 1 ft/sec?
() ¥10) = %)Sgdg)_ = 18 fi/sec
225
a(10) = 557 = 036 fi/sec?

g(r) = -8 -5t + 12
g') = 24 -5
g"(r) = 48t

h(x) = 21x7 + 3x

P(x) = —63x™ +3

H(x) = 25227 = zxif
f(x) = 15x%2

Sx) = B

fr(x) = B = By

f(x) = 20¢/x = 205

f(x) = 4x~5

w16 g5 16
1) = = = 5
£(6) = 3tn 6

£(6) = 3sec” 6
£"(6) = 6 sec Y(sec 6 tan 6)

= 6sec? ftan 6

h(f) = 10cost — 15sin ¢
H(f) = —10sint — 15 cos t
B'(t) = —10cos t + 15sin ¢

193
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67.

68.

69.

70.

71.

72.

73.

74.

Chapter 2 Differentiation

= 2sin x + 3cos x
y' =2cosx — 3sinx
y''=-2sinx—-3cosx
¥ +y =—(2sinx + 3 cos x) + (2sin x + 3 cos x)
=0

(10 — cos x)
x

y:
xy + cosx =10
x'+y—sinx =0

X'+ y =sinx

i) = (xx2++53)2
_2[x+5I@2+3@-4x+3@@J

x* 43 (x2 + 3)2
_ 2x + 5)(=x* - 10x + 3)
) (x +3)

f(s) = (Sz - 1)5/2(s3 + 5)
f(s) = (s* - 1)5/2(352) e 5)(%)(S2 ~ 1)3/2(2S)
e - - o 9]
= s(s? = 1) (85 — 35 + 25)
0
h(0) = o
H@:O_W_qm;WFﬂ
(1-6)
(-6 -0+30) 20+1
R

y = 5cos(9x + 1)
¥ = —5sin(9x + 1)(9) = —45 sin (9x + 1)

y =1~ cos 2x + 2 cos’x
y' = 2sin 2x — 4 cos x sin x
= 2[2sin x cos x] — 4 sin x cos x

=90

75.

76.

77.

78.

79.

80.

81.

82.

y:

J):

y:

/(%)

S(x)

7 5

sec®x(sec x tan x) — sec*x(sec x tan x)
5 (enn

sec’x tan x(sec x - 1)

secx tan’x

2
Zsin¥?x — zsin7/2x
3 7

sin¥?x cos x — sin¥?x cos x
(cos x)y/sin x(l - sinzx)
cos’x./sin x
3x
N+
3(x2 + 1)1/2 - 3x%(x2 + 1)_]/2(2x)
x2 41
3(x2 + 1) - 3x? ~ 3
) N L

sin 7x
x+2

(x + 2)7 cos zx — sin zx
(x + 2)2

cos(x — 1)
x -1
—(x — 1) sin(x ~ 1) - cos(x — 1)(1)

(x -1’
2[(,\' — 1) sin(x — 1) + cos(x — 1)]

1
()

£(2) = 2_(—132) ==

f(x) =Y —1
m%%“ﬁ@h%fw
e -2
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83.

84.

§5.

86.

87.

=
Il

l csc 2x
2

= —¢sc 2x cot 2x

7T
=1 =0
)(4)

~
|

= csc 3x + cot 3x
¥y = =3csc 3x cot 3x — 3csc? 3x
z
1Z]-0-3="3
y(éj
g(x) = 2x(x + 1)71/2
g'(x) = X+ 2
(x+ 1"
4
g'\,l _,./"J’
-2 7
g

g’ does not equal zero for any value of x in the domain.

The graph of g has no horizontal tangent lines.
@) =[x-2x+ 4] = (> +20-8)

(x) = 4(x* + 3x* - 6x - 8)

4(x - 2)(x + 1)(x + 4)

il

f
f!

The zeros of f' correspond to the points on the graph of

fwhere the tangent line is horizontal.
00

PV

1

f) =~ +1/t+1

@) = @+ )P+ )" = @+ 1)
A 5

10 = o(t + 1)’

1" does not equal zero for any x in the domain. The
graph of fhas no horizontal tangent lines.

"
.‘_/
T

) £ 7

88.

89.

90.

Review Exercises for Chapter 2 195

y = \/ﬁ(v + 2)3
3(x + 2)(7x + 2)
=S

' does not equal zero for any x in the domain. The

!

graph has no horizontal tangent lines.

75
]

Vi

A0y =2 =1 (2.9
@ f(6) = e - 1) (7 - 2)

f(2) =24

(b) y~4:24(t—2)

y =24t — 44
(C) >

51

st @b

3L

2t

1

J

—t —+—
-2 -1 i 3 45

g(x) = x/x* +1, (3,310)

(@) g'(x) =~x"+1+ %

) - 1910
& 10
() y - 3/10 = 19;?(;5 -3)
_ Vo 2710
) 0 10
©
121
‘;’i (3,3v/10)
6“ I/
a4 j
22” g: ’;: -
/L },/z 14 5 6
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196 Chapter 2 Differentiation

91. f(x) = tan~/1 - x,

(—2, tan \/5) 95,

TOANEE ~1
@ S = 21 = x cos?/1 - x
, -3
F2) = o = 11198
\/_ 96.
(b)y y —tan/3 = Sooi 3 (x+2)
y = (Y * 2)\/— + tan\/—
6 cos’/3 7.

92. f(x) = 20303(\/;) = - >

-3 cos(\/; )

98.

@ ) = = T ()
r) = ~;§?(sl()1) 99,
() y - 2es(1) = 2;35()1)(\ - 1)
R A R ST
©
S

= 7x* + cos 2x
y' = 14x — 2sin 2x
y" =14 - 4 cos 2x

94, y=x"+tanx

y/ — _xv2

J) g

+ SGC2 X

2x7° + 2sec x(sec X tan x)

2
= — + 2sec’x tan x
e

cot x
—cse?x
—2 csc x(—csc x - cot x)

2 csc?x cot x

y = sin’x

y' = 2sin x cos x = sin 2x

y" = 2cos 2x

glx) =

g'(x)

g'(x) = A

8t

(-2

821+ 1)

-

6x — 5
x2 41
2(—3x2 + 5% + 3)

(x2 + 1)2

6x* — 15x% ~ 18x + 5)

<x2 + l)3

g(#) = tan 36 — sin(0 - 1)
g'(6) = 3sec® 36 - cos(d - 1)
g"(6) = 18 sec” 30 tan 36 + sin(6 — 1)

h(x) = 5xJx? - 16

h’(x) =

H'(x) =

10x% - 80

Vit -16

10x* — 240x

(- 16)3/ g
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Review Exercises for Chapter 2 197

oL 7= —10 102, v = J3gh 2 -
2+ 4t +10
- w4
T=700(1‘2+4t+10) =T
~1400( + 2
T :______(__)2 & Whenh = 5. % = 4t
(2 + 4 + 10) 73
(a) Whent = L (b) Whenh _ 4 % _ Zﬁ/sec_
- 2
"= 14—00(11—% ~ —18.667 deg/h.
(1 + 4 +10) 103. K+ 3xy + 5 = 10
(b) Whent = 3, 2x+3xy'+3y+3y2y’20
— 3x + )y = (2x + 3
T’:-—lwz—%zmdeg/h. (x + )y = ~(2x + 3y)
(9 +12 +10) ,_M
(c) Whent =5, 3(x+y2)
. —1400(5 + 2
! :(25—-}-2%)_-:—16))—2—z_3'240 deg/h. 104. 2 _xlyray— P
0=x"—xy+xy—2y
(d) Whent = 10, AR
=3X" - X - _
_ ~1400(10 + 2) 0747 desth 2 o Y = 2xy +x) +y—4dyy
(100 + 40 + 10 egh. (2 —x+4p)y =327 20y + y
y’:?,xz_z—xy-‘ry
¥ —x+4y
105. Jo = x4y
Nr g A
NN
xy +y = 2xy - 8wy
x+8«¢xyy':2¢xy_y
N Z(x_4J’) Yy _ 2x — 9y
T8y wes-4y) ov-32y
106. y\/;—x\/;=25
y(%x—l/z) + X2 y - x(%y—l/zy,) _ y1/2 -0
Jr -2l = y
[ ) vy N
2«[ - X ,:24[@)—y
2/y INE
yo= N Y NE
2Wr 2w -x
_2x o nly
2x y—x\/;
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198 Chapter 2 Differentiation

107. xsiny = ycosx 108. cos(x + y) =Xx
(xcos y)y' +siny = —ysinx + y cos x 1+ y)sin(x+y) =1
¥(xcos y — cos x) = —ysin x — sin y —y'sin(x + y) = 1+ sin(x + »)
, _ ysinx +siny 1+ sin(x +
R ev— y’:—,—m(*—-l):—csc(xn)—l
COS X — X COS Y sin(x + )
109. x* + y* =10
2x + 2y =0
. —x
y o=
Y 4
At(3,1), ) = -3 el Y ))
Tangent line: -1=-3x-3)=2>3x+y-10=0 -8 — 6
g y 1 (x - 3) ) X f’ﬂx‘
Normal line: y-1= E(x -3)=>x-3y=0 -
110. x* - »* =20 112. Surfacearea = 4 = 6x?%, x = length of edge
2x -2y =0 dx
,_ X dt
=3
3 aa 12,\‘ﬁ = 12(6.5)(8) = 624 cm*/sec
AL(6,4). 5 = 2 dt dt
. 3 s_12
Tangent line: y—4 = —2—(x - 6) 113. n 2
1
3 s = —h
=—x~-5
Y 5 4
2y -3x+10=0 iz:l
) dt
Normal line: y—4= —E(x - 6)

2
)= ——x + 8
g 3

3y +2x-24 =0

~p
I3 : Width of water at depth A:
\ 1 4+ h
w=2+2s=2+2—h|=
0 7 3 [4 j 2
]
V:§(2+ 4*’7)/7 =28+ hh
2 2 4
1. y=-+/x
) d—V = é(4 + h)-‘ﬁ
7{ = 2 units/sec dt 2 dt
2dV/dt
bbb R
dt  2xdt = dt "t S AR
1 dx dh 2 .
(a) Whenx = —, — = 2+/2 units/sec. When / = 1>7 = — m/min.
2 dt t 25
PR

(b) Whenx =1, % = 4 units/sec.

dx

(¢) Whenx 4,;—]7 = 8 units/sec.

| Sl N R ]
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114. tand = x
a0 _ 3(27) rad/min
dt
seczé{ﬁj _ &
dt dt
[ZZ - (tan29 + 1)(67[) = 67r(x2 + 1)
When x = —,

15Tﬂ-km/min = 4507z km/h.

S &
1l
3
TN
&=
.|..
N
Il

Problem Solving for Chapter 2

LG x*+(y- 1*)2 = 2, Circle
x? = y, Parabola
Substituting:
2
(y-7) 2

V-2t =rt oy

it
|
<

~3

V¥ -2 +y=0
Wy -2r+1) =

|
<

2
Because you want only one solution, let 1 — 2r = 0 = r = % Graph y = x*and x? + (y - —) ==

(b) Let (x, y)be a point of tangency:

Pa(y-bf=1=20+20y-by =0>y

y = x* = y = 2x, Parabola

Equating:
2= 2%
b-y
2(b—y):1 -3
1 1
b-—y==—=>b=y+—
y 2 y ’

Also, x> + (y - b)2 =1land y = x*imply:

2

1 1 3
+(y-b=1y+|y-|y+-|| =l=>y+—-=1=y="andb==
y+(y-b) y {y (y 2]} v+ y =g .

Center: (O, 2)
4

2
Graph y = x?and x* + (y - Z—j =1.

Problem Solving for Chapter 2 199

115, s(r) = 60 — 4.9¢°

s'(6) = -9.8¢
s =35 =60 — 4.9
49 =25
5
t = ——
4.9
L _s()
tan 30 = —= = —~
an \/3 t(t)

ax _ \/§d_”; = \/_3-(~9,g) S —38.34 m/sec

s(1)

x(t)

1 1
2 4

= L, Circle
b

-y

5
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200 Chapter 2 Differentiation

2. Let (a, az) and (b, b + 2b 5) be the points of tangency. For y = x*, 3’ = 2xandfor y = —x? + 2x - 5,

¥y =-2x+2.80,2a = -2b+2 = a+b=1or ga=1- b Furthermore, the slope of the common tangent line is
@ — (b +26-5) (1-b) +b* —2b+5
= =-2b+2
a-b (1-b)-b
— 2 2 _
1-26+b°+0 2b+5=—2b+2
1-2b

= 2b* —4b + 6 = 4b* — 6b + 2
=20 -2b-4=0
> -b-2=0
=>bB-2)b+1)=0
b=2-1
For b = 2,a = 1 — b = —1and the points of tangency are (—1,1) and (2, -5). The tangent line has slope
2y-l1=-20x=1)=y=-2x-1

For b = —1,a = 1 — b = 2and the points of tangency are (2, 4)and (1, —8). The tangent line has slope
4y -4=4x-2)=>y=4x—-4

¥

3.(a) f(x)=cosx R(x) = ay + ax
f(0)=1 P,(O):aozaozl
7(0) =0 R0)=a = a =0
R(x) =1
(b) f(x) = cosx Pz(x) = dy + ax + ax’
f0)y=1 B0}y =ay = ay =1
=0 B0)=a = a =0
7(0) = -1 P'(0) = 2a, = a, = -3
Px) =1-14°
(© x -1.0 —0.1 -0.001 | 0 | 0.001 0.1 1.0
cosx | 0.5403 | 0.9950 | =1 1]~ 0.9950 | 0.5403
B(x) |05 0.9950 | ~1 1|~ |09950 |05

Py(x) is a good approximation of f(x) = cos x when x is near 0.

(@ f(x) =sinx B(x) = ay + ax + ax* + ax’
f(0)=0 P3(O)=a0:>a0=0
f)=1 B0)=a = q =1
70) =0 P'0)=2a = a, =0
£(0) = -1 B'(0) = 6a; = a3 = —+
P(x) = x - %x3
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